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FTMZ>A@*C,UW@,BISÀ>¥jAEAŒ

œ

Y,EÀe�J/=W>A9OU^FR>“MRU^JA@	7,@,UkMvj/E8X8MOJ/9 e Y[>QFvMRJKn�EÀXZY,J/F3EG@De�E89Oe�EG@*C,UWX87,=?>A9

MOJ k Œ­Û°E‰>AF3FO7,‡‰E‹MRY,E‰>QMOJ/‡ÔUWF•>QM x = 0 Ë½U Œ EAŒ�U^@ÖMRY,EDXG>¥jgU^MmŠÜXGEG@NMRE89yJ/FOX8UW=^=?>“MRUk@,B

>Q=WJ/@,B k ŒŽlm@,FOE893MOUW@,B`Ã ”hŒkø¥•NÅ’U^@´Ã ”hŒÓýNÅ›S’E‚»[@,C�`

H1 =
e
2

s
2~! c

²0L¼w2
0
(by

c + bc)(r ¢e)(r ¢k) cos(k ¢x + Á) : Ã ”gŒ^ø/ø¥Å
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œ

J	FOU^‡¾e,=^Uk\]Š~Ã ”gŒ^ø/ø¥Åv\†7,9TMRY,E89GËbMOY,E;‡·>“MR9OUÊˆ‹E8=WE8‡¾E8@bMOF5JA\ (r ¢e)(r ¢k) \†J/9ŽMRY*EIE¿ˆhe�EG9OUÊÆ

‡‰EG@bMR>A=W=kŠ­U^@bj/E8F3MRU^BN>QMOEGC 40 ®

> + ¹b7[>AC*9O7,e�J/=^EVMR9R>Q@,FOUkMRUWJA@ S1=2
Ë mj = ¡ 1=2 $ D5=2

Ë

mj = ¡ 5=2 Ã ¸ = 729 @,‡tÅKY[>§j/EDMRJ•n�EDX§>A=^XG7,=W>QMRE8C�Œ‰iIF3UW@,B~MRY,ED9OE8\†E89OE8@,XGE8F�WÊøÉù	Y

>A@,C­WÊøF�[Y¾Ã†FOE8E´>Ae,e�E8@,C,UÊˆ Ï‚Å¾MRY,EÖ\†J/=^=^JÉSVU^@*BÁ9OE8FO7,=kM•U^F~J/n*MR>AUW@*EGC�Ã†MOY,E©>A9On*U^MR9O>A93Š

e,Y[>QFOEyU^FoXZY,J/FOE8@•MRJDn�E•6GE89OJ,Ë e Ë k >A@*C B >Q9OE•>AFOF37,‡¾E8C�‡­7*MO7[>A=^=kŠ·JA93MRY*J/B/J/@,>A=¬\†J/9

‡¾>“ˆhUW‡¾>A=¬XGJA7,e,=^UW@,BbÅ®`

hS1=2; ¡ 1=2j(r ¢e)(r ¢k)jD5=2; ¡ 5=2i =
1
e

r
5°? ²0¸ 3~

2¼2
: Ã ”hŒkøÉ”/Å

iIF3UW@,B‹MRY*EyC*E8»[@,UkMRU^J/@,FI`

jgi := jS1=2; ¡ 1=2i ; Ã ”gŒ^ø¥–/Å

jei := jD5=2; ¡ 5=2i ; Ã ”gŒ^øK�NÅ

´ := k

r
~

2M ! v
; Ã ”hŒkøÉù/Å

>A@,C°Ã ”hŒ$�NÅ›S’EyJAn*MZ>AU^@a`

H1 = ~g(¾+ + ¾¡ )(by
c + bc) £ cos(´ (ay

v + av) + Á) : Ã ”hŒ^øK�NÅ

œ

Y,E¾XGJA7,e,=^UW@,B•X8J/@,FTMZ>A@NM g U^@,XG=^7,C,E8F•MRY,E‰e,9OJ/e�E893MOUWEGFyJA\›MRY,E¾>AX8MO7[>A=5>QMOJ/‡‰UWX­MR9O>A@hÆ

FOUkMRU^J/@ÁÃÄU^MOFIMR9O>A@,FTj/EG9OFO>A=™C,E8X§>§ŠÜ9R>“MRE °?
ÅK>Q@,CÜMRY,E­e,93J/e�EG9TMRU^EGFÙJA\ŽMRY*E‹XG>¥jgUkM)Š�‡‰JhC*E

Ã L Ë w0
Å¿Œ5i;FOUW@*B`Ã ”hŒ^øAøÉÅÀ>A@*C°Ã ”hŒkøÉ”/Å¿Ë,U^MoUWFoF3EGE8@�MRY,>QMK`

g =

s
5°? c¸ 2

2¼2Lw 2
0

: Ã ”hŒkø	!/Å

œ

Y,E`e�J/FOUkMRUWJA@²UW@¯MRY,E`FTMZ>A@*C,UW@,B´S’>¥j/E`X§>A@±n�E`C*E8MRE89O‡‰UW@,E8C�nbŠ¯MOY,E`X8J/@,F3MR>A@bM ÁŒ

_[9OJA‡ MRY,E`U^C,EG@NMRUkM)Š6` cos(k ¢x + Á) ´ cos(k ¢x) cos(Á) ¡ sin(k ¢x) sin(Á) /
H1

S’E¦FOE8E¦MOY[>QM~MRY*E¦UW@NMRE89R>AX¤MRUWJA@'JA\yMRY*E©>QMRJA‡ =^JgX§>QMOEGCú>QM x = 0 XG>A@ >A=kSÀ>§ŠhF

n�EÜC,EGX8J/‡‰e�J/FOE8C UW@'>Çe,>A93MtUW@NMRE89R>AX¤MRUW@*B°SoU^MRY�MRY*E¦>Q@bMRU^@,JgC,E`JQ\•MRY*EÜ»,EG=WCŸÃ Á =
¼=2; H1 / ¡ sin(k ¢x) ) E / cos(k ¢x) Å•>A@,CÇ>•e[>A9TM	UW@bMOEG9O>AX8MOUW@,BPSVUkMRY©MRY,E

@,JgC,E¾Ã Á = 0; H1 / cos(k ¢x) ) E / sin(k ¢x) Å¿Œ<lm@PMRY*E‚\†J/=W=^J¥SVU^@,B‹n�JQMRY•X§>QFOEGF

>A93E‚MRY*EG9OE¤\†J/9OE•UW@Nj/EGFTMRUWB/>QMRE8C•F3EGe[>Q9R>QMOEG=^ŠAŒ

lm@ÖMRY,EDE¿ˆhe�EG9OU^‡¾E8@bM‚MRY,E‹UWJ/@ÖU^FÙS’E8=W=™XGJgJA=WEGC¦>A@,C©93EGF3UWC,E8FyU^@ÖMOY,E‰d½>A‡­ngfhHIUWXZLAE

9OE8B/UW‡‰E�SVU^MOYú>ÇFO‡¾>A=W=Idº>Q‡‹nbfhHKUWXZLAEÜe[>A9O>A‡‰E8MRE89 ´ Œ�i;@,C,EG9tMRY*UWFtXGJ/@*C,U^MOUWJ/@�MRY*E

Y,U^B/Y,EG9oJA9OC,E89OFVJA\ ´ XG>A@•n�Ey@*EGB/=^EGX¤MREGC¼Œ

œ

Y*E•»[9OFTMI@*J/@gfbj“>A@,UWF3Y,UW@*B‹MRE89O‡‰F;>A93E�`

H1 = ~g(¾+ + ¾¡ )(by
c + bc) £

8
<

:

1 + O(´ 2) ; @,JgC,E

¡ ´ (ay
v + av) + O(´ 3) : >A@NMRU^@,JgC,E

Ã ”hŒkø¥ûNÅ
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œ

9R>Q@,F3\†JA9O‡‰UW@,BÜMRJ¦MOY,EPUW@bMOEG9O>AX8MOUWJ/@Áe,U^X8MR7*9OE•>A@,C¯e�E893\†J/93‡¾U^@,BÜMRY,EP9OJQMZ>QMOUW@,BÜSÀ>§j/E

>Qe,e,9OJ§ˆhUW‡¾>QMRU^JA@©Ã†@,JAMRE/` ! v ¿ ! c ¼ ! a
Å’U^MÀ\†J/=W=^J¥SVFÀMOY[>QM	Ã ¢ := ! c ¡ ! a

Å®`

~H I := eiH 0 t=~H1e¡ iH 0 t=~

' ~g £

8
>>>>>><

>>>>>>:

f ¾+ bce¡ i ¢ t + ¾¡ by
ce

i ¢ t + O(´ 2)g ; @,JgC*E

f¡ ´ [¾+ ay
vbce¡ i (¢ ¡ ! v )t

+ ¾¡ ay
vby

ce
i (¢+ ! v )t

+ ¾+ avbce¡ i (¢+ ! v )t

+ ¾¡ avby
ce

i (¢ ¡ ! v )t ] + O(´ 3)g : >Q@bMRU^@,JgC,E

Ã ”gŒ^ø¥ý/Å

®

JA@,FOU^C,EG9Á@,J¥S MRY*E C,Uk«¼E89OE8@bMÁMOEG93‡¾FÇUW@�MRY,U^FÁ>Ae,e,93J¥ˆhUW‡¾>QMOU^J/@�Œ lm@}MRY*E @,JgC*EAË

SVY*EG9OE¾MOY,E O(´ ) MRE89O‡‰F#>A93E·>An,F3EG@bMGËvMRY*E·JA@,=^Š¦X8J/7,e,=^UW@,BPMRY,>QM#E¿ˆhUWF3MOF#UWFyn�E¤M)S’E8EG@

FTMZ>QMOEGFtSVUkMRY±MOY,EÜFR>A‡‰E`jgUWn*9R>QMRU^J/@[>Q=;¹b7[>A@NMR7,‡ @b7,‡­n�EG9¦Ã nv = const:Å¤Œ

œ

Y,E8FOE

MO9R>A@*FOU^MOUWJ/@*F•>A9OE©X§>Q=W=WE8CŸ³µXG>A9O93UWE89PMR9O>A@,F3U^MRU^J/@,F8¶^Œ

œ

Y,E ¾+ bc
MRE89O‡ 9OE8e,9OE8FOEG@NMRF�MRY,E

E¿ˆhXGU^MR>QMRU^J/@�JQ\‚MRY,EÜ>QMOJ/‡ nbŠ�>An,F3J/9On,U^@,BÇ>°XG>¥jgU^MmŠ²e,Y*JAMRJ/@¼Œ ¾¡ by
c

C*EGFOX89OU^n�EGF·MRY,E

E8‡¾U^FOF3UWJ/@²U^@bMRJ©MOY,E`X§>§jgU^MmŠâÃÄFOE8E`»[B/7*9OEÁÃ ”hŒÕ”AÅOÅ¤Œúlm@�MOY,EÜ>A@NMRU^@,JgC,EAËÀJ/@²MRY,E�JAMRY,E89

Y,>A@,C�Ë½MRY,E‰XGJA@bMO9OUWn*7*MRU^@,B~MREG93‡¾Fy>A93E‰JA\›»[9OFTM	J/9OC,E89yUW@ ´ Œ·_[9OJA‡ Ã ”hŒkø¥ý/ÅÙU^M•UWF•F3EGEG@

MOY[>QMVMOY,EyJA@,=^Š·MR9O>A@,F3U^MRU^J/@,Fo>A=W=^J¥S’EGC•>A93E‚MR9R>Q@,FOUkMRUWJA@,FÀMOY[>QM;XZY[>A@,BAE•MRY,E‚jgUWn,9O>QMRU^J/@[>A=

¹b7[>Q@bMR7*‡ @b7,‡­n�EG9`nNŠâJA@,E'Ã ¢ nv = § 1Å¤Œ

œ

9O>A@,FOUkMRU^J/@,F�XZY[>A@,BAUW@,B²MOY,E´jhU^n,9R>ÉÆ

MOUWJ/@,>A=b¹b7[>Q@bMR7*‡Ú@b7,‡­n�EG9 nv
nbŠ § 1 >A93E›X§>A=^=WE8C‰³Ó»,9OF3M)fgJ/9OC*EG91FOUWC*EGn[>A@*C#MR9O>A@,F3U^MRU^J/@,F8¶^Œ

¯„°�± ²4³

´�µ�¶

·

·¹¸2º

·¼»\º

½

½ ¾

¾

¾

s  ¿+ s  ¿- 

+

½

½

À

wÁ

_1UWB/7,93E	”hŒÕ”�`›ÑÙU^FO7[>Q=WU^FR>QMOU^J/@PJA\vMRY,E	E8@,EG93BAŠ•F3MZ>“MREGFIJA\vMRY,E#>“MRJ/‡!MO9R>Ae*e�EGC`UW@`>‰Y[>A9)Æ

‡‰J/@,U^X’e�JAMOEG@NMRU?>Q= Œ

œ

Y,EV>QMOJ/‡¾U^X›F3MZ>“MREGF jgi >A@,C jei >Q9OEÀC,9OE8FOFOE8C‰SVUkMRY­MRY*EoY[>A93‡¾JA@,UWX

JAFOXGU^=W=W>QMOJ/9D=^E8j/E8=IF3MO9O7,X¤MR7,9OEQŒ

®

>Q9O9OU^EG9‰MO9R>A@*FOU^MOUWJ/@*F`Ã ¢ nv = 0Å‰>A9OE�UW@,C,U^X§>“MREGC²nbŠ

>Q9O9OJ¥SVFGŒÀãgMZ>A9TMRU^@,B‹SVU^MRY�>A@�>A9On,UkMR9O>A93Š·jgU^n,9R>QMOUWJA@[>A=¼¹g7,>A@bMO7,‡�@g7,‡­n�EG9 nv
Ë[MOY,EyC*ŠNÆ

@,>A‡¾U^XGF5JA\�MOY,EKFTŠhFTMREG‡ØU^@t>y»,EG=WC·@*JhC*EKUWF59OE8F3MR93UWX¤MREGC·MOJ	MRY,EIe[>AU^95JA\�=WE¤j/EG=^F›LAEGEGe*UW@,B

nv
X8J/@,FTMZ>A@NM§Œ
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œ

Y,Ey93EG=^E8jQ>Q@bMVMOEG9O‡‰FV>A9OE/`

¾+ avbc
`<E¤ˆhX8U^MR>QMRU^J/@PJA\ºMRY,Ey>“MRJ/‡!>A@*C ¢ nv = ¡ 1 Ë

¾¡ ay
vby

c
`<E8‡¾U^FOFOU^J/@~UW@NMRJ‹MOY,E•X§>§jhUkMmŠP>Q@,C ¢ nv = +1 Ë

ÃÄ93EGC•FOU^C,EGn,>A@,CPMR9R>Q@,FOUkMRUWJA@,FGË*FOE8E•»[B/7*9OE¾Ã ”hŒÓ–NÅ3ÅrÂ

¾+ ay
vbc

`<E¤ˆhX8U^MR>QMRU^J/@PJA\ºMRY,Ey>“MRJ/‡!>A@*C ¢ nv = +1 Ë

¾¡ avby
c

`<E8‡¾U^FOFOU^J/@~UW@NMRJ‹MOY,E•X§>§jhUkMmŠP>Q@,C ¢ nv = ¡ 1 Ë

ÃÄn*=W7,E‚FOU^C,EGn,>A@,CPMR9R>Q@,FOUkMRUWJA@,FGË*FOE8E•»[B/7*9OE¾Ã ”hŒ��bÅ3Å¤Œ

ÃoÄKÅ

Æ

Ã

Æ

ÃÈÇqÅ

Æ

ÉaÊšËÍÌ¬Î

Ï0Ð"Ñ

Ò

Ò

s ÓsÔ Æ Ò

Õ×Ö)Ö

s Ó�Ô Æ
Ò

Ö Ø

wÙ

_vU^B/7,9OE;”hŒÓ–w`1ÑÙU^FO7[>Q=WU^FR>QMOU^J/@‹JA\¼MRY*EIF3MR>QMRE8F›JA\¼MOY,E;F3ŠgF3MRE8‡ªU^@bj/J/=kj/EGC¾U^@‰9OEGC¾FOU^C,EGn[>Q@,C

MR9O>A@,F3U^MRU^J/@,F·Ã†UW@,C,U^X§>“MREGC´nbŠ´>A9O93JÉSVFZÅ¿Œ

œ

Y,EtChŠh@,>A‡¾U^XGF	JA\ÀMRY*E·F3ŠgF3MOEG‡¢X§>Q@Çn�E·C,E¤Æ

FOX89OU^n�EGC©nbŠÜXGJ/@,F3UWC,E89OU^@,B•>A@NŠÖe[>QUW9ÙJA\›F3MR>QMRE8F je;nv ¡ 1; mci
>A@,C jg; nv; mc + 1i Ë

SVU^MOYÁ>A9On*U^MR9O>A93ŠÖjgUWn,9O>QMRU^J/@[>A=<¹b7[>A@NMR7,‡£@g7,‡­n�EG9 nv
>Q@,CÇ»[E8=WCÇ¹b7[>A@NMR7,‡¢@b7,‡­n�EG9

mc
Œ

Ú Û2ÜÞÝàß

á�â/ã

ä å^æZç

è

å

è

åNé„ç

è

ä

s ê×ë

è
ä

ì í

s ê„ë
è

ä

í

í

î

wï

_vU^B/7,9OE¾”hŒ��O`#ÑÙU^FO7[>Q=WU^FR>QMOU^J/@©JQ\ÀMRY,E¾F3MR>QMRE8F#JA\ÀMRY*E·FTŠhFTMRE8‡¢UW@Nj/J/=^j/E8C°UW@´n,=^7,E¾F3UWC,E¿Æ

n[>A@*C�MR9O>A@,F3U^MRU^J/@,FyÃÄU^@,C,U^X§>QMOEGC•nbŠ•>A939OJ¥SVFZÅ¤Œ

œ

Y,E	C*Šg@[>Q‡¾U^XGF;JQ\vMRY,EyF3ŠgFTMREG‡˜X§>A@�n�E

C,E8FOXG93UWn�E8CPnNŠ¾XGJ/@,F3UWC,E89OU^@,B­>A@bŠ¾e,>AUW95JA\½F3MR>QMRE8F je;nv + 1; mci
>A@,C jg; nv; mc + 1i Ë

SVU^MOYÁ>A9On*U^MR9O>A93ŠÖjgUWn,9O>QMRU^J/@[>A=<¹b7[>A@NMR7,‡£@g7,‡­n�EG9 nv
>Q@,CÇ»[E8=WCÇ¹b7[>A@NMR7,‡¢@b7,‡­n�EG9

mc
Œ
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œ

>ALbUW@,BúUW@NMRJú>AX8XGJ/7*@bM´J/@*=^ŠâMRY,EÂ6GEG93JAMRYÒ>Q@,CÚ»,9OF3M´JA9OC,E89©U^@ ´ MREG93‡¾F8Ë­MRY,E

‡¾>AU^@Òe�J/U^@bMOFÇ>A9OE�@,J¥S FO7,‡‰‡·>Q9OUWF3EGCa`

æGçàèF�
�˜ç½ê�ë
�Ýí/ê�ì
�+� îÄç
5�î7�Ÿè§ê�è	�
�

í/ñ*é“é“îD�bé±ê�ç+�]ó�ð�è	�
�bé	�Ÿî7�²çºê¡í/ê�ì
�+�Äî ç
5Òè¥êÒè	�
�¤ñvé[�8èZ<¼êaé“ë
�bé�ò½î7LºéÉñ*èÉî†ê¬ç½ñ��

�Gî ë
��Lºñ[çºë+�/ò æGç èF�
� ñ,ç¬èÉîÄçºê�ë
� ê�ç+�]ó í/ê�ì
�+�Äî ç
5 è§ê è	�
�óñ1é[�8èZ<¼êaéQë
�bé

ò�î7LºéÉñ*èÉîÄê�ç½ñ��¬�Gî ë
��Lºñ[çºë+�¦î7���ºé	���I�gç¬è"ôX�8êúè	�
�bé	�²î��Üç½êM�2��íNî†è¥ñ*è¥î†ê¬çžê¬çÚè	�
�

í/ñ*é“é“îD�bé�ò

‘›Š�XGJA@,FOU^C,EG93UW@,B°MRY,E`\†7,=^=IE¿ˆ*e,>A@,FOU^J/@ JQ\•MRY,EÜY[>Q9O‡‰J/@,UWX•\†7,@*X8MOUWJ/@,F8Ë;U^M

U^FtF3EGE8@ MRY[>“M~UW@�MOY,EÖ@,JgC*EÖU^@'BAEG@,E89R>A=IMRY,E89OEÜUWF·J/@,=^Š²X8J/7,e,=^UW@*BÇn�E8MmS’E8EG@úF3MR>QMRE8F

MOY[>QMtC,Uk«¼E89·nbŠ±>Q@'E8j/E8@ @g7,‡­n�EG9·JA\‚jgUWn,9O>QMRU^J/@[>A=V¹b7[>A@NMZ> Ã ¢ nv = 0; 2; 4; : : : Â

XG>A9O93UWE89GË­F3EGX8J/@,CgfgJA9OC,E89©FOUWC*EGn[>A@*C,FGË­\†J/7,9TMRYgfgJA9OC,E89¦F3UWC,E8n[>A@*C,F¯ŒGŒGŒZÅ¿Ë­SVY,E89OEG>AF´U^@

