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Laser cooling of two trapped ions: Sideband cooling beyond the Lamb-Dicke limit
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We study laser cooling of two ions that are trapped in a harmonic potential and interact by Coulomb
repulsion. Sideband cooling in the Lamb-Dicke regime is shown to work analogously to sideband cooling of a
single ion. Outside the Lamb-Dicke regime, the incommensurable frequencies of the two vibrational modes
result in a quasicontinuous energy spectrum that significantly alters the cooling dynamics. The cooling time
decreases nonlinearly with the linewidth of the cooling transition, and the effect of dark states which may slow
down the cooling is considerably reduced. We show that cooling to the ground state is also possible outside the
Lamb-Dicke regime. We develop the model and use quantum Monte Carlo calculations for specific examples.
We show that a rate equation treatment is a good approximation in all ¢84€50-294{09)11605-9

PACS numbse(s): 32.80.Pj, 42.50.Vk, 03.67.Lx

I. INTRODUCTION sideband cooling of two ions to the ground state has been
achieved in a Paul trap that operates in the Lamb-Dicke limit
The emergence of schemes that utilize trapped ions drl1l]. However in this experiment the Lamb-Dicke regime
atoms for quantum information, and the interest in quantunf€quired such a high trap frequency that the distance between
statistics of ultracold atoms, have provided renewed intere%{“e ions does not allow their individual addressing with a
and applications for laser cooling techniqligs The present laser. For th!s purpose, and also for an extensmn beyond two
goal is to laser cool several atoms to a pure quantum @tate lons, Imear_ lon trgp$12,1?§ are the most su_|table systems,
the motional ground stateand experimentdP] and theoret- and for their physical parameters laser cooling to the ground

ical efforts[3] are made in this direction. The cooling of a state is a goal yet to be achieved. Laser cooling of two ions

large number of particles using lasers is a prerequisite foflt® the ground state is the problem that we address in this

coherent control of atomic systerf,5]. In quantum infor- per. . . . . . .
mation, for example, laser cooling to the motional ground Theoretical studies on cooling of single ions outside the

state is a fundamental step in the preparation of trapped iorJrs"J‘mb'DhiCke regi_me hexisgl4,1ﬂ, wlhile dlaselr gooILng LOf b
for quantum logid5]. Coherent control and manipulation of m_oLe than one lon has hgen analyzed only in t el amp-
information requires that each ion be individually addressicke regime[16,17. In this paper, we investigate laser

able with a lasef6], and thus restricts the choice of the trap cooling, as d.evelo\pl)\;adffor single ions,_when it_cijs g\pp(ljied tcl)
frequency, and consequently the regime in which coolin WO or more lons. We Jocus our attention on sideband cool-

must work, to relatively shallow tragg]. ng, showing and discussing new physical effects which arise

Laser cooling of single ions in traps has been extensivel)pecause of the presence of two interacting particles. Doppler

studied[8], and in particular sideband cooling has been dem¢00!ing will be discussed in a future work. We show that

onstrated to be a successful technique for cooling single ion&°liNg Of two ions outside the Lamb-Dicke regime presents

to the ground state of a harmonic trg®). Sufficient condi- novel features with re§pect to singl'e-ion' cooling, and we
tions for sideband cooling a two level system 4 the show how the preparation of the two ions in a pure quantum

radiative linewidthy is smaller than the trap frequenay state is_ possible. The results will allow us to obtain_some
such that motional sidebands, i.e., optical transitions that in'—nSIght into the more general problem of cooling a string of

volve the creation or annihilation of a specific number of N lons. Th|s is not only reIevant.for quantum Iog|q with
motional quanta, can be selectively excited; aiid the N-ion strings but also for laser cooling of ion clusters in Paul
Lamb-Dicke limit is fulfilled, i.e., the ion’s motional excur- an(_ith>enn|ng Ffapmia-d foll In Sec. Il introd

sion is much smaller than the laser wavelength. The first d de_paper 'ﬁ orgar:jlzle ?].Sr? OWS. 'IT ec. hwe '?] ro uEe
condition can be achieved through an adequate choice |scuzsdt_ € model which we tWId US(T t rgug Ol.g tbe q
atomic transition or a manipulation of the internal atomic Paper, and discuss some concepls developed In sideban
structure[10], while the Lamb-Dicke regime requires the cooling of one ion in relation to the presence of more than

trap frequency to be much larger than the recoil frequency ofne lon. "? Sgdc. i Vée sﬂ:dz ar?[ﬁ dlicuss gqiband goolmg %f
the optical transition. wo ions inside and outside the Lamb-Dicke regime, an

For more than one ion, as required in quantum IOgiCcompare the two different behaviors. Finally, in the conclu-

schemes, individual addressing imposes small trap frequer?—'Ons We summarize the main results, and discuss the prob-
cies, whereas sideband cooling imposes high trap frequen€™ Of coolingN>2 ions.

cies. Furthermore, the Coulomb interaction between the par-
ticles makes the problem much more complex, and it is not
obvious whether the techniques developed for single ions We consider two ions of mass and charges placed in a
can be transferred directly to this situation. Experimentally,one-dimensional harmonic potential of frequencyWe as-

Il. MODEL
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sume the ions to be strongly trapped in the other spatiavhere we have defined X=\1/2Mvy(a}+ay), P
dimensions, so that their motion in those directions is frozen=j /M VO/2(a$—ao), X=X+ V12uv.(al+a,), and p

out. Their internal structure is described by a two-level sys—; [uv,/2(al —a,), with a, anda the annihilation and cre-
tem with ground s.tat¢g.), excited statge), and resonance ation operators for the COM mode, respectively, ancind
frequencywg. The ions interact V\{|th laser Ilght at frequency arT the corresponding ones for the relative motiatretch

w_ and wave vectok. For classical laser light and in the \,,4e \ve stress that in this representation the mechanical
rotating-wave approximation, the Hamiltonian of the systemyopjem of two ions interacting through Coulomb forces is

IS reduced to the one of two harmonic oscillators, while the
_ interaction of each ion with the radiation is now transformed
H=H;+Hqet+ V. 1 . . . . :
into a nonlinear coupling between the harmonic oscillators.
HereH; is the internal energy in the rotating frame, In general,N ions in a trap can be described by a set\of

harmonic oscillators, coupled by laser ligi9].