MOY,E©>A@NMRU^@,JgC,EÖJA@,=^Š�XGJA7,e,=WU^@,BÁn�E8MmS’E8EG@ F3MZ>QMOEGF~MRY,>QMPC,U^«¬EG9tnbŠ >Q@úJgC,C @g7,‡­n�E89

JQ\~jgU^n,9R>QMOUWJ/@,>A=‹¹b7[>A@bMR>âJgXGX87,9OF'Ã ¢ nv = 1; 3; 5; : : : Â•»[9OFTMTfgJ/93C,EG9´FOUWC*EGn[>Q@,C,FGË

MOY,UW93CgfgJ/93C,EG9ÀFOU^C,EGn[>Q@,C,FGË�ŒGŒGŒZÅöõ¿Œ

ötó½ç½ñ��ÇîÄí"�‹ê�ç²è	�
�©ð	ñ,éÉé“îD�gé

lm@PMRY*E•@,JgC,E‚S’EyY,>¥j/E/`

~H I ' ~g £ f ¾+ bce¡ i ¢ t + ¾¡ by
ce

i ¢ t + O(´ 2)g : Ã ”hŒµ”A•NÅ

l \DMRY,EÇMOEG93‡¾FÜJA\‰FOE8XGJ/@*CÚJ/9OC,E89ÖU^@ ´ >Q9OEÇ@,EGB/=^EGX¤MREGC¼Ë ~H I
X8J/7,e,=^EGFÖJA@,=^Š F3MR>QMRE8F

MOY[>QMyC,Uk«¼E89•UW@©JA@,E‰X§>§jgU^MmŠÖJ/9y>QMRJ/‡ÔE¤ˆhXGUkMZ>QMOUWJ/@¦¹b7[>A@NMR7,‡•Œ¾ÏªXZY,J/U^XGE‰JQ\Àn,>AFOU^FyU^FI`

fj e;nv; mci
Ë jg; nv; mc + 1ig Ë/SVY,EG93EVMRY,EÀjgUWn,9O>QMRU^J/@[>A=h¹b7[>Q@bMR7*‡�@g7,‡­n�E89 nv

UWFvMRY,E

FO>A‡‰E#\†J/9Ù>A=W=ºF3MZ>“MREGF‰Ã†J/@,=^Š•X§>A939OUWE89KMO9R>A@*FOU^MOUWJ/@*FGË¬X8\)Œ¬»[B/7,93E•Ã ”hŒµ”/ÅOÅ¿Œ

œ

Y,E‹C*Šg@[>A‡‰UWXGF

JQ\vU^@bMRE89OE8F3MI>A93E�`

jÃ(t)i I := eiH 0 t=~jÃ(t)i = ~C1(t)je;nv; mci + ~C2(t)jg; nv; mc + 1i ; Ã ”hŒµ”høÉÅ

SVY*UWXZY•UWFoC,EG93U^j/E8C•\†93J/‡4`

i~
d
dt

jÃ(t)i I = ~H I jÃ(t)i I : Ã ”hŒÕ”A”/Å

Û UkMRY~MRY*E•7,FOEyJQ\oÃ ”gŒÕ”/Å›MOY,E•@,J/@bfg6GE89OJ‰‡·>“MR9OUÊˆtE8=WE8‡¾E8@bMOF;>A9OE‚J/n*MR>AUW@,E8Ca`

he;nv; mcj¾+ bcjg; nv; mc + 1i = hg; nv; mc + 1j¾¡ by
cje;nv; mci

=
p

mc + 1 ; Ã ”hŒÕ”Q–NÅ

>Q@,CP\†J/9ÀMRY*Ey‡¾>QMO9OUÊˆtJA\ ~H I
U^MoUWFÀ\†J/7*@,Ca`

~H I = ~g
µ

0 e¡ i ¢ t
p

mc + 1
ei ¢ t

p
mc + 1 0

¶
: Ã ”hŒÕ”[�bÅ

÷lø	ùZú ûgü	ý$þ�ùrÿ�����úŽû�����ý���ý¦ù	��
�ý���


H1 = er ¢E �

�[ùFü��
û	�[üsû���� ý��[ùFü��
ûrú��
ý������†ú���
[û	���	� ü×ý�����
��‡ý$ú

�lù	�[þ	ÿ$ý�������
[û®úŽû	�����†ú��
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:Ž¹b7[>QMRU^J/@°Ã ”hŒµ”/”/Å’XG>A@•@,J¥S•n�E‚SV9OUkMOMRE8@a`

i~
d
dt

µ ~C1
~C2

¶
= ~g

µ
0 e¡ i ¢ t

p
mc + 1

ei ¢ t
p

mc + 1 0

¶ µ ~C1
~C2

¶
;

Ã ”hŒµ”/ù/Å

SVY,E89OE¦Y,EG93EGU^@'MRY,EÜMRU^‡‰E`C,EGe�E8@,C,EG@,XGE©U^@±MRY,E¦>A93B/7,‡‰EG@NMRF~JQ\yMRY*EÖXGJgEZv‰X8UWEG@NMRFPU^F

J/‡‰U^M3MREGC¼Œ

œ

JtFOUW‡‰e,=^Uk\]ŠtMRY,U^FI\†7,9TMRY,E89GË�>¾MO9R>A@*F3\†J/93‡·>QMOU^J/@�U^@bMRJ‰MRY,E¾³µ93JAMZ>“MRUW@*B,¶an[>AF3UWF

UWFye�E893\†J/93‡¾E8C�Œ

œ

Y,U^F	UWFyC,J/@,E¾nNŠ°>•7,@,UkMZ>A9TŠ²Ã 1 = UUy = UyU ) Uy = U¡ 1 Å¤Ë

MRU^‡¾EÙC*EGe�EG@*C,EG@NMIMR9R>Q@,F3\†JA9O‡¾>QMRU^J/@·SVU^MRY�`

U :=
µ

ei ¢ t=2 0
0 e¡ i ¢ t=2

¶
; Ã ”hŒµ”��NÅ

µ
C1

C2

¶
:=

µ
ei ¢ t=2 0

0 e¡ i ¢ t=2

¶ µ ~C1
~C2

¶
; Ã ”hŒµ”0!/Å

>A@,CPMOY,E‚\†J/=^=WJ¥SVU^@,B#\Ä>A‡‰UW=kUW>A9›\†JA9O‡{UWFÀ\†JA7,@,Ca`

i~
d
dt

µ
C1

C2

¶
= ~

µ
¡ ¢

2 g
p

m + 1
g
p

m + 1 ¢
2

¶

| {z }

µ
C1

C2

¶
: Ã ”hŒµ”AûNÅ

=: H I

œ

Y,U^F›X8J/7,e,=^EGC¾C,U^«¬EG93EG@NMRUW>A=[E8¹b7[>QMRU^J/@‰MZ>QLAEGF5MRY,EVS’E8=W=äfgLb@,JÉSV@‰\†J/93‡�\†JA9<MOY,EIU^@bMOEG9R>QX¤Æ

MRU^J/@•JQ\,>oMmS’J“fb=WE8j/E8=NF3ŠgF3MOEG‡•SVU^MRYy>V=W>AFOE89GŒ

œ

Y,E5F3J/=W7hMRUWJA@•U^F�J/n*MZ>QUW@,E8CynNŠÙMR9R>Q@,F3\†J/93‡DÆ

UW@*BySVU^MRY·>yMRUW‡‰EVUW@,C*EGe�EG@*C,EG@NMo7,@*U^MZ>Q93ŠD‡¾>QMR93UkˆDU^@bMRJ	>	n[>AF3UWF5SVY,E89OEKMOY,EIEG¹b7[>QMOUWJ/@,F

C,E8XGJ/7,e*=WEy>Q@,C�>‹F3J/=W7hMRUWJA@~U^FoE§>QF3ŠtMRJ­»[@,C�Œ

œ

9R>A@*F3\†J/93‡¾U^@,B‹n[>QX¿LaË,MRY*E•C*Šg@[>Q‡¾U^XGFoUW@

MRY*E fj e;nv; mci
Ë jg; nv; mc + 1ig n[>AF3UWF’>A9OE;\†J/7,@,C¼Œ<•I>Qn,U�J/FOX8UW=^=?>“MRUkJ/@,F<JgXGXG7*9’SVUkMRY

MRY*E•\†93EG¹b7,E8@,X8Š6`

­ car r ier :=
p

¢ 2 + 4g2(mc + 1) ; Ã ”gŒÕ”Aý/Å

SVY,U^X¿Y•UWFoMOY,Ey¹b7[>A@NMRU^FOEGC�E¿ˆ*e*9OEGF3FOUWJA@�\†J/9oMOY,E	•;>An,U¼\†9OEG¹b7,E8@,X8ŠAŒo_[J/9o6GE89OJ¾C,E¤MR7,@*UW@,B

Ã ¢ = 0ÅI>A@,C`MRY,E‹>“MRJ/‡˜UW@,UkMRUW>Q=^=ÊŠPE¤ˆhXGUkMRE8C²Ã C1(t = 0) = 1 Ë C2(t = 0) = 0Å¿Ë¬MRY,E

XGJgErv‰XGUWE8@bMOF;Y[>¥j/E‚MRY,E‚MOUW‡‰EÙC,EGe�E8@,C,E8@,XGE�`

C1(t) = cos
µ

­ car r ier (¢ = 0)
2

¢t
¶

; Ã ”hŒÓ–/•NÅ

C2(t) = ¡ i ¢sin
µ

­ car r ier (¢ = 0)
2

¢t
¶

: Ã ”hŒÓ–*øÉÅ

œ

Y,E¾U^‡¾e�J/9TMZ>Q@bM•e�J/U^@bM‚MRJ�‡¾>ALAEDY,EG93E¾UWF‚MRY[>“M#>AFyF3EGEG@´\†9OJ/‡ Ã ”hŒÕ”QýNÅ¤Ë½E8j/E8@ÇUW@¦MRY*E

X§>QFOEDJQ\›@,J~e,Y,JQMRJ/@,F‰Ã mc = 0Å¿Ë�MOY,EG93E‰>Q9OE‹•I>An*UvJ/FOX8UW=W=W>QMOU^JA@,F8Ë¼e,9OJ¥jhU^C,EGCÜMRY[>QMÙMOY,E



Ÿši¨h0i©(+b;*q&sfq¢ ø¥–

>“MRJ/‡ U^F‰UW@*U^MRU^>A=k=kŠÇUW@¯MOY,E�E¤ˆhX8U^MOEGC±FTMZ>QMOEAŒ

œ

Y,UWF‰UWF‰7,F37[>A=^=^ŠÁ@,JAM‰MRY*E�X§>AF3E�\†J/9¾>Q@

>“MRJ/‡ªUW@NMRE89R>AX¤MRUW@*B#SVUkMRYP>#\†93EGE8=^Š·e*9OJ/e[>QBN>QMRU^@,B#=?>QFOEG9’n�E§>A‡•Œ

œ

7,93@,UW@*B‹JA«�MRY,EÙ=?>AF3EG9

MOY,E‰E¤ˆhXGUkMRE8CÇ>QMRJA‡�C,EGXG>¥ŠgF#E¿ˆ*e�JA@,EG@NMRUW>A=W=kŠ/Ë�SVU^MOY,J/7*M	>A@NŠ¦e�EG93UWJgC,U^XD93E¿fge�JAe,7,=?>“MRUWJA@

JQ\½MRY,EÙ7,e,e�E89o=WE¤j/EG= Œ

œ

Y,E‚93E§>AF3J/@~\†J/9›MRY*UWF’C,EGXG>¥ŠtU^F’MOY,E‚X8J/7,e,=^UW@,B	MRJ‹>A@~UW@*»[@*U^MmŠ¾JA\

j“>AXG7*7,‡ ‡‰JgC,E8FGŒ

œ

Y,EGF3E·‡‰JgC,EGFy>A93E‰93EGF3e¬JA@,FOU^n,=WE‹\†J/9ÙMRY,E‰F3e�J/@bMR>A@,E8J/7,F	E8‡¾U^FOF3UWJ/@

>Q@,C =WEG>ACúMOJ�>Q@ E¤ˆhe�J/@,E8@bMRUW>A=•C,E8X§>¥Š�Ã†Û´EGU^FOFOLQJ/e*\WfbÛ U^B/@,E89

œ

Y,EGJ/9TŠ*ÅŠWkø	!	Y Œ

œ

Y,E

>QUW‡ JQ\•MRY,U^F·S›J/9OL²UWF¾MRJÇ9OEG>A=WU^FOE�MOY,EÖF3UW@,BA=WE`‡‰JgC,E`‡¾JgC,E8=Ù>Q@,C±S’J/93L²SVUkMRY´È37*F3M

JA@,Ete[>A9TMRU^XG7,=W>A9yEG=WE8X8MO9OUWX‰»[EG=^CÁ‡‰JgC,EQŒ

œ

JÖC,J`MRY,U^F­U^@°MOY,EtE¤ˆhe�EG93UW‡‰EG@NM§ËŽJ/@*=^Š´JA@,E

e,>A93MOUWXG7*=?>A9·‡‰JgC,EÖJA\yMRY,EÖj“>AXG7*7,‡ ‡­7,FTM•n�E¦F37,e,e�J/9TMRE8C�Ë‚‡¾>ALbU^@,BÂ>A=W=IJAMRY,E89OF~MRJ

F3J/‡‰E©E¤ˆgMRE8@bMÜ@*EGB/=^UWB/Ukn,=^EAŒ{:vˆhe�EG9OU^‡‰EG@bMR>A=W=kŠ/ËIMRY*UWF•U^F•C,J/@*E´nbŠ X¿Y*JgJ/FOU^@,B²FOe�E8XGUW>A=

n�JA7,@,C[>A9TŠ~XGJ/@*C,U^MOUWJ/@,F’\†J/9ÀMOY,E•EG=WE8X8MO9OUWXÙ»,EG=^CPSVU^MOYPMOY,E•Y,EG=^e•JA\v>DXG>¥jgU^MmŠAŒ

ötó½ç½ñ��ÇîÄí"�‹ê�ç²è	�
�4ñ1é[�8èZ<¼êaéQë
�bé��§îÄë
��Lºñ[çºë+�

®

JA@,FOU^C,EG9V@,J¥SâMOY,E•C*Šg@[>A‡‰UWX8FVU^@~MRY,Ey>A@NMRU^@,JgC,E�`

~H I ' ~g £ f¡ ´ [¾+ ay
vbcei (¢+ ! v )t

+ ¾¡ ay
vby

ce
¡ i (¢ ¡ ! v )t Ã ”gŒµ–N”AÅ

+ ¾+ avbcei (¢ ¡ ! v )t

+ ¾¡ avby
ce

¡ i (¢+ ! v )t ] + O(´ 3)g :

~H I
XGJ/7*e,=WE8F›F3MZ>“MREGF5MRY,>QM›C,U^«¬EG9<nbŠ‰JA@,EIX§>§jgU^MmŠ‰>A@,C·nNŠ‰J/@,EI>QMRJA‡}E¤ˆhX8U^MZ>“MRUWJA@¾¹b7[>A@gÆ

MO7,‡•Ë*>AF’S’E8=W=¼>AFÀnNŠ·J/@*EKjgUWn,9O>QMRU^J/@[>A=a¹b7[>A@NMR7,‡ nv
Œ

®

JA@,FOU^C,EG9’MOY,EÙX§>QFOEÙSVY*EG9OEKMRY,E

=^UWB/YNMÙUWFÙ9OEGC©C*E8MR7*@,EGC´nNŠ ¢ = ¡ ! v + ± Ã]»[B/7,93E�Ã ”gŒµ–NÅ3Å¤Œ#ÏKBN>AU^@¦>P93JAMZ>“MRUW@*BtSÀ>§j/E

>Qe,e,9OJ§ˆhUW‡¾>QMRU^JA@~XG>A@•n�E	>Qe,e,=WU^EGCP>A@,CPMRY*EyüK>A‡‰UW=kMOJ/@*UW>A@tn�EGXGJA‡¾E8FI`

~H I ' ~g £ f¡ ´ [¾+ avbce¡ i±t + ¾¡ ay
vby

ce
i±t ] + O(´ 3)g : Ã ”hŒÓ–/–NÅ

l M¾UWFDe�J/FOF3UWn,=^EPMRJ´XZY,JgJ/F3EÜ>AF¾>©n[>AF3UWFI` fj e;nv ¡ 1; mci
Ë jg; nv; mc + 1ig Œ

œ

Y,E

ChŠh@,>A‡¾U^XGFoJA\1UW@bMOEG93EGF3M;>A9OE/`

jÃ(t)i I := eiH 0 t=~jÃ(t)i = ~C1(t)je;nv ¡ 1; mci + ~C2(t)jg; nv; mc + 1i ;
Ã ”gŒµ–��NÅ

SVY*UWXZY•UWFoC,E8MOEG93‡¾U^@,EGC~\†9OJ/‡V`

i~
d
dt

jÃ(t)i I = ~H I jÃ(t)i I : Ã ”hŒµ–/ù/Å

Û UkMRY~MRY*E•7,FOEyJQ\oÃ ”gŒÕ”/Å›MOY,E•@,J/@bfg6GE89OJ‰‡·>“MR9OUÊˆtE8=WE8‡¾E8@bMOF;>A9OE‚J/n*MR>AUW@,E8Ca`

he;nv ¡ 1; mcj¾+ avbcjg; nv; mc + 1i = hg; nv; mc + 1j¾¡ ay
vby

cje;nv ¡ 1; mci

=
p

nv
p

mc + 1; Ã ”hŒµ–��NÅ
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>A@,CP\†JA9ÀMRY,E•‡¾>QMR93Ukˆ·JA\ ~H I
UkMVU^FÀ\†J/7,@,C�`

~H I = ¡ ~´ g
µ

0 e¡ i±tp nv
p

mc + 1
ei±tp nv

p
mc + 1 0

¶
: Ã ”hŒÓ–"!/Å

üIE8@,XGEQË1Ã ”hŒÓ–Nù/Å›n�EGXGJA‡¾E8FI`

i~
d
dt

µ ~C1
~C2

¶
= ¡ ~´ g

µ
0 e¡ i±tp nv

p
mc + 1

ei±tp nv
p

mc + 1 0

¶ µ ~C1
~C2

¶
;

Ã ”hŒÓ–/ûNÅ

SVY,E89OE·\†9OJ/‡ @,J¥SªJ/@°MOY,E·MOUW‡‰E‰C,EGe�E8@,C,EG@*XGEPUW@´MOY,E~>Q9OB/7,‡‰E8@bMRF	UWF	J/‡‰U^MOMOEGC�Œ

œ

J

FOU^‡¾e*=WUk\?Š²MRY*UWFt\†7,93MOY,EG98Ë‚>ÇMR9R>Q@,F3\†J/93‡·>“MRU^J/@±UW@bMOJÁMOY,EÁ³µ93JAMZ>QMOUW@,B*¶’n[>AF3UWFPU^F~X§>A939OUWE8C

J/7*M�7,F3UW@,B¯MRY,E´7*@,U^MR>A93Š'‡·>“MR9OUÊˆ U B/U^j/E8@âU^@ EG¹b7[>QMOUWJ/@�Ã ”gŒÕ”/�NÅ¤Œ

œ

Y,E°93EGF37,=^MOUW@,B

E¤ˆhe,93EGF3FOUWJ/@¼Ë[SVY,UWXZY•UWFV>A@,>A=WJAB/J/7,F’MRJ�Ã ”hŒµ”AûNÅ¿Ë,U^FoB/U^j/E8@•nbŠ6`

i~
d
dt

µ
C1

C2

¶
= ~

µ
¡ ±
2 ¡ ´ g

p
nv

p
mc + 1

¡ ´ g
p

nv
p

mc + 1 ±
2

¶

| {z }

µ
C1

C2

¶
:

=: H I
Ã ”hŒÓ–/ýNÅ

œ

Y,E‰FOJ/=^7*MRU^J/@¦U^F•J/n*MZ>QUW@,E8C©UW@¦MOY,E‰FR>Q‡¾ED‡¾>A@,@,E89y>AF•\†J/9ÙMRY,E‰XG>A9O93UWE89‚MR9O>A@,F3U^MRU^J/@,F8Œ

•;>An,U�J/FOX8UW=^=?>“MRUkJ/@,Fo>Q9OEy>QBN>AUW@t\†J/7*@,C�Ë[n*7*MVSVU^MOYPMOY,Ey•I>An*U�\†93EG¹b7,E8@,X8ŠPB/U^j/E8@•nbŠ6`

­ r ed¡ sb :=
p

±2 + 4(´ g)2nv(mc + 1) : Ã ”gŒ$�N•/Å

Û U^MOYÜMRY,ED>QX8MR7,>A=1MR9R>Q@,FOUkMRUWJA@,FKJ/@¦93EGF3J/@[>A@,X8E�Ã ¢ = 0 Ë ± = 0ÅIUkM‚U^FÙ@,JÉS�e�J/F3FOU^n,=WE

MRJÖX8J/‡¾e,>A9OEtE¿ˆ*e*9OEGF3FOUWJA@âÃ ”hŒµ”AýNÅ	>A@,CúÃ ”hŒ��N•NÅ¿Œ

œ

Y,E~\Ä>Q‡¾U^=^U^>A9	9OE8FO7,=kM­\†J/9#MRY*EP•I>Qn,U

\†9OE8¹b7,EG@,X8UWE8FIU^FV93EGX8JÉj/E89OEGC�`

­ car r ier = 2g
p

mc + 1 ; Ã ”hŒ��,ø¥Å

­ r ed¡ sb = 2´ g
p

nv(mc + 1) = ´
p

nv­ car r ier : Ã ”hŒ��b”/Å

ÏK@¦>A@[>Q=WJ/BAJ/7,FK>A@[>A=kŠgFOUWFKXG>A@Ön�E‹XG>A9O93UWEGCÜJ/7*MK\†J/9IMRY,E­n,=^7,E­F3UWC,E8n[>A@,CÜMR9O>A@,F3U^MRU^J/@,F8Œ

œ

Y,E•n[>AF3UWFDF3MR>QMRE8F je;nv + 1; mci
>A@,C jg; nv; mc + 1i =^E§>AC¼Ë5\†J/9‹6GE89OJ´C,E¤MR7,@*UW@,B

Ã ± = 0Å¿Ë,MOJDMOY,E•E¤ˆhe,9OE8FOFOU^J/@a`

­ blue¡ sb := 2g´
p

(nv + 1)(mc + 1) = ´
p

nv + 1­ car r ier : Ã ”hŒ��N–NÅ
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‚„ƒ†…gƒŽ‚ œ•™„—�•�ž�� Œu•�� �JŒ�!�!�Œu”à‰c•šŒl™#"

lm@°>•‡¾J/93E‰93E§>Q=WUWFTMRU^X‹‡¾JgC*EG=ŽMOY,EG93E‰SVUW=^=Žn�E¾C*EGX8J/Y,EG93EG@,X8EtC,7,E‰MOJ�XGJ/7*e,=WU^@,BPMRJPMRY,E

E8@bjgUW93J/@,‡‰EG@NM§Œ™_[JA9™E¤ˆ*>A‡‰e,=^EAËAMRY,EV>QMOJ/‡�XG>A@DC,E8X§>¥Š­UW@NMRJÙJ/@,EoJQ\�MOY,EoUW@h»[@,U^MOEÀ‡‰JgC,E8F

JQ\’MRY,ED\†9OE8E‰»[E8=WC�ËºUW@,FTMRE§>QC°JQ\ÀEG‡‰U^M3MRU^@,B#È37,FTM#U^@bMOJPMRY,E‰X§>§jhUkM)ŠÖ‡¾JgC,EQŒ

œ

Y,E¾X§>¥jgUkM)Š

UkMRF3EG=^\VXG>A@Â=^J/FOEte*Y,JAMRJA@,F‹nbŠÇ>An,F3J/9Oe*MOUWJ/@ÇJ/9#MO9R>A@,F3‡¾U^FOF3UWJ/@´MRY,9OJA7,B/YÇMRY,Et‡¾U^9O93J/9OF8Œ

lm@*XG=W7*C,UW@,B¦MRY,E8FOE`E¤«¼E8X8MOF·UW@¯MOY,E•MOY,EGJ/93E8MOUWX§>Q=VC,EGF3XG93UWe*MOUWJ/@²=^E§>AC*F‰MOJ´MOY,E�C,E8@,FOUkMmŠNf

‡¾>QMO9OUkˆ	\†JA9O‡¾>A=^U^F3‡�Œ

œ

Y*UWFŽFOEGX¤MRU^J/@D\†JgX87,FOE8F5J/@‰XG>A9O93UWE89™MR9O>A@,F3U^MRU^J/@,F1SVY,EG93E;@,Jy>QMOMOEG@hÆ

MOUWJ/@DY[>QF<MOJyn�E;e[>AU^CDMOJ•MRY,EVY[>A9O‡‰J/@*UWX’MR9R>Qe,e,UW@*Bye�JQMREG@NMRUW>A= Œ

œ

Y,E;‡·>AFTMRE89<EG¹b7[>QMOUWJA@

\†JA9­>A@Á>“MRJ/‡­fgX§>§jgU^MmŠ¦F3ŠgF3MOEG‡ U^@,XG=^7,C,U^@,B•MRY,E·C,UWF3FOU^e[>QMRUkj/E¾E8«¬E8X8MRF­F3MZ>“MREGCÁ>An�JÉj/E·UWF

BAU^j/E8@•nbŠyWÊø¥û[Y `

_½ =
1
i~

[H I ; ½] + L½; Ã ”hŒ��0�bÅ

L½ = °? (2¾¡ ½¾+ ¡ ¾+ ¾¡ ½¡ ½¾+ ¾¡ )

+ · (2bc½byc ¡ by
cbc½¡ ½bycbc) : Ã ”hŒ$�Nù/Å

ü;EG93EAË ½ UWFKMRY,ED>QMRJ/‡­fgXG>¥jgU^MmŠ�C,E8@,FOUkM)ŠÜ‡·>“MR9OUÊˆ¬Ë °?
UWFKMRY,E­MR9R>Q@,F3j/E89OFR>Q=<C,E8X§>§Š¦9O>QMRE

JQ\VMRY,E~>QMOJ/‡£UW@NMRJ`\†93EGEtFOe[>QXGE©Ã °? = ° k=2 ËŽSVY*EG9OE ° k
UWF	MRY,EtC,E8X§>§ŠÇ9R>QMOEtJA\oMRY,E

e�JAe,7,=?>“MRUWJA@aÅD>Q@,C · U^F¾MOY,E`C,EGXG>¥Š�9O>QMRE�JA\‚MRY*EÜXG>¥jgU^MmŠÂ»[EG=^CŸÃ 2· U^F‰MRY,E`e,Y,JAMOJ/@

k
$

g

_1UWB/7,93E‹”hŒµùš`IÏ�‡‰J/93E­93E§>A=^UWFTMRU^X	FOXZY,E8‡¾E‹JA\›>¾M)S›J“fg=WE¤j/EG=vFTŠhFTMRE8‡�UW@NMREG9O>AX8MOUW@,BÖÃÄX8J/7hÆ

e*=WUW@*B gÅDSVUkMRY'>´FOU^@,B/=WE•X§>§jhUkM)Š¯‡¾JgC*EAŒ · C,EG@,JQMREGF·MRY*EÜXG>¥jgU^MmŠ²C*EGX§>§Š�9R>“MRE`C,7,E

MOJ`UW‡‰e�EG9T\†EGX8M	‡‰UW939OJ/93FGË °?
>AXGX8J/7,@NMRF	\†J/9yMOY,Et>QMOJ/‡‰UWXDC,E8X§>§Š°U^@bMOJ•MRY,E‰\†9OEGE¾FOe[>AX8E

n,>AX¿LbBA9OJ/7,@*C�Œ
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C,E8X§>¥Š~9R>QMOE¥Å¿Œ5HKE¤»[@,U^@,BDMRY,E•@,JA@gfgY,E89O‡‰U^MOU?>Q@PüK>Q‡¾U^=kMRJA@,UW>Q@ He®
`

He® := H I + Hdis ; Ã ”hŒ��"�NÅ

Hdis := ¡ i~[° ? ¾+ ¾¡ + ·b y
cbc] ; Ã ”hŒ��2!/Å

Ã ”gŒ$�0�NÅ’X§>A@•n�E‚SV9OUkMOMOEG@�>QFI`

_½ =
1
i~

(He®½¡ ½Hy
e®) + 2°? ¾¡ ½¾+ + 2·b c½byc : Ã ”hŒ��NûNÅ

®

J/@,F3UWC,E89‹JA@,=^Š©MRY*Et»[93F3M‹MOY,9OE8E~=WJ¥S’E8F3M‹EG@,E89OBAŠ°F3MZ>“MREGF8Ë<MOY,E~68EG9OJÖ¹b7[>A@bMO7,‡ FTMZ>QMOE

jg; 0i >A@,C~MRY,E‚MmS’JDF3MR>QMRE8F je;0i >Q@,C jg; 1i Ë*SVUkMRYPE8U^MRY*EG9V>A@•>QMOJ/‡{JA9oX§>§jgU^MmŠtE¤ˆhXGUÊÆ

MZ>“MRUWJA@·¹b7[>A@NMR7,‡•ŒŽÏI@bŠ¾C,UWF3FOU^e[>QMRUkj/EIe,93JgXGEGF3Fo=WEG>AC,F5MRY,EKF3ŠgF3MOEG‡ØMOJ#MRY,E jg; 0i F3MR>QMREQŒ

œ

Y,E89OE8\†JA9OE‚UkMÀU^F’e�J/FOF3UWn,=^EIMRJ­7,FOEKMRY,EÙFTMZ>QMOE jÃi = C1(t)je;0i + C2(t)jg; 1i >A@,C~UkMRF

E8j/JA=W7*MOUWJ/@~UWFoB/Ukj/EG@PnbŠ6`

i~
d
dt

jÃi = He®jÃi : Ã ”gŒ$�Ný/Å

œ

Y,EÖ@,J/93‡ JA\ jÃi C*EGX89OE§>QFOEGF�>QF~C,U^FOF3UWe[>“MRU^j/E`e*9OJgXGE8FOF3EGF•JgXGX87,9P>A@,C±MRY*EÖF3ŠgF3MOEG‡

E8j/JA=^j/E8F;UW@NMRJ‹MOY,E jg; 0i F3MR>QMREQŒ

œ

Y,Ey‡¾>QMR93Ukˆ¾\†J/9O‡­7*=?>QMOU^JA@~U^FoB/U^j/E8@•nbŠ6`

He® = ~
µ

¡ ¢
2 g
g ¢

2

¶
¡ i~

µ
°? 0
0 ·

¶

= ~
µ

¡ ¢
2 ¡ i° ? g

g ¢
2 ¡ i·

¶
; Ã ”hŒµùA•NÅ

>A@,CPMOY,E‚\†J/=^=WJ¥SVU^@,B­UWFoJ/n*MR>AUW@*EGCa`

d
dt

µ
C1

C2

¶
=

µ
i ¢
2 ¡ °? ¡ ig
¡ ig ¡ i ¢

2 ¡ ·

¶ µ
C1

C2

¶
: Ã ”hŒµùhøÉÅ

œ

Y,U^F#UWF#>�F3ŠgFTMREG‡¢JA\À»[93F3M­J/93C,EG9	XGJ/7,e*=WE8CÇC,U^«¬EG93EG@NMRU?>Q=<EG¹b7[>QMOUWJ/@*F	SVU^MOY°XGJ/@,FTMZ>A@NM

XGJgErv‰XGUWE8@bMOFGŒPÏØF3J/=W7hMRUWJA@©UWFyJAn*MZ>AU^@,E8C´nbŠ¦MO9R>A@,FT\†J/9O‡‰UW@*B•U^@bMOJ`>•n[>AF3UWF•SVY,E89OE¾MRY*E

EG¹b7[>“MRUWJA@,FVC,E8XGJ/7,e*=WEy>A@,C•XG>A@•n�EyF3J/=^j/E8C•E§>AF3UW=^ŠAË*MOY,E•FOJ/=^7*MRU^J/@~Y[>AFoMOY,E‚\†J/9O‡V`

f ~C1 » e¸ + t ; ~C2 » e¸ ¡ t g ; Ã ”hŒµù/”/Å

¸ §
>A9OEyMOY,E#E8UWBAEG@bj“>A=W7*EGFIJA\™MOY,E#X8JgEZv‰X8UWEG@NMÙ‡¾>QMR93Ukˆ¬ŒV_[JA9VMRY,E	‡·>“MR9OUÊˆPU^@`E8¹b7[>QMRU^J/@

Ã ”gŒÕùhø¥Å’U^MoUWFoJ/nhMZ>AU^@,EGCa`

¸ § = ¡
°? + ·

2
§

s µ
i¢ ¡ °? ¡ ·

2

¶ 2

¡ g2 : Ã ”hŒµùA–NÅ
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œ

Y*EyX§>AF3E•\†J/9o68EG93J¾C,E¤MR7,@*UW@,B�Ã ¢ = 0Å’SVU^=W=¼@,J¥S•n�E•X8J/@,FOU^C,EG93EGC�Œ

�¬è¥éÉê�ç
5°íNê�ì
�.�ÄîÄç
5 � î7�°î]è

l \ g À °?
Ë g À · Ë1MOY,E¾XGJ/7,e*=WUW@*B�E¿ˆhXGEGE8C,F­MOY,E¾C,EGXG>¥Š°>Q@,C´MRY,E¾FOJA=W7*MOUWJ/@©F3Y,JÉSVF

C,>A‡¾e�E8C�•;>An,U�J/FOX8UW=^=?>“MRUkJ/@,FÀn�E¤M)S›EGEG@ je;0i >A@,C jg; 1i Œ5_[9OJA‡ØMRY,E•E8UWB/E8@bj“>A=W7,E8FI`

¸ § = ¡
°? + ·

2
§

i
2

q
4g2 ¡ (· ¡ ° ? )2

Ã ”gŒÕù/�NÅ

MOY,Ey•I>Qn,U¼\†9OEG¹b7,E8@,X8ŠPX§>A@•n�E•UW@h\†EG9O93EGCa`

­ =
q

4g2 ¡ (· ¡ ° ? )2 ¼ 2g : Ã ”hŒÕùAù/Å

%

�bñOA²í/ê�ì
�.�Äî ç
5��Äî7�Çî?è

lm@PMRY,U^FVXG>AFOE•MOY,E•EGUWBAEG@bj“>A=W7*EGF ¸ §
>A9OE•93E§>A=5Ã 4g2 < (°? ¡ · )2 ÅÀ>A@,C•@,J‰J/F3XGUW=^=?>“MRJA93Š

n�E8Y[>¥jgU^J/7,9VJgX8XG7*9OFGŒ5lm@PMOY,E‹³µn[>QC•X§>¥jgUkM)Št9OE8B/UW‡‰EA¶hSVY*EG9OE/`

°? ¿ g2=· ¿ · ; Ã ”hŒµù��NÅ

MOY,E‚\†J/=^=WJ¥SVU^@,B­X§>A@•n�E‚SV9OUkMOMRE8@a`

¸ § = ¡
°? + ·

2
§

· ¡ °?

2

s

1 ¡
4g2

(· ¡ °? )2

¼ ¡
°? + ·

2
§

· ¡ °?

2

µ
1 ¡

4g2

2(· ¡ °? )2
+ O

³ g
·

´ 4
¶

;

¸ + ¼ ¡
µ

°? +
g2

·

¶
=: ¡ °? (1 + 2C) Ã ”hŒµù0!/Å

¸ ¡ ¼ ¡
µ

· ¡
g2

·

¶
; Ã ”hŒÕùQûNÅ

SVY*EG9OE•MOY,E•XGJgJ/e�E89R>QMOU^jgU^MmŠ·e[>A9O>A‡¾E¤MRE89oUWFoC,E¤»[@,EGC�`

C :=
g2

2°? ·
: Ã ”hŒÕùQýNÅ

®

JA@,FOU^C,EG93UW@,B	MRY*EÙE8UWBAEG@bj/E8X8MOJ/9OFo>QFOFOJgX8U?>QMOEGC·SVUkMRY ¸ +
>Q@,C ¸ ¡

7,@,C,E89’MOY,EKXGJ/@,C*U^MRU^J/@

Ã ”hŒµù��NÅ¤ËhMRY,E•E8UWB/E8@bj/E8X8MRJA9OFI>A93E‚\†J/7*@,CPMRJDn�E�`

¸ + :
1

p
· 2 + g2

µ
·

¡ ig

¶
; Ã ”hŒ¦�A•NÅ

¸ ¡ :
1

p
· 2 + g2

µ
ig
·

¶
: Ã ”hŒ¦�høÉÅ
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_[9OJA‡ Ã ”hŒ¦�A•NÅÀUkMVUWFoFOEGE8@�MRY[>“MVMRY,E•F3MZ>QMOE	>AF3FOJgX8U?>QMOEGC•SVUkMRY ¸ +
Y[>AFI>DFTMR9OJA@,B¾X8J/@bMO9OUÊÆ

n,7*MOUWJ/@�Ã · À gÅv\†9OJA‡ je;0i Œ ¸ +
U^FŽMOY,EG93E8\†J/93E;93EG=?>“MRE8CDMRJ‚MRY,E;>QMRJA‡¾U^XÀC,EGXG>¥Š‰>Q@,C‰U^M

UWFŽFOEGE8@¾\†9OJ/‡ÒEG¹b7[>QMOUWJ/@`Ã ”gŒÕù�!/ÅvMOY[>QM<MOY,UWF<C,E8X§>§Š‰U^F<U^@,XG93E§>AF3EGC¾nbŠ‹MOY,EI•Ž7,93XGEG=^=[\Ä>QX8MRJA9

F := (2C + 1) Wkø¥ý[Y Œ

œ

Y,E‰>QMRJ/‡‰U^X#C,EGXG>¥ŠÖJgXGX87,9OF•e,93E8\†E89OEG@NMRUW>A=W=kŠ�UW@NMRJtMRY*EDX§>§jgU^MmŠ

‡‰JgC,E#SVY*UWXZYÖMOY,EG@Ü\†7,93MOY,EG9ÙC,E8X§>§ŠgFGŒ

œ

Y,E­\†9O>AX8MOUWJ/@`JA\5E8‡¾U^FOF3UWJ/@`EG‡‰U^M3MREGC`UW@bMOJ·MRY*E

X§>§jgU^MmŠ~‡‰JgC,E‚UWF ¯ = 2C=(2C + 1) Œ

œ

Y*E­E8UWB/E8@bj/E8X8MRJA9KUW@ÁÃ ”hŒ$�*øÉÅ¤Ë�JA@`MOY,E#JAMOY,EG9IY[>A@,C¼Ë¼F3Y,JÉSoFKMRY[>QMIMOY,E#FTMZ>QMOE­>AFOF3JQÆ

XGUW>QMRE8C·SVUkMRY ¸ ¡
U^F›C,J/‡‰UW@[>“MREGC¾nbŠ jg; 1i Œ ¸ ¡

UWF5MRY,E89OE¤\†J/9OEK9OE8=?>QMOEGC¾MRJ	MRY,EKC,E8X§>¥Š¾JA\

MRY*E‚X§>§jgU^MmŠ¾»[E8=WC�Œ<_[93J/‡ªEG¹b7[>“MRUWJA@©Ã ”hŒµùAûNÅ<S’E‚F3EGEÙMRY[>“MÀMRY,U^FÀC*EGX§>§ŠtUWF’C,EGX89OEG>AFOE8C�nNŠ

MRY*E•\Ä>QX8MRJA9 (1 ¡ g2=· 2) Ë,U Œ EAŒ*MRY*EyXG>¥jgUkM)ŠtUWFÙ³Ó9OE¤»[=W=^EGC�¶*nbŠtMRY*Ey9O>AC,UW>QMRU^@,B‹>QMRJA‡�Œ

‘5ŠÁXZY,JgJ/F3UW@,BÖFOe�EGX8U?>A=Àn�J/7*@,C[>A9TŠÁX8J/@,C,UkMRUWJA@,F#\†J/9#MRY,E~EG=^EGX8MO9OJ“fb‡·>QB/@,E8MOUWX¾»[E8=WC

>A@,C	MRY*EG9OE8nbŠ	UW@h¸[7,EG@*XGUW@*BIMRY,E›‡‰JgC,E›F3MO9O7,X¤MR7,93Eo>QF1S›EG=W=g>AFvE8@,Y[>A@*XGU^@,BKj“>AXG7,7*‡Ÿ¸[7,X¤Æ

MR7,>QMRU^J/@,FGËº³ÓFOe�J/@NMZ>A@,E8J/7,F8¶�C,EGXG>¥Š`X§>Q@Ön�E‹>A=^MOEG9OE8C�Œ‚‘›Š`U^@bMO9OJgC,7,X8UW@,B¾MOY,E­XG>¥jgU^MmŠ•S’E

Y[>§j/EÙC,U^F3MO7,9On�E8CtMOY,EKUWF3JAMR93J/ebŠDJA\½F3e[>AX8EAŒ

œ

Y,U^F›\†J/93XGEGF›MOY,EÙ>QMRJA‡}MRJ#e,9OE8C,J/‡‰UW@[>Q@bMR=kŠ

EG‡‰U^M<UW@NMRJ•MOY,EIXG>¥jgU^MmŠD‡‰JgC,EVF3Šg@bMOY,EGF3UWFOU^@,B­>D³ÓJ/@,EZfgC,UW‡‰EG@*FOUWJA@[>A= ¶N>QMOJ/‡ Wµ”Q•/Y Œ™lm@¾MRY*E

FOJÜX§>Q=W=WE8C²³µn,>ACÂ>“MRJ/‡ =WU^‡‰UÊM§¶ · >A@,C °?
>A9OE·U^@bMOEG9OXZY[>A@*B/EGC Ã · ¿ g2=°? ¿ °?