The master equation for the density matpi>of the two-
Hi=— 5].;12 &) i{el, @ jon system is

whered= w| — wq is the detuningj labels the ion [=1 and
2), and we have takefi=1. H .. is the mechanical Hamil- d i
tonian, qiP= " zlH.pl+Lp. )

pf P 1 1 e?

2,2 2,,2 . . - . . .
H T o T o MuiXi+ omriXx;+ —4W€0|X1_X2| ) HerelL is the Liouvillian describing the incoherent evolution

mecT2m’ 2m - 2 2
of the system:
with x; and p; the position and momentum of th¢h ion
(j=1 and 2, andV describes the interaction between laser v
=7 -~ t_ t_
and atoms, Lp=73 ,212[201'/310; ogjoip—pojoil, 8
=1

V= E Q(Xj)

_ [ofe st H el @)
iSi2 2

i wherey is the decay rate out of the internal excited staje

andT)j describes the density matrix after a spontaneous emis-
Here()(x;) is the Rabi frequency at the positian; oJ-T and  sjon for thejth ion:
oj are the raising and lowering dipole operators, respec-
tively, defined on thgth ion (j=1 and 2; and# is the angle
between the laser wave vector and the trap axis. 1

Using the center-of-mag€OM) and relative coordinates, i =f du N(u)ekWjpe=ikux, 9)

the mechanical Hamiltonian in E@3) is composed of two -1
separate terms: one for the COM motion which describes a
particle of massvl =2m interacting with a harmonic poten-
tial of frequencyv; the other represents the relative motion with N(u) being the dipole pattern for the decay.
which describes a particle of mags=m/2 interacting with a In this treatment we have neglected both dipole-dipole
potential, which is the sum of a harmonic potential of fre-interaction between the ions and quantum statistical proper-
guencyv and a Coulomb-type central potential. This poten-ties. This approximation is justified in the regime that we
tial may be approximated by a harmonic-oscillator potentialinvestigate, which is characteristic of experiments using lin-
of frequencyr, = \/3v, obtained through the truncation at the ear ion traps for quantum informati¢2]. In those traps the
second order of its Taylor expansion around the equilibriunrequilibrium distance between the ions is of the order of
distancex,= (2e?/4e,M v)*"® between the ion§16,17. In  10um, while the laser wavelength is typically in the visible
Appendix A we discuss this approximation and we show thategion and the individual ionic wave packets have spatial
it is valid in the regime that we are going to study. With this widths of the order of 10—100 nm. From these considerations
approximation tern(3) becomegapart from a constant we can consider the two ions in a linear trap as two distin-

guishable particlef20] in a harmonic potential which inter-

P21 PP 1, act solely with Coulomb forces. On the basis of these con-
Hmec= 5 T2 MP7X +ﬂ o, ®)  siderations, we will use Eq7) for the numerical simulations
presented below.
whereX=(x;+X,)/2, P=p;+p, are the position and mo- For the following discussion it is instructive to look at the

mentum of the COM, respectively, and=x;—X,—Xg, P set of equations which one obtains from E@). in the limit
=(p1—p»)/2 are the position and momentum of the relativeof low saturationQ)< vy, when the excited state) can be
motion. Thus tern{5), apart from a constant, can be rewrit- eliminated in second-order perturbation thetme provide a
ten as detailed derivation of the equations in Appendix B the
basis of stategg,n), where n=(ng,n,) is a vector with
. : COM vibrational numbemg and stretch mode vibrational
Hmec= vagaot vea; a;, (6)  numbern,, we have the following set of equations:
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wherev=(v,v,), and where for simplicity we have assumed problem of two ions, to discuss how those techniques may be
that only ion 1 is illuminated, i.e.)(x;)=Q, Q(x,)=0. applied, and whether the same concepts are still validN~or
This implies that we can address the ions individually with aharmonic-oscillator modes we can define a Lamb-Dicke pa-
well-focused laser beam. It also corresponds, for example, ttameter for each mode in an analogous way to (Bd). For
a situation where the two ions are two different isotopes, obur caseN=2, the Lamb-Dicke parameterg, for the COM
which only one is resonant with ligh1]. mode andy, for the stretch mode are defined as

When treating laser cooling in a harmonic trap, an impor-
tant dimensionless quantity is the Lamb-Dicke parameter

which for a single ion of masm in a trap of frequency, h
interacting with laser light of wave vectdr is 10=K\ o~