Å¤Ë

>A@,CPMOY,E•X§>§jgU^MmŠ~C,E8X§>§ŠgF;\Ä>AFTMREG9ÀjhUW>­MRY,E•X8J/7,e,=^EGC�>QMOJ/‡�Œ

|N} | &('*)

uÀs,+8Í uVq‹„ºx=€	q -Òw/.*+¿„�• 0

&21

‚„ƒŽ‚„ƒ†… 3@Œ�!"•w™�’wŒ5476¼‹,•a’š‹�Œl•8�

œ

Y,E›MRY,E8J/9OE¤MRU^X§>A=bXGJ/@,X8EGehMŽE¤ˆhe,=W>AUW@*EGC#UW@yMRY,E›=?>AFTMvF3EGX¤MRUWJA@�ËAEGFOe�E8XGUW>A=W=kŠ‚MRY,E’>A=^MOEG9O>QMRU^J/@

JA\½FOe�J/@NMZ>A@,E8J/7,FoE8‡¾U^FOFOU^J/@·9R>QMOEGF’\†J/9À>QMOJ/‡¾F›FO7,ngÈ3EGX¤MRE8CPMRJ­EG=WE8X8MO9OJ“fg‡¾>ABA@,E8MOUWX;»[E8=WC,F

Y[>§jhU^@,Btn�J/7*@,C[>A9TŠ`XGJA@,C,U^MOUWJA@,FIC,U^«¬EG93UW@,B‰\†9OJ/‡�MRY,E­X8J/@,C,UkMRU^J/@,FIJA\Ž\†93EGE­F3e[>AXGEQË�S’>AF

»[93F3M1XGJA@,XGE8U^j/E8C­nNŠy•Ž7,9OX8EG=^=bUW@Dø¥ý��"�XWkø§ý/Y Œ1lm@	Y,UWF½F3Y,J/93Mº@,JAMRE5•Ž7,9OX8EG=^=b‡¾E8@bMOUWJ/@,E8C•MRY*E

e�J/F3FOUWn*=WEŽ‡‰JgC,U^»,X§>QMOUWJA@ÙJA\hFOe�J/@NMZ>A@,E8J/7,FºC*EGXG>¥ŠÙ\†J/9½>o‡¾>AB/@,E¤MRU^X™FOe,U^@‚MR9R>A@*FOU^MOUWJA@‚XGJA7hÆ

e,=^EGCÖMRJ•>~93EGF3J/@[>A@NMyXGU^9OX87,U^MGŒ

œ

Y,E8J/9OE¤MRUWXG>A=vS’J/93LÜJA@©¹b7[>Q@bMR7*‡‹fgE8=WE8X8MR93J“fgChŠh@,>A‡¾U^XGF

UW@PX8J/@*»[@*EGC�FOe[>QXGEGFV\†J/=^=WJ¥S’E8CŠWÓ”høIY Œ

œ

Y*Ež»[9OFTM E¤ˆhe�EG93UW‡‰EG@NMZ>A=�j/EG93U^»[XG>QMRU^J/@�JQ\©MOY,UWF±X8J/@,XGE8e*M SÀ>QFú>QX¿Y,U^E8j/E8CÝnbŠ

Ð‹Œ[ü	Œ[HK9OE¿ˆ*Y,>AB/E\WÓ”/”[Y�U^@¦ø¥ý0�/ûhŒ<ü;E•FOY,J¥S’EGC•MRY,>QMoMRY,E‚¸[7*J/9OE8FOXGE8@,XGE	C,E8X§>§Š~MOUW‡‰EÙJA\

>	‡¾JA@,J“fg‡‰J/=kEGX87,=?>Q9<=?>§Š/EG9›JQ\½E¿ˆhXGU^MOEGCtC*Š/EK‡¾J/=^EGX87,=WE8F5UWF›U^@*¸[7,E8@,XGE8C~nbŠDMRY,EKn�JA7,@,ChÆ

>A9TŠ•UW‡‰e�J/FOE8C`nNŠ`>¾‡‰UW9O93J/9VF37,93\Ä>QXGEAŒK•VEGB/>A9OC,U^@,B¾FOU^@,B/=^E	>QMRJA‡˜F3ŠgFTMREG‡‰FGË¼E8@,Y[>A@,X8EGC

EG‡‰UWF3FOU^J/@±S’>AF~»[93F3MPJ/n,FOE893j/E8C nbŠ ã¬ŒoüK>Q9OJgXZY,E:9	;=<?>A@XWÓ”A–[Y Ë;SVY,E89OEG>AF�H#ŒoÐ‚=WE8e,ehÆ

@,E89B9	;�<?>A@�9OE8e¬JA93MRE8C`J/@�UW@,Y,U^n,UkMRE8C•FOe�J/@NMZ>A@*EGJ/7,FIEG‡‰UWF3FOUWJA@ Wµ”/�*Ë¬”/ù	Y ŒoüK>Q9OJgXZY,E#>A@,C

Ð‚=WE8e,e,@,E89	7,FOE8CÁ•VŠgC,n�E89OB“fbF3MZ>“MREGF	SVUkMRY´‡¾U^XG9OJ¥SÀ>§j/EDMR9O>A@,FOUkMRU^J/@,F¾Ã†\†J/9•FO7,e,e*9OEGF3FOUWJA@

JA\VFOe�JA@bMZ>Q@,EGJA7,F‹EG‡‰U^FOFOU^J/@°UW@´MRY,E·@,E§>Q9­UW@h\†9R>A93EGC°X8\)Œ×Wµ”/�/Y?Å¤ËvSVU^MRY°S’>¥j/E8=WE8@,BAMRY*F‹UW@

MRY*EI‡‰UW=^=kU^‡DE8MOEG9ŽC,J/‡¾>AUW@¼Ë/SVY,E89OEIFO7,e�E89OXGJA@,C,7,X8MOUW@,B#XG>¥jgU^MOUWE8F5XG>A@·n�E;7,F3EGC�ŒŽÏú‡‰JgC,E

j/J/=^7,‡¾E¾JA@ÇMOY,EtJ/93C,EG9#JA\ ¸ 3 U^F#9OE8=?>QMOU^j/E8=^Š¦EG>AF3Š´MOJÜ9OE§>Q=WUWF3E‰MRE8X¿Y*@,UWXG>A=W=kŠ/ËvF3MO9OJ/@*B/=^Š

UW@h¸[7,EG@*XGUW@*BPMOY,ED‡‰JgC,E‹C,E8@,FOUkM)Š¦>Q@,C¦MRY*EG9OE8nbŠÖEG@,Y,>A@,XGU^@,BPMOY,E‹jQ>A93UWJA7,F

®

¨‚:5HªE¤\?Æ
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\†E8X8MOFGŒ5•VEG=W>QMRE8CtJ/n,FOE893jQ>“MRU^J/@,F’S’E89OE‚‡¾>AC*EKnbŠtHKE8Y,‡‰EG=kMF9	;G<?>äŒhJ/@·MRY,EÙC*EGXG>¥Š·JA\�MRY,E

X¤ŠgXG=WJQMR9OJA@•‡¾JQMRUWJA@~JA\v>A@•EG=^EGX¤MR9OJA@PMR9R>Qe,e�EGC•UW@•>‰•1E8@,@,UW@*BDMR9R>Qe Wµ”�![Y Œ

œ

Y,EyE¿ˆ*e�E89OUÊÆ

‡‰EG@NMRFK‡‰EG@NMRU^J/@,E8C`FOJ·\Ä>A9;S’E89OE­e�E893\†J/93‡¾E8CÜU^@�MRY,E	S›E§>AL•XGJ/7*e,=WU^@,B¾9OEGBAUW‡‰EAŒVÛ UkMRY

MOY,EVC,E8j/E8=WJ/e,‡‰E8@bM5JA\¼Y,U^B/YD¹b7[>A=^U^MmŠ­F37,e�EG93XGJ/@,C*7,X8MRU^@,B	X§>§jgU^MRU^EGFŽU^M<>A=WF3J•n�EGX§>Q‡¾EVe�J/F)Æ

F3UWn,=^E­MRJ�>QX¿Y,U^E8j/EDF3MR93J/@,B•XGJA7,e,=WU^@,B,Œ

œ

Y,E‰C,E¤j/EG=^J/e,‡‰EG@NM	JQ\›MRY,ED‡¾U^XG93J“fg‡¾>QFOE89NWÓ”Aû/Y

>Q=W=WJ¥S’E8CD>‚=WJQMŽJA\¬U^@bMOEG9OE8F3MOUW@,B‚E¤ˆhe�E89OUW‡‰EG@NMRF<U^@­MRY,EoF3MR93J/@,B•XGJA7,e,=WU^@,B‚93EGB/U^‡¾EàWÓ”Aý*ËN–A•/Y

MOJtn�E#e�E893\†J/93‡¾E8C�Œ

œ

Y,E­C,U^FR>AChjQ>A@NMZ>AB/E	JA\ŽE¤ˆhe�EG93UW‡‰EG@NMRFKUW@�MOY,E#‡‰UWXG93JÉSÀ>§j/E	9OE8B/UWJA@

U^FvMOY[>QMŽ‡‰E§>AF37,9OE8‡¾E8@bMOF<>A93Eo=^UW‡DUkMOEGC#MOJÙMRY,Eo>QMRJA‡¾U^X›F3MR>QMREÀn�EGX§>Q7,FOEoMRY*EÀ»[E8=WC‹¹b7[>A@NMZ>

XG>A@,@,JQMIn�E•J/n,F3EG93j/E8C�Œ

œ

Y,UWFVC,Uk«¼E89OFo\†9OJA‡{MOY,EyJAe*MRU^X§>A=¼9OEGBAUW‡‰EÙSVY,E89OEye,Y,JAMOJ/@,F;XG>A@

n�E	C,E¤MREGX¤MRE8C�Œ;Û U^MOY�MOY,E	C,E8j/E8=WJ/e*‡¾E8@bMKJA\™Y,UWB/Y*=^Š~9OE¤¸[EGX¤MRU^@,B·‡¾U^9O93J/9VX8JN>QMOUW@,BAFI>A@,C

MOY,E#93EGFO7*=^MRU^@,B¾Y,UWBAY�»[@,E8FOF3E‹X§>§jgU^MRU^EGFIUkMIn�EGXG>A‡¾E	e�J/FOF3UWn,=^EyMRJ·E¿ˆ*e*=WJ/93E#XG>¥jgU^MmŠ`¨‚:<H

E¤«¼E8X8MOFÀSVU^MOYtJ/e*MRU^X§>Q=�X§>¥jgUkMRUWE8FGŒ

œ

Y,EK»[93F3MoE¿ˆhe¬E89OU^‡¾E8@bMOFÀUW@¾MRY,EKjgU^FOUWn*=WEI93EGB/U^‡‰E;S’EG93E

C*J/@,EÀnNŠ‹á´Œ/ã¬ŒA_[EG=WCH9	;I<?>äŒšWÓ–*øZY ËASVY,J‚E8@,Y[>A@,X8EGC‰>A@,C­UW@,Y*UWn,UkMRE8C	MRY*EÀ=WUk\†E8MOU^‡‰E5JA\KJÙngf

>“MRJ/‡‰FKUW@Ö>A@©>“MRJ/‡‰UWX	n�EG>A‡Ôe,>AFOF3UW@,BtMRY,93J/7,BAY©>tX8J/@*\†JgX§>Q=™JAe*MRU^X§>A=193EGF3J/@[>QMOJ/9‚>A@,C

•ºŒ�á�>QMZ>A=^J/@,UL9	;M<?>äŒ.W –N”	Y Ë¬SVY,J~>A=WF3JtJ/n*FOEG9Tj/EGC¦EG@*Y[>A@,X8EGC©>A@,CÜUW@,Y*UWn,UkMRE8C`=WUk\†E8MOU^‡‰E8FGË

n*7*MV\†J/9oC*Š/Ey‡‰J/=^EGX87,=WE8FoU^@•>DXG>¥jgU^MmŠ/Œ

lm@Ö9OEGX8EG@NM‚Š/EG>A9OFÙMOY,EG93E#S’EG93ED>AX8MOU^jgUkMRU^EGFIUW@`FOE8j/E89R>A=vB/9OJ/7*e,FÙ7,FOU^@,BtFO=^JÉSÚ>QMRJ/‡‰U^X

n�EG>A‡‰F5JA\¼937,n,U^C,UW7,‡ WÓ–/–hËb–��*Ëb–NùgËb–0�[Y ËbXGE8FOU^7,‡ÞW –"!hËb–Aû/YaJ/9<n,>A9OU^7,‡ WÓ–Aý/Y Œ™lm@¾FOJA‡¾EVJA\

MOY,EGF3EÙE¿ˆhe¬E89OU^‡¾E8@bMOF’J/@,=kŠ‰>	FOU^@,B/=WE;>QMRJ/‡ÝÃ†J/@t>¥j/E89R>ABAE¥Å5XG>A@·UW@bMOEG9O>AX8M5SVU^MOY¾MRY,EIX§>§jNÆ

UkM)Šy‡‰JgC,EÀ>A@*CD>QMRJA‡¾F1X§>A@­n¬E’MO9R>Ae*e�EGC­MRJÙF3J/‡¾E’E¿ˆhMOEG@NM<UW@	MRY,EÀXG>¥jgUkM)Šy»[E8=WCoWÓ–Aû*ËA–Nù	Y Œ

œ

Y*E·XGJ/@,X8EGehMRF­JA\ÀX§>§jhUkM)Š´¨‚:5H{>A=WF3J�EG‡‰EG93B/EGC°UW@´F3EG‡‰UWXGJA@,C,7,X¤MRJ/9ye,YbŠgFOU^XGF	SVY,E89OE

F3e�J/@bMR>A@,E8J/7,F~E8‡¾U^FOFOU^J/@±>A=kMREG9O>QMRU^J/@@W_�N•/YÙ>A@*C±jQ>AX87,7,‡ •I>An*UIFOe,=^U^M3MRU^@,B¹W��,øZYKY[>¥j/E

n�E8EG@ÖJ/n,F3EG93j/E8C�Œyá�J/93E­93EGX8EG@bMO=^Š©³Ó¹g7,>A@bMO7,‡‹fbC,JAMOFG¶™Ã ¨‚HKFRÅIY[>§j/E­n�EGE8@¦7*FOEGCÜMRJ·E¤ˆbÆ

e*=WJ/93E­XG>¥jgU^MmŠÖ¨‚:<H}E8«¬EGX8MOF•UW@ÜFOE8‡¾U^XGJ/@*C,7,X8MOJ/9Ùe,YNŠhF3UWX8FGŒ#lm@Áø¥ý/ý/ût>A@ÖEG@,F3EG‡­n,=^E‹JA\

¨‚HKF•SÀ>QF	X8J/7,e,=^EGC¦MRJPMRY,E‰‡‰JgC,EDJQ\o>P‡‰UWX89OJ/F3XGJ/e*UWX‹e�J/FTMtÃÄe*UW=W=^>A9ZÅ;E8MRXZY,E8C´\†9OJ/‡�>

C*UWF3MO9OU^n,7*MRE8C¦‘’9R>ABAB~9OE8¸,EGX8MOJ/9‚X§>¥jgUkM)Š>W_�b”[Y Œ	Û UkMRYÜMOEGXZY,@,J/=^J/B/U^X§>A=1U^‡¾e*9OJÉj/E8‡‰EG@bMOFÙU^M

n�E8X§>A‡‰E·e�J/FOF3UWn,=^E‰MRJÜX8J/7,e,=^Et>�FOUW@*B/=WE·¨•HØMOJÖ>`‡‰UWX89OJ“fbX§>§jhUkMmŠ¦7,F3UW@,B`‡¾U^XG9OJ�C*UWFOL

93EGF3J/@[>QMOJ/9OF�W��/–/Y,>A@,C‹e[>Q93MRUW>A=^=kŠ•UW@,Y*UWn,UkMRE8C#FOe�J/@NMZ>A@,E8J/7,FŽEG‡‰UWF3FOU^J/@#XGJ/7,=^C‹n�EÀC,E8‡¾JA@hÆ

FTMR9R>“MRE8C�W��0�/Y¬>AF<S’EG=^=�>AF5EG@,Y,>A@,XGE8C~F3e�J/@bMR>A@,E8J/7,F›EG‡‰UWFOF3UWJ/@4W_�b”gË2�N–hË2�bùgË2�"�[Y�7,e¾MRJ#>

•Ž7,93XGE8=W=¼\Ä>AX¤MRJ/9ÀJA\ F ¼ 6 Œ

œ

Y,E•X8J/7,e,=^UW@,B­JA\v>‹F3UW@,B/=^E•¨‚HžMOJ‰>‹‡‰UWX89OJ“fge�JAF3MÀX§>§jhUkMmŠ

S’>AF;C,E8‡¾JA@,F3MR9O>QMRE8C�W_�bù	Y Œ<Ñ<E893Š~9OEGX8EG@NMR=kŠ•>A@•E8@,FOE8‡‹n*=WE•JA\Ž¨‚HKF;Y[>AFVn�EGE8@`XGJA7,e,=^EGC

MOJ¾>‹e,Y,JAMOJ/@,U^X‚XG93ŠgFTMZ>A=�C,E8\†E8X8MIXG>¥jgU^MmŠ W��0�/Y Œ

‚„ƒ ‚„ƒŽ‚ ˆŠ‰
‹�ŒŽ•�•ONQPR� PTS�”–•a’wŒ†› •U"×•�!kŒ�" V •a’K!2”–•U46•šŒu‹,•

œ

Y*EÜF3MR>A@,C[>Q9OC±FOE¤MR7,e±\†J/9¾XG>¥jgUkM)Š�¨‚:<H�E¤ˆhe�E89OUW‡‰EG@NMRF·UW@¯MRY,E`J/ehMRUWXG>A=V9OEGBAUW‡‰E�>AF

7*FOEGC¯UW@ÂÐ‚UW‡­n,=^EQ¶ÓF­>A@,C¯•VEG‡‰e�EA¶ FDB/93J/7,eÂU^F‹@,J¥S{n,93UWE¤¸,ŠÇC,U^FOXG7*FOFOE8Ca`~MRY,E89OEPU^FD>Q@

E¿ˆgMR9OE8‡¾E8=^Š²FO‡¾>A=^=;X§>§jgU^MmŠ•ÃÄ=^EG@,BAMOY ¼ 10 ¡ 100 ¹ ‡·Å‰93EGFOJA@[>A@NMtSVU^MRY'>A@'>QMOJ/‡¾U^X

C*UWe�J/=^E‰MR9O>A@,FOUkMRU^J/@�Œ

œ

Y*EP>QMOJ/‡‰F­>A93Ete*9OJ¥jhU^C,EGCÇnbŠÇ>`‡¾>AB/@,E¤MRJÉfgJ/e*MOUWXG>A=ŽMR9O>AeÁ>A@,C

\Ä>Q=W=gMRY,93J/7,B/Y‹MOY,EVXG>¥jgU^MmŠoW –/ûhËN–0�[Y ŒvÏK=kMRE89O@[>QMOU^j/E8=^Š#>A@‰>QMRJA‡¾U^X›\†J/7,@NMZ>AU^@‹X§>Q@‰n�EV7,F3EGC

MOJ	MR9R>Q@,FOe�J/9TMÀ>QMRJ/‡‰F<MRJ	MRY*EKX§>§jgU^MmŠ4W��2!	Y Œ™Û UkMRY¾MOY,EGF3EÙE¤ˆhe�E89OUW‡‰EG@NMRF’UkM›UWF›93EG=W>QMRUkj/EG=^Š



”A• %cb;d�e�(+*,f Ÿwi@%.d;¡+jI(s¢¤£s*gm

E§>QF3ŠÖMRJ�>AXZY,UWE¤j/E‰F3MO9OJ/@,B•XGJ/7*e,=WU^@,B´Ã g À °?
Ë g À · ÅÙe,9OJ¥jgUWC,E8C©MRY,E¾>“MRJ/‡‰F•e,>AFOF

MRY*9OJ/7,BAY‰>A@D>A@bMOUW@,JgC*EÀJA\aMRY,EÀ»,EG=WC¼Œ

œ

Y,EVX89O7,X8U?>A=he�J/UW@NMŽU^FvMRJ‚FR>“MRUWFT\]Š	MRY,EoU^@,EG¹b7[>Q=WUkM)Š

g À °?
Œ

œ

Y*EoC*EGe�EG@*C,EG@,XGEVJQ\[MRY,E’‡¾JgC,E5j/J/=W7*‡¾E V JA@­MOY,Eo>“MRJ/‡­fgXG>¥jgU^MmŠ•XGJ/7*e,=WU^@,B

g UWF g / V ¡ 1=2 ËgFOJ#>	FO‡¾>A=^=[‡‰JgC,EVj/J/=W7*‡¾E V Y[>AF5MOJ#n�EI7,F3EGC·MRJ	9OEG>AXZY·MOY,EIF3MO9OJ/@,B

XGJA7,e,=WU^@,B‹9OE8B/UW‡‰EAŒ

œ

Y*E‹‡·>ÉÈ3J/9IC,U^FR>AC*j“>A@bMR>AB/E#JA\<MRY*EGFOE‹@,E87*MR9O>A=™>QMRJA‡ÝX§>¥jgUkM)ŠÜ¨‚:5H�E¤ˆhe�EG93UW‡‰EG@bMOF

UWF’J/nNjgUWJ/7,FZ`™MOY,E•>QMOJ/‡‰FÀ>A9OEÙ@*E8j/E89;>QMo>#»*ˆhEGCPe�J/F3U^MRU^J/@·n,7*Moe[>AF3FÀ\†J/9’FOJ/‡‰EÙ=^UW‡‰UÊMRE8C

UW@NMRE89R>AX¤MRUWJA@•MRU^‡¾EŽMOY,9OJ/7*B/Y	MOY,E›@,JgC,E¿Æ)>Q@bMRU^@,JgC,E5e,>QMOMRE89O@­>Q@,C	MRY*E5MR9R>Q@,F3j/E89OFR>Q=h‡‰JgC,E

F3MO9O7,X¤MR7,93EAËvMRY*EG9OE8nbŠ´E¿ˆhe�EG9OU^EG@,X8UW@*BÖ>•e�J/FOUkMRUWJA@©C,EGe�E8@,C,EG@NM‹XGJA7,e,=WU^@,B g = g(r (t)) Œ

:™j/EG@´U^\<MRY,E¤Š¦>A9OE­MR9O>Ae,e�EGC¦MOJ•F3J/‡‰EDE¿ˆhMOEG@NMyMRJPJ/@,ED>A@bMOUW@,JgC,EoWÓ–/ùhË�–/û[Y Ë�MOY,EGU^9•>AX¿Æ

MR7,>A=1e�J/FOUkMRUWJA@`UWFI@,E8j/E89‚9OEG>A=W=kŠ•X8J/@*»[@*EGC¦F3J~‡­7,XZYÜMRY,>QMKMRY,E#e�J/FOUkMRUWJA@`C,E8e�EG@,C,E8@,XGE

JA\ g(r ) X§>A@Çn�E·U^B/@,J/93EGC�Œ•lm@°MRY,E·¹b7[>Q@bMR7*‡‹fgC*JAM#E¤ˆhe�EG93UW‡‰EG@NMRF­>`C*U^«¬EG9OE8@bM#e,9OJAnhÆ