7
\/—,

N

(12

1 S S
=K\ o= V0 (12) T2V 2pr 23

so that the kick operator for thgth ion (j=1 and 2 is
wherew,..=k?/2m is the recoil frequency. The parameter ~ written as
appears in the kick operator eXp() in the term describing _ o R
the exchange of momentum between radiation and atoms, elkxj = g 70(@g*+a0)g(~ 1) " Him(ar+a) (13
which, using the relatiox= \1/2mv(a’+a) and definition ) ]
(11), is rewritten as expkx)=exp(i n(a’+a)). The Lamb- In general, forN ions 7,= ”/T/N [19]._ In the fo_IIowmg!
Dicke regime corresponds to the conditidﬁn<1, with n When_ We_refer to the Lamb-I_D_lcke regime, we will consider
vibrational number; in other words, to the situation in which, the situation where the condition§ip7o<1 andyn, 7, <1
during a spontaneous emission, a change in the vibrationare fulfilled. From Eq(13) we see that in Eq4) the Lamb-
number of the atomic state is unlikely due to energy conserDicke parameters appear multiplied by the factor &os
vation. In this regime the kick operator may be expanded inherefore, the Lamb-Dicke parameters for the coherent ex-
powers of », and with good approximation the expansion citation, »; cosé, are always less than or equal to the Lamb-
may be truncated at the first ordg8]. Another important ~Dicke parameters defined in EG.2), which characterize the
parameter, as known from cooling of single ions, is the raticSPontaneous emission. o
between the radiative linewidth and the trap frequency: To discuss the importance of the ratjéw in the case of
in the so-called strong confinement regime <1 the laser fwo ions, we first consider the bare spectrum of energies of
can selectively excite sidebands of the optical transitiorPur system with frequenciesand/3w. In Fig. 1 we plot the
which involve a well-defined change of the vibrational num-

bern. In this regime, together with the Lamb-Dicke regime, 15

sideband cooling works efficiently: when the laser is red de- D(E)

tuned with §= — v, the system is cooled by approximately 10

one phonon of energy in each fluorescence cycle, finally

reaching the vibrational ground state- 0 [9]. In contrast, in 5

the weak confinement regimg »=1, transitions which in-

volve different changes of the vibrational numbeare ex-

cited simultaneously. This is the Doppler cooling regime, 00 20 gy 40

where the achievable minimum energy for a single ion is v

approximatelyy/2 for a detunings= — y/2 [22)]. FIG. 1. Number of state®(E) in the energy interva[E,E

Having introduced these basic concepts and methods of 6E] plotted as a function of enerdg in units of v. The grid is
laser cooling of single ions in traps, we now return to these= /3.
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FIG. 2. (a) Absorption spectruni( ) vs detunings (in units of ») for 5,=0.1 for a thermal distribution with average energy per mode
nv=7.5v, plotted on a grid of width//10. (b) Plot of the average COM mode vibrational numbeg) (solid line) and average stretch mode
vibrational numbexn,) (dashed lingvs time in unitstg=2y/Q2, for 7,=0.1, y=0.2v, 2=0.034, §=— v, and atoms initially in a flat
distribution on the states with enery=15v. (c) Population of the COM modEnO (onse} and of stretch mod@nr (insed vs the respective
vibrational state number &t 600 .

function D(E) vs the energ\E, defined as the number of _ 3
states in the interval of enerd¥,E+ SE]. From this figure I(ﬁ)_(n,n.v:g
we see that due to thacommensurateharacter of the fre-
quencies the spectrum does not exhibit a well-distinguishedhereP(n) is a normalized distribution of the statgg. In
series of energy levels, but rather tends toward a quasiconthe Lamb-Dicke regime, we find thats) exhibits two main
tinuum. Therefore, the strong confinement requirement fopairs of sidebands around the optical frequeagy one at
sideband cooling needs to be reconsidered. The main queequenciesw,*+ v, corresponding to the transitiomy— n,
tion which we will address in the following is whether it is +1, the other at frequencies,* v, corresponding tan,
still possible to cool one mode to the ground state by means.n, + 1 [see Fig. 2a)]. The strength of these sidebands rela-
of sideband Cooling. As we will show, the Lamb-Dicke pa- tive to the carriem—n are proportiona| ton(% and 77r2' re-
rameter distinguishes two regimes which exhibit dramaticspectively. All the other sidebands have strengths of higher
differences. orders inz3 and 2. This implies that by selecting one of
these four sidebands by laser excitation we will induce the
lIl. SIDEBAND COOLING OF TWO IONS corresponding phononic transition; for example by choosing
the sideband corresponding tay(n,)—(ng—1,n,), we can
In the following we study sideband cooling of two ions, cool the COM mode to its vibrational ground state, as for a
first in the Lamb-Dicke regime and then outside of this re-single ion. This has been experimentally demonstrated by the
gime. We will show that in this latter case two-ion effects NIST group at Bouldef11]. In Fig. 2 we plot the results of
appear due to the dense spectrum of energy levels. In ow quantum Monte CarlgQMC) wave-function simulation
calculations we first consider sideband cooling when lasef23] of Eq. (7) for two ions in a trap with Lamb-Dicke pa-
light excites only one of the two ions directly. Thus in Eq. rameter»,=0.1, radiative linewidthy=0.2v, detunings=
(4) we take()(x;) =, and()(x,)=0. Afterwards we com- —p and an initially flat distribution for the states with energy
pare this case to the one in which both are driven by lightE<15y. In Fig. 2b) the average vibrational numbers of the
L.e., Q(xq) = Q(xz) =, showing that the only difference be- COM mode(solid line) and of the stretch modeashed ling
tween the two cases is the cooling time, which in the lattefare plotted as a function of time in unit of fluorescence
case scales by a factér In the following we assume that the cyclestp=2v/Q2. The system behaves as if the two modes
laser wave vector is parallel to the trap axis, i.e., €84.