=WE8‡�JgXGXG7*9OFI`	MRY*E¾E¿ˆ*e�E89OU^‡¾E8@bMRFyC,EGe�E8@,CÇF3MO9OJ/@*B/=^ŠÖJ/@©MOY,E‰FR>A‡‰e,=WEQŒ

œ

Y*E¾e�J/FOUkMRUWJA@

>A@,C´MRY,E¾EG‡‰UWF3FOUWJA@©SÀ>§j/EG=WE8@,BAMOYÇJA\V>Ü¨‚HØ\†J/9yE¤ˆ*>A‡‰e,=WE‰UWF	@*JAM#e,9OE8C,E¤MREG93‡¾U^@,EGC¼ËŽ>

=WJQM‚JA\’‡‰UWX89OJ“fbX§>§jhUkMRUkEGFÙY[>§j/EDMOJ•n�EDB/93JÉSV@¦MOJP»,@,C´JA@,E‹SVU^MOY´>~FOU^@,B/=^E‰¨‚Hª>QM‚MRY*E

9OU^B/YbM’e�J/FOUkMRUWJA@~>A@*C~SVUkMRY~F3e¬E8X8MO9R>A=�J¥j/EG93=?>AetSVUkMRY~JA@,E‚JQ\½MRY,EÙX§>¥jgUkM)Š¾‡¾JgC,E8FGŒŽÏ;\]MREG9

XZY,JgJ/FOU^@,BÜ>�‡‰UWX89OJ“fgXG>¥jgU^MmŠ¦>A@*CÇUkMRF	F3UW@,BA=WE·¨‚H#Ë1UkM	UWFy@,JAM#e�J/F3FOUWn*=WE‰MOJÜ>AC“È37,FTM#MRY*E

XGJA7,e,=WU^@,Btn�E8MmS’EGE8@Ç¨•H¡>A@*C¦»,EG=WCbfg‡‰JgC,E­nbŠÖ>tX¿Y[>Q@,B/E‹UW@ÖFOe[>“MRUW>A=ve�J/F3U^MRU^J/@�Œyl M•U^F

>A=^FOJ•@,JQM	e�J/F3FOU^n,=WE‹MRJ•XGJAebŠ©>PFR>A‡‰e,=WE­SVU^MOY´E¿ˆ*>AX8MO=^ŠÖMOY,E‰FR>A‡‰E‰e*9OJ/e�E893MRU^EGF8Œ�]IE¤jNÆ

EG9TMRY,E8=WE8FOF	MRY,E‰MRE8X¿Y*@,J/=WJAB/UWE8F	U^@´FOEG‡‰U^XGJ/@,C*7,X8MOJ/9	e,YNŠhF3UWX8F‹>A93E‰S’E8=W=5C,E¤j/EG=^J/e�EGCÁ>A@,C

Y,U^B/Y,=^Š¾UW@NMREGBA9R>QMOEGCP‡¾U^XG93J‹FOE8MO7,e,F;‡·>§Štn�E•EG@NjgUWFR>QB/EGC�Œ

Û UkMRY´MRY*EGFOE·\Ä>AX¤MRF#UW@°‡‰UW@*C�ËvUkM#U^F#X8=WEG>A9yMRY[>QM	MRY*EtE¿ˆ*e�E89OU^‡¾E8@bMR>A=›XZY[>A=^=WE8@,B/E¾U^F

MRJÜFOE¤MD7*e¯>Q@ÁE¤ˆhe�E89OUW‡‰EG@NM‹U^@°MRY,EtFTMR9OJA@,BÖX8J/7,e,=^UW@,B`93EGB/U^‡¾E‰SVUkMRYÁ>ÜF3UW@,B/=^E·>QMRJ/‡

XGJA@*»[@,E8CúMRJÂ>A@ú>A9On,UkMR9O>A93Š¯»*ˆhEGCúe�J/FOUkMRUWJA@'U^@,FOU^C,EÖ>A@ J/e*MRU^X§>Q=KX§>§jhUkM)ŠžÃ†\†J/9·S’EG>AL

XGJA7,e,=WU^@,B,Ë g XG>A@Ân�Et9OEGC*7,XGE8C¯nbŠ°‡¾J¥jhU^@,B`MOY,E~>QMRJ/‡ \†9OJA‡£MOY,EP>A@NMRU^@,JgC,E¾MRJÜMRY*E

@,JgC,EyJ/9ojhU^XGE•j/EG93FR>*Ë�C,E8e�EG@,C,U^@,B·JA@•MRY,E•MR9R>Q@,FOUkMRU^J/@aÅ¤Œ’ßÙ@,E•SÀ>§Š•JA\™>AXZY,UWE¤jhU^@,BDMRY,U^F

B/JN>Q=’UWF#MRJ¦7,F3E•>ÖFOU^@,B/=^EtXZY[>A9OBAEGC²>“MRJ/‡ ÃÄU ŒÓEQŒ™>A@ÂUWJ/@[Å	XGJA@*»[@,E8C²UW@Â>¦•v>Q7,=’MR9R>Qe�Œ

œ

Y,EVFOe[>QMOU?>A=*E¤ˆgMRE8@bM›JQ\¬MOY,EVUWJ/@¼¶ÓF™SÀ>§j/E8\†7*@,X8MOUWJ/@‰X§>A@‰n�EV‡¾>AC,EoF3‡·>A=^=^EG91MRY,E8@ 30 @,‡

>A@,C`U^MRF;e¬JAFOUkMRUWJA@�UW@�MOY,E#F3MR>A@,C,U^@,B¾SÀ>¥j/E#X§>A@Ün�E#XZY,J/F3EG@Ü\†9OE8EG=^ŠAŒIlm@Ö>AC,C,UkMRU^J/@�Ë[MRY*E

MR9O>Ae,e,U^@,B‹MOUW‡‰E‚>QMVe,9OE8FOFO7*9OEGFIJA\ » 10¡ 10 ‡­n[>A9ÀUWFoUW@~MOY,E•9R>Q@,B/E•JQ\vFOE¤j/EG9O>A=½Y,J/7,93FGŒ

ßÙ@ÜMOY,E­JAMOY,EG9KY[>A@,C�Ë¼U^MKUWFKC,U v‰XG7,=kMKMOJP>QX¿Y,U^E8j/E­F3MO9OJ/@*B~XGJA7,e,=WU^@,B·n�EGXG>A7,F3E‹MRY*E

X§>§jgU^MmŠÇXG>A@,@,JQMDn�EP‡¾>AC,E~>AF‹F3‡·>Q=W=’>AF‹U^@Á@,EG7hMR9R>Q=o>QMRJ/‡¢E¿ˆhe�EG9OU^‡‰EG@bMOFGŒ

®

Y[>A93B/EGF

>AX8XG7,‡­7,=W>QMRU^@,B‹JA@•@,J/@,X8J/@,C,7*X8MRU^@,B‰EG=^EG‡‰EG@NMRFV=^UWLAE‚‡‰UW939OJ/9’F37,93\Ä>AX8EGF;F3MO9OJ/@,BA=^ŠtU^@*¸[7hÆ

EG@*XGE‹MRY*E‹UWJ/@ÜU^\ŽMRY,E¤Š¦>Q9OE‹X8=WJAFOE­MOJPUkM§ŒyÏoC,C,UkMRU^J/@[>A=^=ÊŠ/Ë�MRY,E‹XG>¥jgU^MmŠ`Y[>AFÙMOJPn�E‹n,7,U^=^M

>A93J/7,@,C‹MRY,EVU^J/@‹MO9R>Ae¼Œ<ßÙ@,EVU^C,E§>ÙUWF™MRJ•7,F3EI>‚¹b7[>AC,937,e�J/=^EoMR9O>A@,FOUkMRU^J/@­\†JA9™SVY,UWXZYDMRY*E

UW@*EG¹b7[>A=^U^MmŠ g À °?
UWFÙ93EG=?>“MRUkj/EG=^Š•EG>AF3Š`MRJt\†7,=k»[=W=ÄŒyü;JÉS’E¤j/EG98Ë½MOY,E‹e,93J/n,=^EG‡�U^F5È37,FTM

FOY*U^\]MRE8C•@,J¥Sž>A@,C•JA@,E•Y[>AFoMRJDFR>“MRUWFT\]Š g À · Ë,SVY,U^X¿Y•93EG¹b7,UW93EGF;>‹j/EG9TŠPY,U^B/Y~»[@,E8FOF3E

F UW@#JA9OC,E891MOJÙC*EGX89OE§>QFOE · ŒvüIJ¥S’E8jAEG9GË/MOY,EG93EÀ>A9OE›‡¾>A@bŠ•E¤ˆhe�EG93UW‡‰EG@NMRFoÃ >Q‡¾JA@,B;MRY,E8‡

MRY*EK>“MRJ/‡­fge,Y,JQMRJ/@DUW@NMRE893\Ä>AX8E;U ŒÓEQŒ/MRY,E;J/@,E¿ÆmC,U^‡¾E8@,FOU^J/@[>Q=[>QMRJA‡ Wµ”Q•/Y?Å™SVY,U^X¿Y¾J/@,=kŠ‹9OE¿Æ

¹b7,UW93EÙS’E§>QL~X8J/7,e*=WUW@*B­SVY,UWXZY•U^FoEG>AFOU^EG9ÀMRJ‰>AXZY,U^E8j/EQŒ

œ

Y,Ey93E§>A=^UWFO>QMRU^JA@tJA\1UWJ/@bfgX§>§jhUkMmŠ

XGJA7,e,=WU^@,B‹UWFoC,U^FOX87,FOF3EGC`UW@P‡‰J/93E‚C,E¤MZ>AU^=�UW@PXZY[>AehMREG9	Ã –NÅ¿Œ
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Y*UWF;XZY[>Ae*MOEG9IC*EGFOX89OU^n�EGFIMOY,EyE¤ˆhe�EG93UW‡‰EG@NMZ>A=�9OE§>Q=WUWFO>QMRU^JA@PJA\vMOY,E•MRY,E8J/9OE¤MRUWXG>A=�‡¾JgC*EG=

C*E8j/EG=^J/e�E8C`UW@~MRY,Ey=W>AF3MVXZY[>Ae*MOEG9GËa@[>Q‡¾E8=^Š·MOY[>QM;JA\™>‹M)S›J“fg=WE¤j/EG=�F3ŠgF3MOEG‡�MR9O>Ae,e�E8C`U^@

>­Y[>A93‡¾J/@*UWXKe�JAMOEG@bMOU?>A=¬XGJ/7*e,=WE8CPMOJ‰>­FOU^@,B/=WEK‡‰JgC,E‚JQ\ºMRY*E•E8=WE8X8MR93J“fg‡¾>AB/@*E8MRU^XI»[E8=WC�Œ

lm@‰MRY,EV»[93F3M›FOEGX¤MRU^J/@‰MRY,E;9OE8=WE¤jQ>A@bM›e*YbŠgFOU^X§>A=ae,93J/e�EG9TMRUWE8F5JA\

®

> + U^J/@,F<UW‡‰e�J/93MR>A@bM™\†J/9

MOY,E­UW‡‰e,=^EG‡‰E8@bMZ>“MRU^JA@`JA\ŽMRY,E­UWJA@gfgX§>§jgU^MmŠ�X8J/7,e*=WUW@*B~>A93E­C,U^FOXG7*FOFOE8C�Œ	lm@ÖMOY,E­FOEGX8J/@,C

F3EGX¤MRUWJA@PMOY,E•e,93UW@,X8UWe*=WEGF’JA\ºMR9O>Ae,e,U^@,B‹UWJA@,FoU^@••v>Q7,=¼MR9R>Ae*F;>Q9OE‚9OE¤jgUWE8S›EGC�Œ

œ

Y*E‚MRY,U^9OC

F3EGX¤MRUWJA@âU^FPC,E8j/JAMOEGC MRJ¯MOY,E©Y,UWBAYú»,@,EGF3FOE°X§>§jhUkMmŠ'SVY,U^X¿Y FOE8=WE8X8MRF�JA@,E©e[>A93MOUWX87,=?>A9

E8=WE8X8MR93J“fg‡¾>AB/@*E8MRU^Xt‡¾JgC*E~\†93J/‡¢MRY,EPUW@*»,@,U^MOE~@g7*‡‹n�E89DJA\I\†93EGEPFOe[>AX8E•n[>AXZLbB/9OJ/7*@,C

‡‰JgC,E8FGŒÖlm@ÇMRY,E·=?>AFTM­FOE8X8MOUWJ/@°MRY,E8FOEtMRY*9OEGEtLAE¤ŠÇe[>A9TMRF‹>Q9OE·e,7*M­MOJ/B/E¤MRY,E89‹>A@,C°MRY,E

FTŠgF3MRE8‡˜X8J/‡¾e�JAFOEGC•JA\1UWJA@�Ë*MO9R>Ae•>A@,C•XG>¥jgU^MmŠtUWFoUW@Nj/EGFTMRUWB/>QMRE8C�Œ

[\}I~

-�w + \B]

€	q w	x 0ª|PwyqD„º|PÍ ƒ uVš™€Pw	q^+Gš’w`_(aN•·x�„½uVÍ

lm@DMOY,EVE¤ˆhe�EG93UW‡‰EG@NMRF<C,E8FOXG93UWn�E8C¾UW@‹MOY,UWF™MRY*EGFOU^F5>•F3UW@,BA=WE 40 ®

> + fbUWJ/@‹UWFŽX8J/@*»[@*EGC¾UW@‰>

‡‰UW@*UW>QMR7*9OU^F3EGCP•v>A7,=äfbMR9O>Ae�Œ™l M;F3EG93j/E8FK>AF;>‹¹b7[>A@NMR7,‡!‡‰EGXZY[>A@,U^X§>Q=�F3ŠgF3MOEG‡!MRY[>“M;XG>A@

n�EQË�MRJ·>¾=W>A9OB/E•E¤ˆgMOEG@bMGË¼C,E¤MRE89O‡‰UW@,U^F3MRU^X§>Q=^=kŠtXGJA@bMR93J/=W=^EGC�Œ

œ

Y,U^FIFOEGX¤MRU^J/@`e,9OE8FOE8@bMRFIMRY,E

MOEGXZY,@,U^¹g7*EGFº7,F3EGCyMOJoMR9O>Aey>A@,C•UW@NMRE89O9OJABN>QMRE1MRY,EŽUWJ/@�Œ1á�JAF3MºJA\bMRY,E™MRJ/e,U^XGF½>Q9OE<>A=^9OE§>QC*Š

C*EGFOX89OU^n�EGC¦E¿ˆgMREG@*FOU^j/E8=^Š`UW@`e[>Ae�E89OFGË�C*UWe,=^J/‡¾>Éf~>A@,CÜC,JgX8MOJ/9R>A=äfbMRY*EGFOE8F)W��*Ë¼ýhË1ø¥•hËvøAøIY

>Q@,CPMRY,E8FOE•MRJAe,UWX8F;>Q9OE’È37,FTM;9OE¤jhU^E8S›EGC�Y,EG93EAŒ
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œ

Y*Eye[>Q93MRU^XG7,=W>A9’UWF3JAMRJAe�E‚JA\1X§>Q=WX8UW7,‡Ø7*FOEGC•\†JA9ÀMRY*E•X§>§jgU^MmŠP¨‚:5HŸE¿ˆ*e�E89OU^‡¾E8@bMRFoe,9OE¿Æ

F3EG@NMREGCÜUW@•MRY,U^F;MRY*EGFOU^FKU^F 40 ®

> + >A@*CÜU^F;MOY,E#‡‰J/F3MK>An,7*@,C[>A@NMÙU^FOJAMOJ/e�EAË�X8J/‡‰e,9OU^FOUW@*B

97i

JA\o@[>“MR7,9O>A=W=kŠÖJgXGX87,9O93UW@,B`XG>A=WX8UW7,‡•Œ 40 ®

> + Y,>AF#68EG9OJÜ@b7,XG=^E§>A9	F3e,UW@Ç>AF	C,JÖ>Q=W=

JQMRY,E89#@[>“MR7,9O>A=5U^FOJAMOJ/e�EGFySVU^MOY´MRY*E·E¤ˆhX8EGe*MOUWJ/@ÇJA\ 43 ®

>ÁÃ I = 7=2Å¤Œ�‘’E8UW@,B�FOUW@*B/=^Š

U^J/@,U^FOEGC¼Ëa>DYbŠgC,93J/B/E8@gfg=WU^LAE•=WE¤j/EG=½FTMR937,X8MO7,9OE#>Q9OUWF3EGF8Œ›lm@•»[B/7,93E·Ã –*ŒkøÉÅ’MOY,E•»,j/Ey=WJ¥S’EGFTM
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œ

E89O‡!FOXZY,E8‡¾EyJQ\1MRY*E•»*j/Ey=WJ¥S’EGFTM;=kŠhU^@,B‹=WE¤j/EG=^FVJA\ 40 ®

> + Œ

=^ŠgU^@,B`=WE¤j/EG=^F­JA\ 40 ®

> + >A9OE·FOY*JÉSV@�Œ©_[J/9#HKJ/e,e,=^EG9#XGJgJ/=^UW@,B`>A@*CÇ¸[7,J/93EGFOX8EG@*XGEPC,E¤Æ

MRE8X8MOUWJ/@`MRY*E S1=2 $ P1=2
MR9R>Q@,FOUkMRUWJA@`U^FK7,FOE8C�Œ

œ

Y,UWFIMR9R>Q@,FOUkMRUWJA@Ü>QM 397 @,‡ÝY[>AF‚>

=WU^@,E8SVU^C*MRY ¡ JA\ 20 á`üI6QŒ

œ

JPXGJgJ/=1MRY*EDU^J/@ÜjgU?>·MOY,EDHKJ/e,e*=WE89‚E8«¬EGX¤M§Ë�MOY,E‹C,9OUkjhU^@,B

=?>QFOEG9	U^F#93EGCÇC,E8MO7,@,EGCÁnbŠ°>An�JA7*M ¡ =2 = 10 á`üI6QŒ

œ

Y,E P1=2
=^E8j/E8=’C*EGX§>§ŠgF­SVUkMRY

>·e,9OJ/n,>An,UW=^UkMmŠPJA\ ¼ 6i

UW@NMRJ¾MRY,E­‡‰E8MR>AF3MR>An,=^E~ÃÄ=^U^\†E¤MRU^‡DE ¿ ¼ 1 FRÅ D3=2
=WE8j/E8= Œ

œ

J

e,93E8j/EG@NMyMRY,U^F‚J/e*MRU^X§>Q=™e,7*‡¾e,U^@,B,Ë�>P93EGe,7,‡‰e,U^@,BP=W>AFOE89•>QM 866 @,‡ÔC,9OUkj/EGF•F3UW‡­7,=^MR>“Æ

@,E8J/7,FO=kŠ°MOY,E D3=2 $ P1=2
MO9R>A@,F3U^MRU^J/@�Œ

œ

Y,E~JAMOY,EG9­‡‰E8MZ>QF3MZ>Qn,=WE·=WE¤j/EG= Ë™MRY,E D5=2
=WE¤j/EG= ËaUWFVE¤ˆhXGUkMRE8C`SVUkMRY`>‰=W>AFOE89I>QM 729 @,‡¢ÃÄ>‰¹b7[>AC,937,e�J/=^EyMO9R>A@,F3U^MOUWJ/@aÅ¿Œ

œ

Y,E D5=2
=WE¤j/EG=¬MOJ/B/E8MOY,EG9’SVUkMRY·MRY,E S1=2

BA9OJ/7,@*C~F3MZ>“MREÙ=WE¤j/EG=¬\†J/9O‡Ø>	M)S’JÉfg=WE¤j/EG=¼FTŠhFTMRE8‡�Œ

œ

Y,E

=WJA@,Bt=WUk\†E8MRUk‡‰E ¿ ¼ 1 FÙJA\<MRY,E D5=2
=WE8jAEG=Ž>Q=W=^JÉSVFI\†JA9KMRY,E­F3MRJA9R>AB/E­JQ\›U^@*\†J/93‡·>“MRUkJ/@

U Œ EAŒgEG@,X8JgC,U^@,BD>#¹b7[>Q@bMR7*‡Øn,U^M‚ÃÄ¹b7,n*U^M¿Å<JA\½UW@*\†JA9O‡¾>QMRUkJ/@¾U^@~>#FO7,e�E89Oe�J/F3U^MOUWJ/@tJQ\ S1=2
>A@,C D5=2

F3MR>QMRE8F4W��/Y ŒÂÏK=^=ÀE¿ˆ*e�E89OU^‡¾E8@bMRFDC,E8FOXG93UWn�E8C�U^@ÂX¿Y,>Ae*MRE89`Ã ù/Å­>A@,CâÃ7�NÅ­>A9OE

e�EG9T\†J/9O‡‰EGC~J/@tMRY,E S1=2 $ D5=2
¹b7,n,UkMoMO9R>A@,F3U^MOUWJ/@�Œ

œ

Y*E•7,FOE‚JA\½MRY,E 854 @,‡{=W>AFOE89

UWF;MOJt93EGFOE¤M‚E¤ˆhX8U^MR>QMRU^J/@`JA\™MRY,E D5=2
=^E8j/EG= Œ

œ

Y,E#MO9R>A@*FOU^MOUWJ/@PSÀ>¥j/E8=WE8@,BAMOY,F‚>A@,CÜ=^U^\†E¿Æ

MRU^‡¾E8FXWÊøÉù	Y½JA\19OE8=WE¤jQ>A@bM 40 ®

> + =^E8j/E8=WF;>Q9OE•=^UWFTMREGC~UW@~MZ>Qn,=WEDÃ –*ŒkøÉÅ¤Œ
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9R>A@,F3U^MOUWJ/@­SÀ>§j/EG=^EG@,BQMRY,F5>A@,C‰=^E8j/E8=[=WUk\†E8MOU^‡‰E8F™JA\ 40 ®