[(nlexp(ikx)[1)|?P(n), (14

This assumption facilitates the analysis and it is justified bys 8
the simple scaling just described. Furthermore, it corre- @ (n) (b)
sponds to the case in which the two ions are two different® \{1o) 6
ionic isotopes, of which one is driven by ligh21]. At the Al _ 4
end of this section we will briefly discuss cooling of two \ = (m)
identical ions when the wave vector is not parallel to the trap2| t 21\
axis. ol ol
0 200 400 i 600 0 200 400 t/tg 600

A. Lamb-Dicke regime

. . . FIG. 3. (8) Comparison between the rate equatignlid line)
In the Lamb-Dicke regime the Franck-Condon coeffi- and QMC calculation(dashed ling Same parameters as in Fig.

cients{n|expkx)|l) in the numerators_ of the right-hand side 2(b). (b) Comparison between the time dependence of the COM
terms of Eq.(10) may be expanded in terms of the Lamb- 4yerage vibrational number as in Figb (solid line) and the av-
Dicke parameters), and 5, . The response of the system to erage vibrational number for the case in which a single ion is cooled

laser light is governed by its absorption spectrli(@), (dashed ling For the single ion the mass has been rescaled so that
which is evaluated by summing all contributions to laser-,(= 5., v®M=p, y=0.2v, andQ=0.034, with an initially flat

excited transitions at frequeney, , distribution for the first 15 states.
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FIG. 4. (a) Absorption spectrunh(8) vs detuningé (in units of ») for ,=0.6 of ions in a thermal distribution with average energy per
modenv=7.5v, plotted on a grid of widthw/10. (b) Plot of {ny) (solid line) and(n,) (dashed lingvs time in unitte=2y/Q?, for 7,
=0.6, y=0.2v, 1=0.034, 5§=—2v, and atoms initially in a flat distribution for states with eneigst 15v. (c) Population of the COM
modeP, (onsef and the stretch mode, (inse vs the respective vibrational number state a60Q .

were decoupled, since only one mode is cooled while theeducing the density-matrix equation in the low saturation
other remains almost frozen. Nevertheless the stretch modinit to rate equations. In fact the coherences in EL)

is cooled on a much longer time scale, as an effect of offhave either an oscillation frequency which is much larger
resonant excitation. In Fig.(@ the populations of the vibra- than the fluorescence ratead/ or a coupling to the popula-
tional states of the two modes are plotted at tirme60Qt tion which is of higher order in the Lamb-Dicke parameter
showing the COM mode in the ground state and the nearlgxpansion, or both. Therefore, they can be neglected in the
uncooled stretch mode. In this limit we can neglect the couequations of the populations, and we obtain the set of rate
pling of the population to the coherences in E#j0), thus  equations

|(n]e™¥a[k)|?
; [(k—n)- v— 812+ y?/4

1 [(nle" k) |?[(k|e~"*r)[?
g:‘ jfldu N [(k—r)- v— 8]+ y%/4

QZ
e (nlp[n)

+y

QZ
e (rlplr), (15)

where we have omitted the labgbf the states. The validity are excited increases with. In Figs. 4b) and 4c) we con-

of this approximation is shown for the above case in Fig.sider sideband cooling for Lamb-Dicke parameigy=0.6

3(a), where the results of Fig.(B) are compared with those and detunings= —2v [14], where the other parameters are
of a rate equation simulation according to E@¢5. As a  the same as in Figs(® and Zc). As one can see, the two
further proof that the two modes can be considered decounodes are coupled and cooled together. Thus as a first big
pled during the time in which the COM motion is cooled, in gifference with respect to single-ion cooling, we see that here

Fig. 3(b) we compare the time dependence of the averaggne energy is not taken away from one mode only; rather, it

vibrational number of the COM mode with the one of ag gyptracted from the system as a whole. Another striking

single trapped ion which is cooled under the same Lambgigterence appears in the cooling time, which is significantly
Dicke parameter, radiative linewidth, trap frequency, Rab'longer in comparison with the time necessary to cool one

frequency, and initial distribution as the COM mode. We see.. . - i . ; -
that the two curves overlap appreciably, justifying the pictureSlngle lon outside the Lamb-Dicke regirfii4]. This slowing

of sideband cooling of two ions in the Lamb-Dicke regime asdﬁwn IS partIyW(:]u? tct)hthe mErr]eafekof thle d'_mtEnS'orn ofnthe f

if the modes were decoupled from one another. phase space where the cooling takes place. the presence o
two modes makes the problem analogous to cooling in a
two-dimensional trap, whose axes are coupled by the laser.

B. Outside the Lamb-Dicke regime The ions thus make a random walk in a larger phase space,

To illustrate the physical features of the system outsideétnd the cooling becomes slower. However, the cooling time
the Lamb-Dicke regime, in Fig.(d) we plot the absorption is even considerably longer than one would expect taking the
spectruml (8) as defined in Eq(14) for two ions in a har- dimensionality into account. This can be explained by look-
monic trap withz,=0.6. We see that the spectrum exhibits ing again at the spectrum in Fig(a: despite the high den-
many sidebands whose density increases as the detuning isity of resonances, the coupling between the states is still
creases. The main consequence is that we cannot selectgaverned by the Franck-Condon coupling, i.e., by the terms
given sideband by choosing the laser frequency, but rathen the numerator of Eq(10) which outside the Lamb-Dicke
excite a group of resonances that correspond to transitions tnit oscillate with the vibrational numbers of the states. In
a set of quasidegenerate states. The range of transitions thae limit of linewidth y<v, where a single sideband can be
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FIG. 5. (a) PopulationP,={n|p|n) as a function ofy andn, at
a timet=100G; and for y=0.02v, 1=0.17y=0.0034, andt,
=2y/0%=3460k. All the other physical parameters are the same
as in Figs. 4b) and 4c). (b) and(c) Modulus square of the Franck-
Condon  coefficients for the relative motion Fin,

FIG. 6. PopulationP, as a function ofny andn, at a timet
A (2 =600 and fory=v, Q=0.17y, andtg=2v/Q?=69/v. All other
=[(I[e' 7@ *2|n )| with |=6 and 7. physical parameters are the same as in Figs. dnd 4c).

selected, we may encountdark stateslike in cooling of  on the linewidth is a two-ion effect. In contrast, in sideband
single iong[14], i.e., states whose coupling to the resonantlycooling of single ions, the fluorescence tirne determines
excited state is very small since their motional wave functionthe cooling time scale foy/v<1, and the curves for differ-

after the absorption of a laser photon happens to have a veght values ofy vs the time in units of the respective do not
small overlap with the motional wave function of the excited show striking differences.

states. This effect limits the COOIing efﬁciency, since the at- The presence of dark states and the Coupiing of each state
oms may remain trapped in these states and not be coolgd more than one state at almost the same transition fre-
further, or else cooled much more slowly, toward the grouncyyency might also lead to the formation adirk coherences
state. For two ions the probability of finding zeroes of thepetween quasidegenerate states, i.e., to superpositions of
Franck-Condon coupling is larger than for one ion, as thestates which decouple from laser excitation because of quan-
coupling to the excited state is constituted by two integralstym interference. However, for the considered system those
one for the COM and the other for the relative motion wavedark coherences do not piay any Significant role. We prove
functions. Thus the probability of having dark states isthis numerically in Fig. 8, where we plot the comparison
higher. To illustrate this phenomenon, in Figabwe plot  petween a QMC and a rate equation simulation. We see that
the occupation of the staté}, as a function of the COM and  there are no striking differences between the two curves. We
relative vibrational numbers, and n,, respectively, at a point out that outside the Lamb-Dicke regime a rate equation
time t=100Q¢ after sideband cooling of the COM with  treatment is not justified in principle, since secular approxi-
= —2v. Herey=0.02v, and we are in the limit in which the mation arguments and Lamb-Dicke limit arguments cannot
single resonances are resolved. As a consequence, the m@gt applied. Here the rate equations are used to highlight the
likely coherent transitions am,—n,—2 andn,—n,. The  effect of neglecting the coherences in the dynamical evolu-
effect of the dark states is visible in the tail of occupied statesion of the cooling, while these coherences are fully ac-
of P, with n,=6 and 7. In Figs. &) and §c), we plotthe  counted for in the QMC treatment. In order to see why co-
modulus square of the Franck-Condon coefficients for théverences do not play any significant role in the cooling
relative motion corresponding to the coupling of the statesjynamics, we look at the definition of a dark coherence. Let
n,=6 and 7 to the other motional states: here it is clearlyus consider a staer) att=0 defined for simplicity as linear
shown that for the transitions,=6—6 andn,=7—7 the superposition of two quasidegenerate stai;eszalim
coupling is reduced nearly to zero. As the linewidghin-

creases, the number of states to which a single state is 8
coupled increases. Thus the number of channels through {ng)
which the atom may be cooled is larger. As an effect the dark

states disappear. This is shown in Fig. 6, where the popula-

tion P, is plotted fort=600 andy= v, and otherwise the

same parameters as before. Here we see that the system is

cooled homogeneously. The effect of varyigpgis summa-

rized in Fig. 7, where we compare the average COM vibra- -
tional number vs time in unit= for various values ofy. The 0 200 400 th 600
results of Fig. 7 show clearly that as the linewidth increases F

the number of fluorescence cycles needed for cooling the FiG. 7. Time dependence of the average vibrational number of
system decreases dramatically. It is important to note that ithe COM mode fory=0.02v (dashed ling y=0.2v (solid line),

this diagram the time is measured in units of fluorescence = 0.4y (dash-dotted lineand y= v (dotted lin®, keeping constant
cycles for eachy, so that the absolute cooling time clearly the ratioQ)/y=0.17. The time is in unitz(y) =2v/Q%~70/y. All
reduces more strongly. We stress that this strong dependencther parameters are the same as in Figs). @nd 4c).
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0 200 400 t/tF 600

FIG. 9. Plot of the average vibrational number vs time for a

FIG. 8. Comparison between the rate equatisolid line) and . ) -
QMC calculation(dashed ling Same physical parameters as in Fig harmonic oscillator of_frequency coupled to a_sec_ond_ one with
" frequency 2. Comparison between rate equati@olid line) and

4(b).' Thg on_'c,et refers to the COM, and the inset to the relatlVeQMC calculation(dashed ling The Lamb-Dicke parameter for the
motion vibrational number.