> + WÊøÉù	Y Œ

œ

Y,EV=?>AF3EG9

F3J/7,93XGEGFo@,EGE8C,EGCPMOJ‹C,93U^j/EKMRY*E‚93EG=^E8jQ>A@NMÀMR9O>A@,FOUkMRU^J/@,F’>A9OEÙC,E8FOX89OUWn�E8C•U^@tX¿Y,>Ae*MRE89yÃ7�NÅ¤Œ
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JA@,FOU^C,EG9KMRY*E‹=^E8j/E8=WFKUW@Nj/J/=^j/E8CÖU^@`MRY,E S1=2 $ D5=2
¹b7[>AC*9O7,e�J/=^E#MR9O>A@,FOUkMRU^J/@�ŒKl \’>

‡¾>AB/@*E8MRU^X;»[E8=WC

G

U^FÀ>Ae,e,=^UWE8C�ËgMOY,EÙ=WE¤j/EG=^FÀF3e,=WUkM’UW@NMRJ­>­@b7,‡­n�EG9’JA\½FO7,ngfb=WE¤j/EG=WF8Œ

œ

Y,E

F3e,=WUkMOMOUW@*B­\†93J/‡ØMRY,E•C,E8B/E8@,EG9O>QMREy6GE89OJ‰‡¾>AB/@,E¤MRU^XÙ»,EG=WCPX§>AF3EyUWFoBAU^j/E8@•nbŠ6`
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G

MmS’J°MRY*UW@,BAF¾‡­7,F3M·n�E�MZ>ALAE8@±UW@bMOJÇ>QX¤Æ

X8J/7,@NMK`ŽJ/@tJ/@,EÙY,>A@,CtMRY*EÙB/JN>A=�UWF›MOJ‹C*UWF3MOUW@,BA7,UWF3Y~>Q@,C~9OE8FOJ/=kj/E‚>A=^=�FOe�EGX¤MR9O>A=�=^UW@,E8F’JA\

U^@bMOEG9OE8F3MGŒDüK>§jhU^@,BPXZY,J/F3EG@°>~e[>A9TMRU^XG7,=W>A9KX§>A939OUWE89ÙMO9R>A@*FOU^MOUWJ/@¼Ë�U^M‚U^F‚UW‡‰e�J/93MR>A@NMKMRY[>QM

>Q=W=™>AFOF3JgXGU?>“MREGC©F3UWC,E8n[>A@,C¦MR9O>A@,FOUkMRU^J/@,F‚>A9OE‹S›EG=^=ŽFOE8e[>A9O>QMRE8C´\†93J/‡�>A=^=™JQMRY,E89•X§>A939OUWE89

JA9IFOU^C,E8n[>A@,C�MR9R>Q@,FOUkMRUWJA@,FGŒ

œ

Y*UWFIUWFVMRY*E#XG>AFOE#U^@�F3MR93J/@,B·‡¾>AB/@,E¤MRU^X•»[E8=WC*FISVY*EG@`MRY,E

=^E8j/E8=WF’>Q9OEI‡‰J/9OE;B/93E§>“MR=^Š‹FOEGe,>A9R>QMOEGC~>A@,C·Y,E8@,X8EKMRY,EIFOe�E8X8MO9R>A=¬=^UW@,E8F›>A9OE;‡¾J/93E;FOE8e[>“Æ

9O>QMRE8C	UW@•\†9OE8¹g7*EG@,X¤Š/Œ<ß‚@yMOY,E›JQMRY,E89ºY[>A@,CyMRY,E5F3MO9OJ/@,BI‡¾>ABA@,E8MOUWX™»[EG=^C#>A=WF3J;n,9OJ/>AC,EG@*F
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Y,E S1=2 $ D5=2
¹g7,>AC,9O7*e�J/=WE‰MR9O>A@,FOUkMRU^J/@´F3e,=WUkMRFyUW@NMRJ•MRE8@Á>A=W=^J¥S’EGC

XGJA‡¾e�J/@*EG@NMRF¾ÃÄ>NÅKUk\’>~‡¾>AB/@*E8MRU^X#»[E8=WC¦U^F•>Ae,e*=WUWE8C¯ÃÄB/Ukj/EG@¦U^@¦7,@*U^MRFÙJA\ ¹ B B Å¤Œ

œ

Y,E

9OE8=?>QMOU^j/E‰=^UW@,E‰FTMR9OE8@,BAMOYÁU^F	e,93J/e�J/93MOUWJ/@,>A=ŽMOJ`MOY,EGU^9	F3¹g7,>A9OE8C

®

=WEGn*FOXZYgf*Þ‚J/9OC[>Q@°\Ä>AX¤Æ

MRJA9OF�WÊøÉùgË›øF�[Y ŒÖßÙe*MRU^X§>Q=5e,7,‡‰e,U^@,B�MOJÜJ/@*E·JA\oMOY,E S1=2
=WE8jAEG=WF	9OE8C,7,XGE8F­MRY*UWF	@g7,‡‹Æ

n�EG9#MOJ`»,j/EAŒ©‘5Š´MZ>QLgU^@,B`MOY,EtB/E8J/‡‰E8MO9OUWX¾X8J/@*»[BA7,9R>QMOUWJ/@°JA\Ve�J/=W>A9OU^FR>QMOU^JA@ e ËŽ‡¾>ABQÆ

@,E¤MRUWXK»[E8=WC B >A@,CPn�EG>A‡{C,U^9OE8X8MRU^J/@ k UW@NMRJ‹>AXGX8J/7,@bMGË,\†7*93MRY*EG9oF37,e,e,93EGFOFOU^J/@•JA\º=WU^@,EGF

X§>Q@ n�E´>AXZY,U^E8j/EGC�Ã†n�ËÓX§Å¤Œªlm@�ÃÄnaÅ¿Ë e ? B ? k ËÙ>Q\]MRE89PJ/e*MOUWXG>A=Ùe,7,‡‰e,UW@*BÂJ/@,=kŠ

MRY*EtF3MO9OJ/@,BAEGF3MD>Q@,CÇMOY,E·S›E§>ALAE8F3M‹MR9O>A@,FOUkMRU^J/@°93EG‡¾>AU^@�Ë1MRY*EGFOEtn�EGU^@,BÜFOE8e[>A9R>“MREGCÁnNŠ

¼ 4:8£ 1:4 á`üI6—–/Þy>Q7,FOF8Œ<lm@ÖÃ†X¥Å¿ËgMOY,EIXGJ/@h»[B/7,9O>QMRU^J/@¾U^F›>AF<\†J/=W=^J¥SVFI`ºSÀ>§j/E8j/E8X8MRJ/9 k
>A@,C`‡·>QB/@,E8MOUWX•»[E8=WC B FO7,nhMREG@*C©>Q@Ö>A@,BA=WEyJA\ 45± Œ

œ

Y,E­e�JA=?>A93UWFO>QMRU^JA@ e U^FIXZY,J/F3EG@

MRJ�=^UWE‹UW@©MOY,E¾e,=W>A@,E‰F3e[>A@,@*EGCÇnbŠ k >A@*C B Œ

œ

Y,U^F	X8J/@*»[B/7*9R>QMOUWJ/@©UWF	>Qe,e,9OJAe,9OUW>QMRE

U^\<‡·>QB/@,E8MOUWX	»[E8=WCÜ¸[7,X8MO7[>QMOUWJ/@,F‚>A9OE­XG93U^MRU^X§>A=ºn�EGXG>A7,FOE‹MRY,E8UW9ÙU^@*¸[7,E8@,XGE‹J/@ÖMRY*E‹=WUW@*E

FOY*U^\]MVUWFo93EGC,7,X8EGC�nbŠPû/•

i

XGJ/‡‰e[>A93EGCPMOJ‰XG>AFOE¾ÃÄnaÅ¿Œ5_vU^B/7,93EÙMZ>QLAEG@•\†93J/‡ WÊø¥•[Y Œ
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MOY,E S1=2 $ P1=2
HKJ/e,e*=WEG9yXGJgJA=WU^@,B~MR9R>A@*FOU^MOUWJA@¦MRY*EG9OE8nbŠ©UW@,X89OEG>AFOU^@,B•MOY,E·HKJ/e*e,=WE89

=^UW‡‰UÊM õ Œ

l \½J/@*EKXGJA@,FOU^C,EG93F›MRY,EK¹b7,n*U^M›MR9O>A@,F3U^MRU^J/@¾>QM 729 @,‡ª>A@,C¾MRY,EI¹g7,>AC,9O7*e�J/=WEIFOE8=WEGX¿Æ

MOUWJ/@�9O7,=^E ¢ mj = 0; § 1; § 2 Ë�>‰MRJAMR>A=ºJA\ŽMOEG@ÜMO9R>A@*FOU^MOUWJ/@*FK>Q9OE­>A=^=WJ¥S’EGCÇÃÄFOE8E#»[B/7,93E

ÃÄ–*Œµ”/ÅOÅ¿Œ•ß‚ehMRUWXG>A=<e*7,‡¾e*UW@,BPSVU^MOY ¾§
fg=WU^B/YNMyJA@´MRY,E 397 @,‡�MR9O>A@,FOUkMRU^J/@¦MRJ�J/@,E¾JQ\

MOY,E S1=2
F37,ngfg=^E8j/E8=WF	9OE8C,7,XGE8F#MRY,E¾@b7,‡­n�EG9	JA\ÀJ/n,FOE893j/E8CÇMR9R>Q@,FOUkMRUWJA@,F•MOJ�»,j/EQŒ�‘›Š

XZY,JgJ/F3UW@,B©MRY,EÜ>Q@,B/=WE•n�E¤M)S’E8EG@±MRY,E�e�J/=?>A93UWFO>QMRUkJ/@Âj/EGX¤MRJ/9 e JA\ÙMOY,E 729 @,‡ =WU^B/YNM

>Q@,C´‡¾>AB/@,E¤MRUWX­»,EG=WC©C,U^9OEGX¤MRU^J/@ B >AF‚S’EG=^=5>AF‚MRY,E¾>Q@,B/=WE‹n�E8MmS’E8EG@Ç‡¾>AB/@,E¤MRU^X­»[EG=^C

>Q@,C‰n¬EG>A‡�C,UW93EGX¤MRUWJA@ k ËN\†7,9TMRY,E895F37,e,e,93EGFOF3UWJ/@¾JA\¬MO9R>A@,F3U^MOUWJ/@,F™X§>Q@¾n�E;>AX¿Y*UWE8jAEGCÜÃÄF3EGE

»,B/7,9OE8F#Ã –hŒÕ”AÅÀ>A@,C°Ã –hŒµ–NÅ3Å¤ŒŽÏI@•E¤ˆgMRE8@,FOUkj/E	C,U^FOX87,FOFOU^J/@•X§>Q@�n�E‚\†J/7*@,C•UW@ŠWÊø¥•[Y Œ
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_1UWB/7,93E5–*Œµ–š`1Þ•E8J/‡‰E8MR93UWXG>A=NX8J/@,F3UWC,E89R>QMOUWJ/@yJA\*MRY,E59OEG=W>QMRUkj/E<XGJ/7*e,=WU^@,B;F3MO9OEG@*BAMRY#J/@yMRY,E

S1=2 $ D5=2
¹b7[>QC,9O7,e�JA=WE‚MR9O>A@,F3U^MRU^J/@~U^@•BAEG@,E89R>A=�\†J/9ÀMO9R>A@,F3U^MOUWJ/@,F’SVUkMRY j¢ mj = 0 Ë

j¢ mj = 1 >A@,C j¢ mj = 2 Œ Á C,EG@,JQMREGF#MRY,E~>Q@,B/=^E·n�E¤M)S’E8EG@Â=?>AF3EG9#n�EG>A‡ k >A@,C

‡¾>AB/@*E8MRU^X#»[E8=WC B Œ ° U^FÙMRY*E‰>A@,B/=^E‹n�E¤M)S›EGEG@´e�J/=?>A93UWFO>QMRUkJ/@ e >A@,C¦MOY,EDe,93JQÈ3E8X8MOUWJ/@

JQ\ B JA@bMRJ	MRY*EÙe*=?>A@*EK@,JA9O‡¾>A=[MRJ k Œ<HÙ>A93L‰FOY[>QC,UW@,BAF’XGJ/939OE8FOe�J/@,CtMOJ­=^JÉS'XGJ/7*e,=WU^@,B,Œ

_1UWB/7,93EÙMR>ALAE8@•\†9OJ/‡ WÊø¥•[Y Œ

÷�˜
ù	���D��
[û��8��
��#��þ™���š� ú ûrÿ›�†ù	œ„þ�ù	���•�����aù�ž���
��

S1=2 $ P1=2
� ú û	����ý�� ý$ù���û®ú��,�	ù	��ú��•��ùrÿ�Ÿ	�‡ü›�
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[\} |  

w	|^_

•

svw

)

x

œ

Y,E­MR9R>Qe,e,UW@*B~JA\5XZY[>A9OBAEGC¦e[>A9TMRUWX8=WE8FÙUW@ÜC*Šg@[>A‡‰UWX­E8=WE8X8MO9OUWX	»[EG=^C,FÙSÀ>AF‚93E§>A=^UWFOE8CÖnNŠ

ÛŸŒ�•1>A7,=™>Q@,CÖX8JÉS’JA9OLAEG93F‚UW@°ø¥ýNùAû W��/ý/Y ŒyãhU^@,XGE	MRY,E8@¦•v>A7,=äfbM)Šge�E	MR9R>Qe,FÙY,>¥j/E­n�EGE8@

7,F3EGC�UW@•>­jQ>Q9OUWE¤M)ŠtJQ\vE¿ˆhe¬E89OU^‡¾E8@bMOFGŒ

œ

Y,UWFoFOEGX¤MRU^J/@•9OE¤jgUWE8SVFoMRY,E•e,93UW@,X8UWe,=^EGFÀJA\v•v>A7,=

MR9O>Ae,F8Œ

œ

Y,E·‡¾>QMRE89OU?>Q=ŽXG>A@°n�E¾\†JA7,@,C°U^@°E¤j/EG9TŠ´C,JgX8MOJ/9R>A=ŽMOY,EGF3UWF	e,9OE8e[>A93EGCÇU^@´J/7,9

B/93J/7,e WÊø¥•hËaýhË�ø/øAË�øÉ”gËaû[Yº>AFoS›EG=^=½>AFVU^@PFOE¤j/EG9R>Q=½e[>Ae�EG93F–WÓùA•hË�ùhøZY Œ

bsƒŽ‚„ƒ†… ¡ •U";•a’O‰gžBV�’wŒ�"h4�Œu”�ž†•

l M;U^FoJ/nbjgUWJA7,Fo\†93J/‡ØMRY*E•»,9OF3MKá`>ÉˆhS›EG=W=�E8¹b7[>QMRU^J/@•U^@~jQ>AX87,7,‡V`

r ¢E = 0 ; ÃÄ–*Œµ”/Å

MRY,>QMV@,JDFTMZ>QMOUWXÙe�JAMRE8@bMOU?>A=¼E¿ˆ*U^F3MOFoMRY[>“MVXGJA@*»[@,E8FVMRY,E‚‡‰JAMRU^J/@tJA\1>‹X¿Y,>A9OBAEGC•e[>Q93MRU^XG=^E

UW@¦\†93EGE‰FOe[>AX8E¾UW@´>A=W=™C,U^9OEGX¤MRU^J/@,FGŒ·üIJ¥S’E¤j/EG9GË™>•XZY[>A93B/EGC´e[>A93MOUWX8=WE‹X§>A@´n�E‰MO9R>Ae*e¬E8C

U^\IMOUW‡‰EPC,E8e�EG@,C*EG@bM·»[E8=WC,F¾>A93E�7*FOEGC¼Œ

®

JA@,FOU^C,EG9DMRY,EP\†J/=W=^J¥SVU^@,BÖMOUW‡‰EPC,E8e�EG@,C*EG@bM

¹b7[>AC,937,e�J/=^E•e�JAMRE8@bMOU?>A=�`

©(~x; t) = ©0(t)
3X

i =1

®i

³ x i

~r

´ 2
; ÃÄ–*Œµ–/Å

SVY,E89OE

©0(t) = U + V cos(­ RF t) ; ÃÄ–*Œ��bÅ

>A@,C•MOY,E ®i ; ~r >A9OE•e[>A9R>Q‡¾E¤MREG93FVMOJ¾n�EyC,E¤MRE89O‡‰UW@,E8C�Œ

œ

J‰FR>QMOUWF3\]Š~E8¹g7,>QMRU^J/@ÇÃÄ–*Œµ”/Å’S’E

C,E8‡·>A@*C

P
®i = 0 Œ

œ

Y,E·E8¹b7[>QMRU^J/@,F	JA\o‡‰JAMOUWJ/@¦\†JA9#>�XZY[>Q9OB/E8CÇe[>A9TMRUWX8=WEDUW@©MRY,U^F

e�JAMOEG@bMOU?>A=�>A9OE‚B/U^j/E8@•nNŠ `

Äx i +
2®i Q
m~r 2

(U + V cos(­ RF t))x i = 0 ; ÃÄ–*ŒÕùAÅ

SVY,E89OE m U^F;MOY,E	e[>A93MOUWX8=WE•‡·>QFOFK>Q@,C Q U^MOFIXZY[>Q9OB/EQŒ

œ

Y,U^FIC,U^«¬EG93EG@NMRU?>Q=½E8¹b7[>QMRU^J/@`U^F

X§>Q=W=WE8C©>•á`>QMOY,UWE87©E8¹g7,>QMRU^J/@©>A@,C©UWFÙS›EG=^=ŽLb@,J¥SV@´UW@¦‡¾>QMOY,EG‡¾>QMRU^X8FGŒ­l M•UWF‚7,F37[>A=W=kŠ

SV9OUkMOMOEG@�>QFI`

d2u
d³ 2

+ (a ¡ 2qcos(2³ ))u = 0 : ÃÄ–*Œ¦�/Å

Û U^MOY~MRY,E•FO7*n,F3MOU^MR7hMRUWJA@,FI`

a := ai = ¡
8®i QU

m~r 2­ 2
RF

; ÃÄ–*Œ§!AÅ

q := qi =
4®i QV

m~r 2­ 2
RF

; ÃÄ–*Œµû/Å
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_1UWB/7,93E�–*Œ��O`¦ãgMR>An,U^=WUkMmŠÁC,UW>AB/9R>Q‡à\†JA9‰MOY,EÖá�>QMRY,U^EG7�E8¹g7,>QMRU^J/@žÃ –*Œ$�NÅ¿Œ •v>Q9R>A‡‰E8MOEG9

XZY,J/U^XGE8F;U^@~MRY,E•F3Y[>AC,E8C`>A9OEG>AFV=WEG>AC~MRJDF3MZ>Qn,=WE‚FOJA=W7*MOUWJ/@,F8ŒŽ_vUWB/7*9OEKMZ>ALAE8@•\†9OJA‡ Wkø¥•[Y Œ

>Q@,C ³ = 1
2­ RF t EG¹b7[>QMOUWJ/@úÃ –*Œµù/Å	UWF­J/n*MR>AUW@,E8C�Œ

œ

Y*E•F3J/=^7*MRU^J/@,F#MOJ²Ã –hŒ¦�NÅ	XG>A@¯n�E

E¿ˆhe,9OE8FOFOEGCÜ>AF¬WÓùA•/Y�`

u(³ ) = A
X

n2 Z

C2n cos((2n + ¯ )³ ) + B
X

n2 Z

C2n sin((2n + ¯ )³ ) ; Ã –*ŒÓýNÅ

SVY*EG9OE’MOY,E C2n
FO>QMRU^F3\]Š	>KX8EG9TMZ>AU^@­93EGXG7*9OFOU^J/@­9OE8=?>QMOUWJA@#>A@,C ¯ = ¯ (a;q) UWF1U^@#B/EG@*EG9R>Q=

>DXGJA‡¾e,=^E¤ˆ~@g7,‡­n�E89GŒ5Û°E	>A93EyU^@bMRE89OE8F3MRE8C`U^@•n�J/7,@,C,E8C`FOJ/=^7*MRU^J/@,FÀMRY,>QM;XGJ/939OEGF3e�J/@,C

MOJ‰MRY,E	FTMZ>An*=WE•MR9O>Ae,e,U^@,B‰JA\™e[>A9TMRUWX8=WE8FGŒo_1UWB/7*9OE¾Ã –*Œ��bÅÀFOY,J¥SVFIMRY,EyF3MZ>An*UW=^U^MmŠtC,UW>AB/9O>A‡

93EG=W>QMRE8CPMRJ‰EG¹b7[>QMOUWJ/@°Ã –hŒ¦�NÅ¿Œ’ãgMZ>An*=WE‚MO9R>Ae,e*UW@,BDUWFVJ/@*=^Šte�J/FOF3UWn,=^E•U^\ºMRY,EyF3J/=W7hMRUWJA@~\†J/9

>Q@bŠ©C,U^9OE8X8MRU^J/@ i SVU^MRY´B/Ukj/EG@°e,>A9R>A‡‰E8MOEG93F ai ; qi
U^Fyn�J/7,@,C*EGC�Œ�_[J/9	>•9OJAMR>QMRU^J/@[>Q=^=kŠ

U^@bj“>A9OUW>A@bMI¹b7[>AC*9O7,e�J/=^E#e�JAMRE8@bMRUW>A=’Ã z n�EGU^@,B·MRY*E­FTŠh‡‰‡‰E8MR9TŠ`>“ˆhUWFRÅVMOY,E­e,>A9R>A‡‰E8MOEG93F

ai
>A@*C qi

>A9OE‚B/U^jAEG@•nNŠ `

ax = ay = ¡
8QU

m(r0
2 + 2z0

2)­ RF
2 ; az = ¡ 2ax ;