modev is ,=0.6. y=0.2v, 1=0.034, andé= —2v, and atoms

» ) . . are initially flatly distributed on the states with an enefgs 15v.
+a,€e'?|m), with a;, a,, and ¢ real coefficients and with

and m states almost degenerate in energy, so [frat m) . .
-v|=AE with AE<1. In principle a dark coherence can be modes simultaneously, as shown in E@§.and(13). When

a linear superposition of any number of states. However, a%oth lons are excited by laser light, '_[he system is de;scribed
we will see from the arguments below, our restriction to two ya four-levellscheme, corresponding to the four internal
states does not affect the generality of the result. The evoluﬁt""te54 a.l'b2> ‘.N'th a,b=e,g, where we assume that when a
tion |a(t)) in the Schidinger picture, apart from a global photon is emitted, we detect from Wh|ch.|on the event has
phase factor, is written as _occurred, as a consequence of the spatla_ll resplutlon of the
ions. We expect that the effect on the cooling will be a dou-
|a(t))=ay|n)+a,e' *®|m), (16) bling in the number of quantum jumps and hence of the
cooling rate. This is shown in Fig. 10, where we compare the
with ¢(t)= ¢o+ AEt. The superposition state is dark when time dependence of the COM vibrational number for the

the following condition is fulfilled: cases in which only one ion is illuminatédashed ling or
, both ions are illuminated with the same laser inten&lid
(1| e*XH X2 o (1)) ~0 (17)  line with label . In the latter case cooling is visibly faster,

) ] and the time dependence scales with a factor of 2 with re-
for any state|l) belonging to the set of stat¢fl)} to which  spect to the case with one ion illuminated, as we can see
it is resonantly or glmqst resonantly cogpled. If condition\yhen we replot the solid line 1 w2t (solid line with index
(17) holds att=0, it will hold up to a timet such that ) The two-ion effects found above are clearly independent
AEt~m/2. For the system we are dealing with we do notof the number of scattering points, with the only difference
have an exact degeneracy, thus we check whether the stafgat the dark coherence condition is now written as
|@) can remain dark for a time sufficiently long to affect the (1] (e/KXTX/2) 1 glk(X=X12)y| 4,(t))~0. We point out again that
cooling dynamics appreciably. The smallest possible valugffects due to interference between the internal excitation
of AE in the range of energies of our calculationsA&  paths have been neglected, as we consider the ions to be two
=0.07v, and we find thaip rotates by an angle/2 in less  distinguishable particleg25].
than one fluorescence cycle for the valuesydhat we have We would like to stress that in the above calculations we
considered. The dark coherences are then washed away d#ave considered the case of only one ion driven by radiation
ing the evolution as an effect of the incommensurate frewnhile the laser wave vector is parallel to the trap axis. How-

quencies between the two modes. This result together witBver, if one wants to cool two identical ions by shining light
the numerical results suggests that rate equations can be used

in the study of coolind24].

In order to highlight that the absence of dark coherences (no§
is a signature of the peculiar spectrum of the system, in Fig. 8
9 we plot the cooling of one mode outside the Lamb-Dicke
regime for the case of a discrete spectrum where we have 41\\
exact degeneracy. More precisely we consider two harmonic .
oscillators with commensurate frequenciesind 2v, where 2 N
all the other physical parameters are the same as before. In 0 N2

this case the different outcome between the QMC and the
. . . g . 0 200 400 600
rate equation treatment is dramatic, giving evidence of the t/tF
role of coherences in the evolution.
FIG. 10. Plot of the average vibrational number of the COM
C. Light on both ions _mod(_e vs the ti_me_ in qnitF for the case in wh_ich _bo_th io_ns are
. _illuminated (solid line, index 1, and only one ion is illuminated
The calculations that we have shown refer to the case ifdashed ling The solid line with index 2 corresponds to line 1
which only one ion is illuminated. As we have seen, al-rescaled, where the time has been divided by a factor 2. The other
though light interacts with one ion it couples with both parameters are the same as in Figb) 4nd 4c).
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on one of them, the laser beam must necessarily be at @so play a role against the creation of dark coherences. In
certain angle? with respect to the ion string. Thus the Lamb- fact, although on one hand the large density of states may
Dicke parameter characterizing the coherent excitation wilfavor the appearance of stable dark coherences between “ac-
be smaller than the Lamb-Dicke parameter for the spontanesidentally” degenerate states, on the other hand for values of
ous decay, and, depending on the minimum amglequired, v large enough the coherent effects will wash out because of
the coherent laser will excite with some selectivity one of thethe coupling to a “continuum” of states. From these consid-
two modes. However, for cooling purposes it is preferable teerations we expect laser cooling to the ground state still to be
have the two Lamb-Dicke parameters values, correspondingossible forN>2 ions. Furthermore, one can cool a given
to the spontaneous emission and the coherent excitation, ast of modes to the ground state through the choice of the
close as possible. laser detuning outside the Lamb-Dicke regime. For example,
taking a detuningé= —v,, the modes with frequency;
IV. CONCLUSIONS =y, may be cooled to their vibrational ground states. It

should be noted that as the number of ibhincreases, the

. In_this paper we have studied the question of cooli_ng W9 2 mb-Dicke parameter of each mode decreases approxi-
ions in a linear trap to th'e gro.und state by means of S'deba%ately as 1N [19], also allowing one to reach the Lamb-
cooling. We have studied sideband cooling in the Lambry;qye regime when this condition is not fulfilled for single

Dicke regime, and have shown that in this limit the oo i this limit the modes may be considered decoupled,
harmonic oscillators can be considered decoupled when ong, sigeband cooling is particularly efficient.

of the two is cooled by means of sideband cooling. We have aq 5 |ast consideration, we note that the behavior of a
found that the cooling dynamics in the low-intensity limit
may be described by rate equations, and essentially that
the considerations developed for sideband cooling of singl
ions apply. This regime was considered in REE6] for

studying the effects of dipole-dipole interaction in laser cool-

ing of two ions, and by Javanainen in REL7] in his study  c451ed simultaneously. But this “coupling” changes as we

on laser cooling of ion clusters. select and drive only certain ions of the string. In this case a

We have then investigated laser cooling outside thgeain amount of modes may be cooled, while the others
Lamb-Dicke regime, finding striking differences with the .1 \amain hot or be cooled on a longer time scale
Lamb-Dicke limit. Here the energy spectrum may be consid- '

ered a quasicontinuum, though the coupling between the
states is still governed by the Franck-Condon coupling. A
consequence is that the cooling efficiency depends strongly
on the radiative linewidth. For very small ratid v the effect The authors would like to thank D. Leibfried, F. Schmidt-
of dark states is appreciable, and manifests itself in a drastigaler, H. Baldauf, and W. Lange for many stimulating dis-
increase of the cooling time, i.e., the number of fluorescenceussions. One of u€G.M.) wishes to thank S. Stenholm for
cycles needed to cool the system. Fgfv<<1, but large stimulating discussions. This work was supported by the
enough, the effect of dark states is washed away, the modesustrian Fond zur Balerung der wissenschaftlichen Fors-
are cooled simultaneously, and the cooling time is considerehung and the TMR under Network No. ERBFMRX-CT96-
ably shorter and comparable to the time needed for cooling002.

single ions outside of the Lamb-Dicke regime. These effects

are all consequences of the density of states in the energy

spectrum. A further property of the system is the absence of APPENDIX A: HARMONIC APPROXIMATION

dark coherences, as a consequence of the incommensurate

frequencies of the harmonic oscillators, i.e., of the absence of We consider tern{3) and rewrite it in COM and relative
perfect degeneracy. This implies that in the low-intensitymotion canonical variables:

limit rate equations still provide a good description of the

cooling dynamics. Finally, we have compared cooling when

agumber of iondN=3 cooled by light depends on which ions

¥ the string are driven. In fact each position of the string
Touples with the different modes with amplitudes that de-
pend on the position itse[fL9]. Only if all the ions are illu-
minated may we consider all the modes as coupled and
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light is shone on one ion only or on both ions, finding a P2 1 suz P 1 ., e
simple difference of a factor 2 in the rate of cooling. mec=opg T 3 MVX +ﬂ+ SHVX +47-reo|x|
On the basis of the obtained results we would like to
comment on cooling of a string df>2 ions.N ions in a =H(X,P)+H(x,p), (A1)
harmonic trap may be described byyharmonic oscillators.
The mode frequenciesy, vy, ... ,vy_1 are all incommen-

surate, and the number of states in the interval of energyith x=m/2 the reduced mass, ahdl=2m the total mass.
[E,E+SE] isD(E)=EN"16E/vgry---vy_1(N—1)!.Out- The mechanical problem is separable into center-of-mass
side the Lamb-Dicke regime the absorption spectrum is themotion and relative motion, wherkl(X,P) describes the
even denser than in the two-ion case, and the probability diiarmonic motion of a particle of mas4 interacting with a
dark states will be larger. However, a suitable increase of thBarmonic oscillator of frequency, andH(x,p) the motion
linewidth will cancel their effects, since each state will seeof a particle of massu interacting with a potentiaV/(x)

an even higher number of states, and thus of possible transi= uv°x?/2+ e?/4meg|x|, i.e., a harmonic potential of fre-
tions, than for two ions. We expect that this last property willquencyr and a central repulsive Coulomb-type potential.
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We focus our attention on the potentM(x), restricting
its domain on the semiaxis>0. The equilibrium point is
found to bexy=(e?/4meyuv?)*3. ExpandingV(x) around
Xg, We find

3/ @2 1/3
= — 2 — 20y 2
V(X) 2(47760#1/ +2,u1/ (X—Xg)
+2 (D) ——(x=%)" (A2
n=3 47T€0X8+1
_3 ez 2 l/3+1 2 2+A
_2 47760MV zlu’yr(x XO) (X)!

(A3)

where v, =+/3v and A(x) sum over the higher order terms,
which we call the anharmonic terms. We quantize the oscil-

lation around the equilibrium positioxy,

=X+ \/ P at+
X=Xg m(ar a),

(Ad)

wherea, and a;r are annihilation and creation operators, re-

spectively. From perturbation theory we may considéx)
harmonic when the following conditions are fulfilled:

<J |A(X)|j><ﬁvr )

(j+m)!
i1

(j+m!
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2m)! (j+m)!
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[GIACO]j = 1) <tiv,, (A5)

with |j) the eigenstate of the harmonic oscillator of fre-
quencyv, with eigenvalugjZ v, . The first condition means
that the energy shift due to the anharmonic term is much
smaller than the spectrum separation, whereas the second
condition means that the coupling between the states is a
small perturbation, and we will show that it may be ne-
glected. The coupling between the stpnd the statg¢ +k

is not taken here into account for simplicity, but it may be
shown that it is much smaller thaddi v, in a similar way to

the one we discuss below. Let us rewrite the relations in Eq.
(A5) as

. . e2 -
(JIAM)j)= P m§=:2 $iom>
(A6)
. . e? <
A +1)= =z 20 &jami,y

with

g :( \/ " )2m<j|(aT+a)2m|j> (A7)
j,2m X(Z)ZMVr r r )

where{j ,m+1 is analogously defined. From the relations

o (1 M)!

<(il(ar+a)™i) <o = q

2m+1)! (j+m)!

(A8)

e mEL<(il(aita) ™= 1)<

we find that

1Zj 2m+1l f
|§j,2m| X02,u,1!r

2m

Vj+tm+1.