Ã –hŒ^ø¥•/Å

qx = qy =
4QV

m(r0
2 + 2z0

2)­ RF
2 ; qz = ¡ 2qx ;
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_vU^B/7,9OE<–*Œµùš`

œ

Y,E›=^JÉS’E8F3MºF3MZ>Qn,UW=^UkM)ŠK6GJA@,E5UW@	>;•v>A7,=NMO9R>Ae•SVU^MOYy9OJAMR>QMRU^J/@[>A=AF3Šg‡‰‡¾E¤MR9TŠ/Œ

œ

Y,E‰X8J/@bMOJ/7,9‚=WUW@*EGF‚BAU^j/E­MRY,E‹j“>A=W7,E8F•JA\ ! r
>A@,C ! z

UW@¦7*@,U^MOF•JA\ ­ RF =2 Œ

œ

Y,EDC,JAM

UW@*C,UWXG>QMRE8FÀMRY,E•9OE8B/U^J/@PJ/7,9ÀMR9O>Ae•U^FoJ/e�EG9O>QMRE8C�U^@�Œ<_vU^B/7,93EÙMR>ALAEG@P\†9OJ/‡ WÊø¥•[Y Œ

SVY,E89OE¾S’E·Y[>§j/E·X¿Y*J/FOE8@a` ®x = ®y = 1 Ë ®z = ¡ 2 >A@,C ~r 2 = r0
2 + 2z0

2 Œ

œ

Y,UWF

XZY,J/UWX8E	E8@,FO7,93EGFKMOY[>QM ©(r0; 0; 0; t) ¡ ©(0; 0; z0; t) = U + V cos(­ RF t) Œ

œ

Y,E#H

®

MRU^e	j/J/=kMZ>AB/E5UWF1B/Ukj/EG@­nNŠ U >A@,C#MRY*EÀ9O>AC,U^JI\†93EG¹b7,EG@*X8ŠPÃÄ•I_ŽÅ½>A‡¾e*=WUkMO7,C,E5UWF1C,E8FOX89OUWn�E8C

nbŠ V ŒŽ_vUWB/7*9OE­Ã –*Œµù/Å5F3Y,JÉSVFÀMOY,EÙ9OE8=WE¤jQ>A@NMoe[>Q93MÀJA\�MRY,EÙFTMZ>An,U^=WUkMmŠDC,U?>ABA9R>A‡}JA\º>#MR9O>Ae

SVU^MOYÖ93JAMZ>“MRUWJA@[>A=½F3Šg‡‰‡¾E¤MR93ŠAŒy_[J/9 ai ¿ qi ¿ 1 MRY,E­FOJA=W7*MOUWJ/@�MOJtMOY,E­EG¹b7[>QMOUWJ/@ÜJA\

‡‰JAMRU^J/@©ÃÄ–*Œµù/Å’X§>A@•n�Ey>Ae,e*9OJ¥ˆhU^‡·>QMOEGC~nbŠ6`

r i (t) = r 0
i cos(! i t + Ái )

³
1 +

qi

2
cos(­ RF t)

´
; Ã –*Œkø/øÉÅ

SVY,E89OE ! i
U^FVBAU^j/E8@•nbŠ6`

! i = ¯ i
­ RF

2
>Q@,C ¯ i =

r

ai +
qi

2

2
: Ã –*ŒkøÉ”/Å
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_[93J/‡}ÃÄ–*Œkø/øÉÅ¬S›E5F3EGE<MOY[>QM�MRY*E<‡¾JAMOUWJA@‚JA\gMRY*EŽMR9R>Qe,e�EGCye[>A9TMRU^XG=WEvX§>A@yn�E<C,E8XGJ/‡‰e�J/F3EGC

U^@bMOJ·>¾Y[>A93‡¾J/@*UWX•‡¾JQMRUWJA@°Ã†\†93EG¹b7,EG@*X8Š ! i
Ë�FOE8XG7,=W>A9I‡¾JQMRUWJA@aÅÀC*7,E	MRJ‰MRY,E	XGJ/@*»,@,UW@,B

Y,>A9O‡‰J/@,U^XVe�JQMREG@NMRUW>A=a>A@,C·>•\Ä>QF3MRE89’•;_½fbC,9OUkj/EG@‰‡¾JAMOUWJA@�ÃÄ‡‰UWX89OJ/‡‰JQMRUkJ/@aÅ1n�EGUW@*B	e,93JQÆ

e�JA93MRU^J/@[>A=,MRJ	MRY,EKC,U^F3MR>A@,XGE;\†9OJ/‡}MOY,EIMR9O>AetX8EG@NMREG98Œ5_[J/9’>	FOU^@,B/=^EIU^J/@·e*=?>AX8EGC~>“M›MRY,E

X8EG@NMREG9#JQ\ÀMRY*E¾MO9R>Ae´U Œ EAŒº>QMyMRY*E·@*JgC,E·JQ\ÀMRY*Et•;_ºÆ e�JAMRE8@bMRUW>A= Ë�MRY*E·‡‰UWX89OJ/‡‰JQMRUkJ/@¦UWF

@*EGB/=^UWB/U^n*=^EAŒ�lm@Çe,9R>AX¤MRU^XGEAË™FTMZ>QMRU^X·FTMR9O>¥Š©»[EG=^C,F#JA\]MRE8@ÁF3Y,U^\]M	MRY,E·UWJ/@°JA«[fgX8EG@NMREG98ŒÖlm@

MOY,UWF™X§>AF3EVMOY,EVU^J/@‹‡­7,F3M<n�EV‡‰JÉj/E8C‰n,>AXZL#MRJ‚MOY,EV68EG9OJ‚»[EG=^C‰e�JAFOU^MOUWJ/@­nbŠ­F3MR>QMRU^XoXGJA‡DÆ

e�E8@,FR>“MRUWJA@P»[EG=^C,FGŒ<_[J/9ÀMRY*EyE¿ˆhe�EG9OU^‡‰EG@bMOF;JA7*MR=^UW@,E8CPY*EG9OE‚S’E•7,FOE•MOY,E•E¤ˆhe�EG93UW‡‰EG@NMZ>A=

e*9OJgXGE8C,7,93E¾C,E8FOXG93UWn�E8C°E¤ˆgMRE8@,FOUkj/EG=kŠ©U^@xWÊø¥•[Y Œ¾_[J/9ÙMRY,E‹\†J/=W=^J¥SVU^@,BtMRY,ED‡¾U^XG93J/‡‰JAMOU^JA@

XG>A@°n�E¾@,EGBA=WEGX¤MRE8C�Ë™>A@,C´MRY*E¾FOEGX87,=?>Q9	‡¾JQMRUWJA@©U^F	>AFOF37,‡¾E8C°MOJ`n�E¾B/E8@,EG9O>QMRE8CÇnbŠ´>

FTMZ>QMOUWX‚Y[>Q9O‡‰J/@,UWXKe¬JQMRE8@bMRUW>A= ËgMRY,E’È37*F3MRUk»[X§>“MRUWJA@PJA\ºSVY,U^X¿Y•U^FVBAU^j/E8@•UW@ŠWÓù/”gË�ùA–[Y Œ

bsƒ ‚„ƒŽ‚ d×”l�;•a’OŒ�4�‰gž^d„Œ�"h•gžl•¤£�™g" ‘“’O‰�”

lm@PMRY,E•E¤ˆhe�E89OUW‡‰EG@NM;U^MVU^F;>AChjQ>A@NMZ>AB/E8J/7,FoMRJ‰n,7,U^=WCP>~³µFTMRUk«ÖMO9R>Ae¼¶,SVU^MOY•Y,U^B/YPFOE8XG7,=W>A9

‡‰JAMOUWJ/@Á\†9OEG¹b7,E8@,XGU^EGF ! i
>A@,C²MOY,EG93E8\†J/93EÜ>©FO‡¾>A=W=oE¿ˆhMOEG@,F3UWJ/@�JA\ÙMOY,E�S’>¥j/E`e,>AX¿LAE¤M

Ã†U Œ EAŒ¼>tF3‡·>A=^= ´ Å¤Œy_[9OJ/‡ ÃÄ–*ŒkøÉ”/ÅI>A@*C²ÃÄ–*Œ^ø§•NÅVS’E‹F3EGE­MRY[>“MÙMRY*E‹F3EGXG7*=?>A9Ù‡‰JAMRU^J/@�\†93E¤Æ

_1UWB/7,93E²–*Œ¦�š`

œ

Y,E�‡¾U^@,UW>QMO7,9OUkFOEGCÒ•v>A7,=DMR9R>Qe�Œ

œ

Y,E�9OUW@*BâE8=WE8X8MR93JgC,EžÃÄC*U?>A‡‰E8MOEG9

¼ 1:4 ‡¾‡·Å;>A@*CÜMRY,E­E8@,C,XG>Ae,F‰Ã†MRU^eÜE8=WE8X8MR93JgC,EGFRÅÙ>Q9OE#‡·>AC*E#JA\<‡¾J/=kŠgn�C,EG@b7,‡˜SVUW93E

Ã†C,U?>Q‡¾E¤MREG9 ¼ 0:2 ‡¾‡·Å¤Œ

œ

Y*E~Y*JgJ/L©FOY[>Qe�EGCÁSVU^9OE8F‹>Q9OE¾MRY,E·XGJ/‡‰e�E8@,FR>QMOUWJ/@°EG=^EGX¤Æ

MO9OJgC,E8F;7*FOEGC•MRJDFOY*U^\]MoMOY,E•UWJ/@~UW@~MRY*Ey@*JgC,E•JA\1MOY,Ey•I_Ç»[E8=WC¼Œ
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¹b7,EG@*XGUWE8F ! i
X§>A@tn�EKUW@*XG9OEG>AFOE8C~nNŠ‰\†EGEGC*UW@,B	MRY,EIMO9R>Ae¾SVU^MRYt>#Y*UWB/Y*EG9’•I_©\†93EG¹b7,E8@,X8Š

­ RF
Ë�Y,UWBAY,EG9‚•;_'e�J¥S’EG9•>A@,C¦nbŠÜC,E8XG93E§>AF3UW@,BPU^MOF‚F3UW68E�Ã]MZ>ALbU^@,B~X§>A93E­MRJP93EG‡¾>AUW@ÜUW@

>­F3MZ>Qn,=WEKMR9O>Ae,e,U^@,B­9OEGBAUWJ/@tJA\½MRY,E‚FTMZ>An,U^=WUkMmŠ‰C,U?>QB/9R>A‡·Å¿Œvlm@~MRY*E‚E¤ˆhe�EG93UW‡‰EG@NM;>­XGJ/‡‹Æ

n,U^@[>QMRU^J/@¯JA\•>A=W=ÀMRY,93EGE`e�J/F3FOUWn*UW=WUÊMRU^E8F‰Y[>QF¾MRJ°n�E`n[>Q=?>A@*XGEGC²MZ>QLgU^@,B©MREGXZY,@,U^X§>Q=K>A@,C

e,9O>AX8MOUWX§>Q=�XGJ/@*FOUWC*EG9R>“MRU^J/@,FoUW@NMRJ‰>QXGX8J/7,@bMGŒ

_[JA9·UWJA@�MO9R>Ae,F¾MRJÇn�EÜJ/e�E89R>QMOEGC±SVUkMRY©È37,F3MtJ/@,E`UWJ/@²MRY,EÜF3UW‡‰e,=^EGF3Mt>Qe,e,9OJ/>AXZY

UWFyMRY,E¾\†J/=W=^J¥SVU^@,BO`‹>`9OU^@,B`JA\oSVU^9OE·UWF	XGJ/@*@,EGX¤MRE8CÂMOJÖ>`9OEGF3J/@[>A@NMD•;_âXGU^9OX87,U^MGË1M)S’J

EG@*C,X§>Ae*F‚‡¾>AC,E	JA\ŽMOY,E#FR>A‡‰E	SVU^9OE#>A9OE#>AC,C,E8C¦>QMIMRY,E#F3Šg‡‰‡‰E8MR9TŠ`>“ˆhU^FKJA\™MRY,E#9OU^@,B

>A@,C¾X8J/@,@,E8X8MOEGC·MRJyB/9OJA7,@,C¾J/9<FOJA‡¾EVXGJ/@*F3MZ>Q@bM›JA«¼F3E8M5j/J/=kMZ>ABAEAŒvÏ MO9R>Ae¾JQ\¼MOY,UWFŽM)Šge�E

UWFDF3Y,J¥SV@�UW@Â»[BA7,9OE°ÃÄ–*Œ$�NÅ¤Œ

œ

Y,E•»,EG=WC¯e[>QM3MRE89O@²B/E8@,EG9O>QMRE8C�nbŠÇMRY,U^FDFOE8MO7,e�U^FD@,JAM

>~e,7,93ED¹b7[>AC,937,e�J/=^ED>AF•XG>A@©n�ED>AXZY,UWE¤j/EGC¦\†J/9ÙYbŠge�EG93n�J/=WU^X§>A=^=kŠ�FOY,>Ae�EGC©EG=WE8X8MO9OJgC,E8FGË

@,E¤j/EG93MOY,EG=^EGF3F¾MRY,EP¹g7,>AC,9O7*e�J/=WE~MRE89O‡àUWFDnNŠÁ\Ä>A9­MRY,EP=WE§>QC,UW@*BÖMRE89O‡àUW@ÁMRY,E•X8EG@NMREG9

>QM•MRY,E‰e�J/FOUkMRUWJA@©JA\›MRY,E‰UWJ/@¼Œ

œ

Y,E·>AChjQ>A@NMZ>AB/E8FyMRY*EGFOE·•v>A7,=ŽMO9R>Ae,FyJA«¬EG9	>Q9OEDMRY*EGUW9

FOU^‡¾e*=WU^X8UkMmŠt>A@*CPMRY,E8UW9o=?>Q9OB/E‚>A‡‰J/7,@NMVJA\1J/e*MOUWX§>Q=�>AX8XGE8FOFGŒ

[\}•[ ¥¦)

„�+8šÀw§_©¨{uVx
€	qPw•„
€•s™x

ÏK@DJAe*MRU^X§>A=h9OE8FOJ/@[>“MRJ/9ŽU^F™7,FOE8CDMRJ‚XGJ/7*e,=WE’MRY,EoU^J/@­MOJy>ÙFOU^@,B/=WE’‡‰JgC,EÀJA\aMRY,EoE8=WEGX¤MR93J“f

‡¾>AB/@,E¤MRUWXy»,EG=WC¼Œ

œ

J~X8J/@*»[@,E#MRY,E­E8=WEGX¤MR93UWXG>A=º»[E8=WC`MRJ~>tn�J/7,@*C,EGC¦93EGB/U^J/@ÜU^@ÜFOe[>QXGEAË

>ÖFTMZ>An,=^E~9OE8FOJ/@,>QMRJ/9­‡‹7*F3MDn�E~X¿Y*J/FOE8@�ŒÂ_[7,93MOY,EG93‡¾J/93E·MRY,E~‡¾JgC*Etj/J/=^7,‡‰EtFOY,JA7,=WC

n�E´>AFPFO‡¾>A=W=Ù>AF•e�JAFOFOU^n,=WEÜMRJ²>AXZY,UWE¤j/E´>ÂY,UWB/Y EG=^EGX¤MR9OU^XÖ»[E8=WCúe�EG9•e,Y*JAMRJ/@¼Œ

œ

Y,E

e�J/F3U^MRU^J/@´JA\ÀMRY,E·U^J/@°‡­7,FTM­n�E·U^@´MRY,E·XG>¥jgU^MmŠ¦SÀ>AU^F3M§Ë1SVY,E89OE·MRY,E¾»,EG=WC°UWF	BA9OE§>“MREGFTM

U Œ EAŒhMOY,E•e,93J/n[>An*UW=^UkM)ŠDMRJ‹»,@,C�>‹e,Y*JAMRJ/@•>Q@,CPMOY,EG93E8\†J/93E‚MOJDUW@NMRE89R>AX¤MoSVUkMRY~MOY,E‚UWJ/@~U^F

B/93E§>QMOEGF3MGŒ

bsƒ�bsƒ†… ˆŠ‰
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F
œ

J‹>AXZY,UWE¤j/EKMOY,EK9OE8¹g7*UW9OE8‡‰EG@bMOFÀe*9OE8jgU^J/7,F3=^Š‰F3MZ>“MRE8C�Ë*U^M›UWF›X8J/@bj/E8@,UWE8@bM’MRJ#7,FOEÙ>#F3Šg‡‹Æ

‡‰E8MR93UWX’9OE8FOJ/@,>QMRJ/9™‡¾>AC,EÀJA\aMmS’J•X8J/@,X§>§j/EV‡‰UW9O93J/93F1SVU^MOY‹EG¹b7[>A=,9R>QC,UW7,F™JQ\¬X87,93j“>QMR7*9OEAŒ

_[9OJA‡¢>`F3e¬E8X8MO9R>A=’e�J/U^@bM#JA\ojgUWE¤S•Ë™MRY,E·e[>A9O>A‡¾E¤MRE89OF#UW‡‰e�J/9TMZ>A@NM	UW@°X¿Y[>Q9R>AX¤MRE89OUWF3UW@,B

MRY*Ey93EGF3J/@[>QMOJ/9;>A93E‚MRY*Ey‡‰U^9O9OJA9ÀC*UWF3MR>A@,X8E L >A@,CPMOY,E‚»[@,E8FOFOE F C,E8»,@,EGC�nbŠ6`

F :=
º f

±º
; Ã –*Œkø¥–NÅ

SVY,E89OE º f
UWFoB/Ukj/EG@•nNŠ6`

º f :=
c

2L
; Ã –*ŒkøK�bÅ

>A@,C`SVY,E89OE ±º U^FIMOY,E­_1ÛúüÙá¢JA\ŽMOY,E#MO9R>A@*FO‡‰UWFOF3UWJ/@�e�EG>ALaŒ º f
UWFIX§>A=^=WE8C�MRY*E·³ \†9OE8E

FOe�E8X8MO9R>A=�9O>A@,B/EQ¶^Œ

®

J/@,F3UWC,E89V>‹FOU^@,B/=^EÙ‡‰UW939OJ/95SVUkMRY~»,EG=WC~9OE8¸,EGX¤MRU^jgUkM)Š r Ë*»[E8=WC~MO9R>A@,F)Æ

‡‰UWFOF3UWJ/@ t >A@*C•»[E8=WC•=WJAFOFOE8F l Œ

œ

Y,E<XGJA@,FOE893jQ>QMOUWJ/@•JA\hEG@*EG9OBQŠ•C*EG‡¾>A@,C,F R+ T + L = 1
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SVY*EG9OE R = r 2 Ë T = t2 >A@,C L = l2 Ë[U ŒÓEQŒ,MOY,E•\†9O>AX8MOUWJ/@*FVJQ\v9OE¤¸[EGX¤MREGC¼ËaMR9R>Q@,FO‡‰U^M3MRE8C

>Q@,CP=^J/F3MÀUW@NMRE8@,FOUkMRUWE8F’‡­7,F3MoF37,‡ØMRJ‹JA@,EAŒŽl \ºMOY,EG93E•>A9OEÙ@,J‹=WJAFOFOE8FoUW@·MRY,EÙX§>§jhUkM)Š‰j/J/=kÆ

7*‡¾E‰>A@,C´BAEGJ/‡‰E8MO9OU^X§>A=^=kŠ`e�E893\†EGX¤M#F37,n,F3MO9R>QMOEGF#>A9OE‰>AFOF37,‡¾E8C�ËºMOY,ED»[@,E8FOFOE·C*EGe�EG@*C,F

JA@,=^Š~J/@•MOY,Ey9OE8¸,EGX8MOU^jgU^MmŠPJQ\vMRY,Ey‡‰UW939OJ/93FGŒ’_[JA9I>DF3MZ>Qn,=WE•X§>§jhUkM)Š~‡·>QC,EyJQ\vM)S›J¾‡¾U^9TÆ

93J/9OFyY[>§jhU^@,B•MOY,E‰»[E8=WC´9OE8¸,EGX¤MRU^jgUkM)Š r1
>A@*C r2

ËºMRY,E‰»,@,EGF3FOE F UWF•B/U^j/E8@°nNŠ�Ã†@,JAMRE/`

r i / 1ÅàWµù/�/Y�`

F =
¼

p
r1r2

1 ¡ r1r2
'

¼
1 ¡ r1r2

: ÃÄ–*Œ^ø¥ù/Å

_[JA9IU^C,EG@NMRU^X§>A=½‡‰U^9O9OJA9OF r i = r Ë�MOY,E#e,93JgC,7,X¤MÙJA\™MOY,E	»,EG=WC`93E8¸[E8X8MRUkjgU^MOUWEGF r1 ¢r2
XG>A@

n�E;FO7,n,FTMRUkMR7*MOEGC·nbŠ‹MRY,E;UW@NMREG@*FOU^MmŠ‹9OE¤¸[EGX¤MRU^jgUkM)Š R JA\�J/@,E;JA\¼MOY,EIU^@,C,U^jgU^C,7[>A=,‡‰UW939OJ/93F