(A9)

mi(m+1)!  j!

j+m)!
Vi+m+ 1<22m+1(1j—,)\/j +m+1,

dimensions is relatively tight. In principle one could build up
a potential that does not diverge in a specific point of xhe
axis, whose behavior for>0 tends to the Coulomb one. In
this limit the series should converge for low number states
However, such a detailed study is beyond the scope of this
paper. A discussion can be found in REZ0]. We restrict

From Eq.(A9) we see that the series does not converge, agurselves to the case in whiah<1, showing that in the

the term of the expansion depends on the temnHowever
for a certain interval corresponding fgm=<M, such that

chosen range the harmonic approximation is quite good.
From this consideration it is then sufficient to compare the

W= W\/M_o<1 each term is bounded by the corre- third-order term with the harmonic potential in order to show

sponding term of a geometrical series with facfogl. For
typical values of a linear ion trafi2], ¢~ M /100, so that
M, can assume very large valudd,<10".

The divergence at ordenm>M, is a signature of the
divergence of the Coulomb potential a&=0: such diver-
gence requires the wave functions to be zeroxisO,

that the approximation is sensible. The relation to be satisfied

is then
3
h j3/2
V2uv, '

e2

fv,> (A10)

4
4'7760XO

whereas the harmonic-oscillator wave functions are differenfyith j<M,, which poses a further condition grand M.
from zero on all the space, although their occupation on th@janipulating the expression we find

semiaxisx<0 is very small fory<1. The divergence at

=0 is a mathematical consequence, and does not correspond
to the physical situation, in which the ions move in a three-
dimensional space, although the confinement in the other two

2

hv,
, (A1)

2/3
: mex 82/47760)(0 \/ﬁ/ZILL Vy
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which substantially agrees with the qualitative estimate inWe introduce the Liouvillians

Ref. [26]. For j<jnax the potential can be considered har-

monic. For linear trap$12], jna—120, and the harmonic i

approximation is valid for the region of energy we are con- Lop=— %[Heﬁp—pHgﬁ], (B4)
sidering. As an example the cage 100 corresponds to a

correction of the order of 1G4 v, .

i
APPENDIX B: ADIABATIC ELIMINATION Lip=— g[V,p],
OF THE EXCITED STATE
We rewrite Eq.(7) in the following way: Lop=Jp, (B5)
d

i i
qiP= g[HeﬁP—PHlﬁ]—g[V,PHJP, (B1)  so that Eq(B1) can be rewritten as

whereH g is the effective Hamiltonian d
ap=[Lo+L1+L2]p- (B6)
Heff:Hi"'Hmec_i%i;zo'iTO’ia (B2)

In the limit A<y we can eliminate the excited state in

andJp the jump operator second-order perturbation theory. Callifgy the projector
onto the internal ground statg), and using a standard deri-

(B3) vation based on projectoR7], we obtain the following

Jp= oipoi .
P yizzl,Z lad equation for the ground state of the system:

d
at Pp(t)=PLyPp(t)+ Jotdr PLi(1-P)exp(Lo7)(1—P)L,Pp(t—1)

t t
+JodTlJ dePLz(l_P)eXF(Lo’Tl)(l_P)LlquLo(’Tz_Tl))Pp(t_Tz), (B?)

whereP is a projector so defined on a density operatpP X=|g)(g|X|g)(g|. The Markov approximation can be applied in

the limit in which we may consider the coupling to the excited state to evolve at a higher rate respect to the time scale which
characterizes the ground-state evolution. This is true once we have moved to the interaction picture with respect to the trap
frequency. We define

v (t)=eHmedPp(t)e™Hmed, (B8)

and in the interaction picture E¢B7) has the form

d 4
—v(t)=e'Hmed

t ‘ _ ‘
dt f dr PLlexqLoT)Lle_lee&t_T)Ul(t—T)eleec(t_T) e"Hmeé
0

+eiHmeé

J‘ dTlf d7'2PLzquLoTl)LlquLo(TZ_Tl))Lle_leeC(t_Tz)U|(t_Tz)eleec(t_Tz) e_IHmeé. (Bg)
0 T

Now we can neglect the changewgfduring the timer on which the excited state evolves. Going back to the original reference
frame, we have now the equation in the Markov approximation:

d o . .
ﬁpp(t)=f d7PLiexp(Lor)L,eHoPp(t)eHo”
0
+f dTlf dePLZeXF(LoTl)LleXF(Lo(Tz_Tl))L1eiH072Pp(t)e7iH0T2. (BlO)
0 T

We substitute now into EqB10) the explicit form of the operators. After some algebra and application of the commutation
rules, we obtain the following equatidqwhere we have neglected the interference terms between the two ions
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d Q7 (= . e e
&Pp(t):PLop(t)__ZlZTIPfo dT[e(l6—7/2)Telkxie—|Hmecfe—lkxieleecrppl(t)

=1,
+e” (i6+ V/Z)TPp(t)ef iH mec"eikxi eiH med’@™ ikxi]

QIZ ® o 1 i
+ > —Pf dflf def du N(u)e'
i=i2 4 Jo Tl -1

X [ei (11— 1) — yI2(T1+ Tz)e_ iH med1@~ i kxiei H mec1 Pp(t)e_ iH mecTZQi kxiei H mec2

4 e-i 8(my—7p)—yl2(T1+ Tz)e* iH med2@ ™ ikxiei H mec2 Pp(t) e iH mecheikXiei H mec"l]67 ikux; . (Bll)

Projecting Eq.(B11) on the basis of state$n)}, we obtain Eq(10).
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