>Q@,CPMRY,E•E¿ˆ*e*9OEGF3FOUWJA@•\†7,93MOY,EG9VF3UW‡‰e,=WUÊ»[EGF’MRJO`

F '
¼

1 ¡ r 2
=

¼
1 ¡ R

=
¼

T + L
; ÃÄ–*Œ^øK�NÅ

SVY*UWXZY¦U^FKFOJ/‡‰E8MOUW‡‰EGFI7,FOE8C©U^@`MRY,E­=^U^MRE89R>QMO7,9OE^WÓù/ù	Y Œ

œ

Y,E­»[@,E8FOF3EDUWFK9OE8=?>QMOEGC`MRJ·MRY,E

XG>¥jgUkM)ŠtEG@,E89OBAŠ~F3MOJ/9R>ABAE‚MOUW‡‰E¯®VnNŠ `

F =
¼c
L

¢¿ : ÃÄ–*Œ^øF!/Å

lm@*F3MREG>AC�JA\ºMRY,E•=WUk\†E8MOU^‡‰E ¿ JA\]MRE8@PMRY,E¾Ã]»[EG=^Cgf*Å’C,E8X§>§ŠP9R>“MRE · C,E¤»[@,E8CÜ>AFZ`

· =
1

2 ¿
Ã –hŒ^ø¥û/Å

U^FD7,F3EGC�Œ²l \IMRY,EP»,@,EGF3FOE F U^FDC,UkjgUWC,E8C¯nbŠ ¼ >ÖjQ>A=^7,EPUWF­\†J/7,@,CÂ\†J/9­MRY,E•>¥j/EG9O>AB/E

@b7,‡­n�EG9‰JA\IMRUW‡‰EGF‰>¦e,Y,JAMOJ/@¯MR9R>§j/EG93FOE8F¾MRY,E•X§>§jgU^MmŠÂn�E8\†JA9OE•U^M‰U^FDMR9O>A@,F3‡¾UkMOMRE8C¯J/9

>Qn,FOJ/93n�EGCÖnNŠÜ>¾‡¾U^9O9OJA9GŒ

œ

Y*UWFK@g7*‡­n¬E89KUWFIJA\ŽB/9OEG>QMÙU^@bMOEG9OE8F3M‚>AFKUkMKXGJA9O9OE8FOe�J/@,C*FÙMRJ

MOY,E•@g7*‡‹n�E89VJA\ºMRUW‡‰E8FÀMRY*Eye*Y,JAMRJA@•e[>AF3FOEGFVMRY,E‚MO9R>Ae,e�E8C�U^J/@�Œ
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Y*Ey»[@*EGFOF3E F U^FV@,JAMVMOY,EyJA@,=^Št9OE8=WE¤jQ>A@NMI@b7,‡­n�EG9VXZY[>A9R>QX8MOEG9OU^FOU^@,BDMOY,EyXG>¥jgU^MmŠ~FTŠhF)Æ

MOEG‡•ŒKl MÙUWFK>A=WF3JtU^‡¾e�JA93MZ>Q@bM;MOJ·\†JgXG7*FKMRY*E­X§>§jgU^MmŠ�=^UWB/YNMIJ/@`MRY*E­UWJA@`U Œ EAŒaMRJ~>QX¿Y,U^E8j/E

>·FO‡¾>A=W=½SÀ>QUWF3M�´•>AFKS’EG=^=™>AF‚>tF3‡·>Q=W=º‡¾JgC*E#j/J/=^7,‡‰E L ¢¼w2
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J/@*FOUWC*EG9KMRY,E#\†7,@hÆ
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œ
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‡¾JgC,EIUW@~>#FTŠg‡¾‡‰E8MO9OUWXIXG>¥jgU^MmŠ¾JA\½=WE8@,BAMOY L Œ
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Y*EÙSÀ>QUWF3M’FOUW68E ! 0
Ã†9R>AC*UW7,FoJA\ºMRY,E‚S’>AUWFTMI>“MVMOY,E•X§>§jhUkM)ŠtXGE8@bMOEG9RÅoUWFoB/Ukj/EG@•nNŠyWÓù/��Y�`
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¸
2¼

p
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_vU^B/7,9OEo–*Œ¦!š`.]IEG>A9<X8J/@,X8EG@bMO9OU^X;XG>¥jgUkM)ŠAŒ

œ

Y,EV‡¾U^9O9OJA9OFŽ>Q9OEVF3EGe[>Q9R>QMOEGC¾nbŠ­FO=WU^B/YNMR=kŠ#=^EGF3F

Ã ¢ L Å›MRY[>Q@ 2R Œ

D
L

R R

D
x
q


_vU^B/7,9OED–*ŒÓûw`­á�U^FR>A=^UWBA@,‡‰E8@bM•JA\ÀJA@,E‰‡¾U^9O9OJA9‚nNŠ ¢ x Œ

œ

Y,E¾FTŠh‡‰‡‰E8MR9TŠ©>“ˆhUWF•JA\’MOY,E

‡‰UW9O93J/9’XG7,9TjQ>QMO7,9OE8FK>Q@,CPMRY,E89OE8\†JA9OE‚MRY,E•=^UWB/YNMo‡‰JgC,E‚U^FoMOUW=kMREGC~nNŠ µŒ

SVY,E89OE R C,EG@*JAMRE8FKMRY,E	‡¾U^9O9OJA9V9R>QC,UW7,F;JA\ŽXG7,9TjQ>QMO7,9OEQŒÙ_[J/9V»*ˆhEGC L Ã†C,EG‡¾>A@,C*EGCÜnNŠ

MRY*E•F3UW6GE‚JQ\ºMRY*E‚MO9R>Ae[Å¤ËhMRY,E‚9OE8FOJ/@,>QMRJ/9ÀJA\1XZY,J/U^XGE‚U^F’MRY,E‚@,EG>A9oXGJ/@*XGE8@bMR93UWX‚9OE8FOJ/@[>“MRJ/9

XGJA‡¾e�J/F3EGCÁJA\VMmS’JÖX87,93j/E8C¯‡¾U^9O93J/9OFySVUkMRYÁ>Ü9R>QC,UW7,F#JA\VXG7,9TjQ>QMR7*9OE~FO=^UWB/YNMR=kŠ¦n,UWB/BAEG9

MRY,>A@'Y,>A=^\ÙMOY,EÜ‡‰UW939OJ/9DC,UWFTMZ>A@,X8E L >AF·F3Y,JÉSV@'UW@²»[B/7,93EÂÃÄ–*Œ§!AÅ¤Œ•HKE8»,@,UW@,B R :=
(L + ¢ L)=2 Ë,EG¹b7[>“MRUWJA@°Ã –hŒ^ø¥ý/Å’X§>Q@�n�E‚SV9OUkMOMOEG@�>QFI`
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¸
2¼

p
L ¢¢ L =

L ¢¸
¼

r
¢ L
4L

: Ã –*Œµ”A•NÅ

_[J/9ÀMOY,E•FOe�JAM;F3UW6GE•>QMVMOY,E•‡‰UW9O93J/93F’MRY,E•E¿ˆ*e*9OEGF3FOUWJA@a`

w2
mir r =

L ¢¸
¼

r
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Ã –*Œµ”høÉÅ

UWF5jQ>Q=WU^C�WÓù/�/Y ŒŽ_[9OJ/‡�MRY,E8FOEÙE¤ˆhe,93EGFOFOU^J/@,FÀU^M›UWF›XG=^E§>A95MOY[>QMÀ>#F3‡·>A=^=[SÀ>AU^F3M’@,E8EGC,FÀ=?>A93B/E

‡‰UW9O93J/93FŽ>Q@,C‹MRY,Eon�E§>A‡ÒC,Ukj/EG9OBAEGF<¹b7,UkMREoFTMR9OJA@,B/=^ŠAŒvÏIe[>A93M™\†9OJ/‡ÚMRY*UWFGË/‡¾U^FR>A=^UkB/@,‡‰E8@bM
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JQ\oMOY,E·‡‰UW939OJ/93FyJQ\ O(¢ L) =^E§>AC©MRJ`C,U^FR>AFTMR9OJA7,F#X8J/@,FOE8¹b7,EG@,XGEGFGŒÜÏIFOFO7,‡‰Et>�FO‡¾>A=W=
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Y*E·9OEG‡¾>AU^@,U^@,B•XG>AFOE·7,@*C,EG9yMRY,E¾XGJ/@*C,U^MOUWJ/@©JA\ÀS›E§>AL¦XGJ/7,e*=WU^@,B�U^F	C*E8»[@,E8CÁnNŠ

MRY*EyXG93U^MOEG9OU^J/@a` · ¿ g2=°? ¿ °?
Ë[MOY,UWFon�EGU^@,B‰Lb@,JÉSV@`>AFoMRY,E‹³µn,>AC`>QMOJ/‡{9OEGBAUW‡‰EA¶kŒ

_[J/9yMRY,E·¹b7[>AC,937,e�J/=^E·MO9R>A@*FOU^MOUWJ/@©MOY,UWF	X§>AF3EtUWFyMREGXZY,@,U^X§>Q=W=^Š¦@,JQM­9OE§>Q=WU^FR>An,=^E‰C,7,E¾MRJ

MRY*Ey=^J/@,B‹=WUk\†E8MRUk‡‰EÙJQ\1MOY,E•‡¾E¤MZ>AFTMZ>An,=^E‚FTMZ>QMOEAŒ

_[JA9VMRY,E	E¤ˆhe�E89OUW‡‰EG@NMKe,9OE8FOE8@bMRE8CÖY,EG93E	MRY*E#e,>A9R>A‡‰E8MOEG93FIFR>QMOUWFT\]ŠhU^@,B‰MOY,E	XG9OUkMRE89OU?>

JA\ºMRY,E‚S’EG>AL~X8J/7,e*=WUW@*BD93EGB/U^‡¾E‚>Q9OE�`

>QMOJ/‡‰UWXKC,EGXG>¥ŠP9O>QMRE °? = 2¼¢0:076 üI6•Ë

XG>¥jgU^MmŠtC,EGXG>¥ŠP9O>QMRE · = 2¼¢102 Lgü;6yË

U^J/@gfgXG>¥jgU^MmŠ·XGJA7,e,=^UW@,B g = 2¼¢89 ü;6•Œ

œ

Y,EyX8JgJ/e�EG9O>QMRUkjgU^MmŠ C >A@*C�•<7*9OXGE8=W=�\Ä>QX8MRJA9 F >A9OE‚X§>A=^XG7,=W>QMRE8C~MRJDn�E�`

XGJgJ/e�E89R>QMOU^jgU^MmŠ C ¼ 0:51 Ë

•Ž7,9OX8EG=W=¼\Ä>AX8MOJ/9 _ ¼ 2 Œ

œ

Y,E8FOE	e[>Q9R>A‡‰E8MOEG9OFV>A9OE‚C,UWF3XG7,F3FOE8C�MRY,JA9OJ/7,BAY,=^Š·UW@PXZY[>AehMREG9	Ã7�NÅ¤Œ
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lm@�MOY,UWF‰X¿Y,>Ae*MRE89¾MRY,E`E¿ˆhe�EG9OU^‡‰EG@bMR>A=;FOE¤MR7,e±UWF¾C,E8FOX89OUWn�E8C�Œ•_1UW9OFTM·>A@±J¥j/EG9TjhU^E8S˜UWF

BAU^j/E8@¾JQ\�>A=W=hMRY,EV@,E8XGEGF3FR>A9TŠ¾X8J/‡‰e�J/@,E8@bMRFŽMRJ•MO9R>Ae¾>Q@,C¾U^@bj/E8F3MOUWBN>QMOEVF3UW@,BA=WE

®

> + U^J/@,F

U^@Ü>·Y,UWB/Y�»[@*EGFOF3EDXG>¥jgUkM)ŠAŒ

®

J/‡‰e�J/@,E8@bMRFKFO7,XZY©>QFKMOY,E­=W>AFOE89OF8Ë¬MRY[>“MÙY[>§j/E­n�EGE8@¦C,E¿Æ

F3XG93UWn�EGC·EG=^FOE¤SVY,EG93EÙU^@¾B/9OEG>QM›C,E8MR>AUW=
WÊø/øAË�ø§•*Ëgý*Ëhù0!gË*ùAû[Y Ë*>Q9OEIJA@,=^Š‹C,UWF3XG7,F3FOEGCtn,9OU^E8¸,ŠAŒ

œ

Y*E­e[>A9TMRFIMOY[>QMÙ>A93E#FOe�E8XGUk»[X#MOJ·MOY,E#X§>§jgU^MmŠ`¨•:<HÒE¤ˆhe�EG93UW‡‰EG@NM‚>A9OE	XZY[>A9O>AX8MOEG9OU^FOE8C

E¿ˆgMREG@*FOU^j/E8=^Š~UW@~MRY*E•\†JA=W=^J¥SVU^@,B‹F3EGX¤MRUWJA@,FGŒ

Ço}I~ ¥

.#uÀsI.Ò+¤uLÓ

ÏIF©F3Y,JÉSV@�U^@Ÿ»,B/7,9OE ÃD�,Œ^ø¥Å¤Ë#MRY,EÂXG>¥jgU^MmŠÚ¨‚:<H E¿ˆ*e�E89OU^‡¾E8@bM©E¿ˆhMOEG@,C*F°J¥j/EG9ÖMmS’J

JAe*MRU^X§>A=¼MZ>An,=^EGF8Ë[SVY,E89OE	J/@•MRY,Ey=?>QFOEG9oMZ>Qn,=WE‚MOY,Ey=WUWBAYbMoFOJ/7,93XGE8FÙ>QM 397 @,‡•Ë 729 @,‡

>Q@,C 785 @,‡�>A93E#‡‰J/7,@bMOEGC�Œ

œ

Y*E­=WU^B/YbM;UWF;MR9O>A@,FO‡‰U^M3MRE8C�MRJ·MOY,E#E¤ˆhe�EG93UW‡‰EG@NMKMZ>An,=^E

nNŠÖJ/ehMRUWXG>A=1»[n,93EGF8Œ

œ

Y,EDE¤ˆhe�EG93UW‡‰EG@NM•MR>An,=WE­Y,J/7*FOEGF•MOY,EDC*UWJgC,E‹=W>AFOE89OF•>QM 866 @,‡•Ë

854 @,‡Ø>A@,CtMOY,EÙe,Y*JAMRJQÆ UWJ/@*U^FR>QMOU^J/@¾=?>QFOEG93Fo>“M 423 @,‡Ø>A@,C 390 @,‡•Œ

œ

Y,EKjQ>AX87,7,‡

>Qe,e[>A9O>QMR7,F~>AFtMRY,EÖY,EG>A93M~JA\yMOY,EÖE¤ˆhe�EG93UW‡‰EG@NM•>A@,C'MOY,EÖC,E8MOEGX¤MRUWJA@ C,E8jgUWX8EGFmf�MRY,E

•5á

œ

>A@,CPMOY,E

®o®

H;Æ

®

>A‡¾E89R>Éf~>Q9OE•=^JgX§>QMOEGCPJ/@PMOY[>QMoMZ>An*=WE•>AFÀS’EG=^= Œ

ð	ê�ê6�Äî ç
5

‘

ñ��Z�gétñhè

397
ç+�

Wkø§•/Y

œ

Y*EÙi;Ñ =WU^B/YbM<7,F3EGC·\†J/9›HIJ/e,e,=^EG9TÆ XGJgJA=WU^@,By>A@,C·FTMZ>QMOEIC,E¤MREGX¤MRU^J/@·J/@‰MRY,EÙã

1=2$ •

1=2
C*UWe�J/=^EDMR9O>A@,FOUkMRU^J/@´U^F	B/E8@,EG9O>QMRE8CÁnNŠ©\†93EG¹b7,EG@*X8Š°C,J/7,n,=^UW@*B`> 794 @,‡

œ

U�`ÓFO>Ae,e,Y*UW9OE

=W>AFOE89rõ¿Œ

œ

Y*E

œ

U ` FR>Ae,e*Y,UW93E�U^FØ=^JgX¿LAE8C 7,FOU^@,Bà•1J/7*@,CgfhHK93E8j/E89)fhüI>A=W=ú‡¾E¤MRY,JgC

ÃÄ•<HÙüÙÅ WÓùAý[YPMRJ�>ŸMRE8‡¾e�E89R>QMO7,9OEúFTMZ>An,U^=WU^FOE8Cª9OE¤\†EG93EG@,X8EâX§>§jhUkMmŠ/Ë�93EGF37,=^MOUW@,BÚU^@{>

=^UW@,E¤SVUWChMRY‰JA\½>Qn¬JA7*M 200 LgüI6QŒ5_[9OE8¹b7,EG@,X¤Š·C,JA7,n,=^UW@,ByU^F’>QX¿Y,U^E8j/E8CtUW@·>yXGJ/‡‰‡‰EG9OX8U?>Q=

d½‘oßŸC,JA7,n,=WE89�®VXG9TŠhFTMZ>A= Œ<•<7*‡¾e�E8CPSVU^MOY ¼ 1:5 Û \†9OJ/‡ªMRY*E

œ

U�`ÓFO>Ae,e,Y,U^9OE‚UkMÀŠgUWE8=WC*F

¼ 200 ‡KÛ iVÑž=WU^B/YNM’e�J¥S’E89V>“M 397 @*‡�Œ™Ïâe¬J¥S’E89oJQ\ 3 ‡KÛ >“M’MRY,EK»[n*9OEÙJ/7*MOe,7*M

÷•ÔwÕwÖ—×�Ø	Ø
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J/@±MRY*EÖE¤ˆhe�E89OUW‡‰E8@bMtMZ>An,=^E`UWF·FO7wv‰XGU^EG@NM~\†J/9t=W>AFOE89tX8JgJ/=WU^@,B°JA\•MOY,EÜMO9R>Ae*e¬E8C UWJA@�Œ

œ

Y,E;S’>¥j/EG=^EG@*BAMRY·U^F<‡¾EG>AFO7*9OEGC¾nbŠDX8J/‡‰e[>A9OU^FOJ/@‹SVU^MOY·>yüIE¿f�]IEZfg=?>AF3EG9KÃ]SÀ>¥j/E8‡¾E¤MRE89ZÅ

W��/•/Y�>A@,CtJ/e*MRU^J/@[>A=^=ÊŠ‰XZY,E8X¿LAE8C•SVUkMRY~>­Y*J/=W=^JÉS'XG>QMRY,JgC*E

®

>­C,UWF3X¿Y[>Q9OB/EK=?>A‡‰e·F3UWB/@,>A= Œ

diode  laser  system
854 nm

diode  laser  system
866 nm

diode  laser  system
423 nm / 390 nm

diode  laser  system
785 nm

Ar  -ion  laser

frequency doubling
397 nm

Ti:sapphire  793 nm

Ti:sapphire  729 nm

fixed reference
resonator

lock lock

CCD PMT

+

experiment table

laser table

lock vacuum
apparatus

_vU^B/7,9OEÈ�,Œkø0`D:vˆhe�EG93UW‡‰EG@NMZ>A=5FOE¤MR7,e�Œ

œ

Y,EtE¿ˆhe�EG9OU^‡¾E8@bM#E¤ˆgMRE8@,C,F‹J¥j/EG9	MmS’JÜJ/ehMRUWXG>A=

MZ>Qn,=WE8FGŒ

œ

Y,E	=?>AF3EG9;F3J/7,9OX8EGFI\†J/9 397 @,‡•Ë 729 @,‡•Ë�>A@,C 785 @,‡�=WU^B/YbM;>A93E	=^JgX§>QMOEGC

J/@#MRY,EÀ=W>AFOE891MZ>An*=WEKŒ

œ

Y,Eo=^UWB/YNM1UWF1MR9O>A@,F3‡¾UkMOMRE8C#MOJKMRY,EÀE¿ˆ*e�E89OU^‡¾E8@bMvMZ>An,=^E’nNŠ	»[n,93EGFGË

SVY,E89OE;MRY*E;C,UWJgC*EV=?>AF3EG9<FTŠhFTMREG‡‰F’>QM 866 @,‡•Ë 854 @,‡}>A@,C‰MOY,E;UWJA@,UWFO>QMRU^JA@D=W>AFOE89OF5>QM

423 @,‡˜>A@*C 390 @*‡˜>A9OEyF3U^MR7,>QMRE8C�Œ

œ

Y*EyjQ>AXG7*7,‡Ý>Ae,e[>Q9R>QMO7,FI>A@,C•MRY,EyC,E¤MREGX¤MRU^J/@

7,@,UkMRFV>A9OE•>A=WF3JD=WJgXG>QMRE8CPJ/@PMRY*E•E¤ˆhe�EG9OU^‡‰EG@bMoMZ>An,=^EAŒ
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ç

�]è¥éÉñ��8è¥ñOL+�D� �†ñ��I�bé·ñhè

729
ç+�

WkøAøIY

_[JA9°E¤ˆhXGUkMZ>QMOUWJ/@*F°J/@�MRY*E'@,>A9O93JÉS ¹b7[>AC,937,e�J/=^E�MR9R>Q@,FOUkMRUWJA@}ã

1=2$ H

5=2
Ë~> j/EG9TŠ

@,>A9O93JÉSŸn[>A@,C

œ

U ` FR>Ae*e,Y,UW93E#=?>QFOEG9 ´ >QM 729 @*‡ÝUWFK7*FOEGC¼ŒyãgMZ>An*UW=^U^FR>QMOU^JA@�UWFÙ>QX¿Y*UWE8j/E8C

nNŠŸ•<HÙüofb=WJgXZLbUW@,B'MRJú>A@ŸE8j“>AXG7[>“MREGCÒ>A@*CÚE¤ˆgMRE8@,FOUkj/EG=kŠžMRE8‡‰e�EG9R>“MR7,9OEÁF3MR>An,U^=WU^FOE8C

Ã]SVU^MOY,UW@'FO7,n ¹ Ð‹ËEWÊø/øIY?ÅtY*UWB/Y'»,@,EGF3FOE´XG>¥jgU^MmŠŸÃ F ¼ 220000Åt>A@,Cú93EGFO7*=^MRFPU^@ú>

=^UW@,E¤SVUWChMRY©JA\o>An�JA7*M 100 üI6AŒ

œ

Šge,U^X§>Q=5=WU^B/YNMye�J¥S’E89#>QMyMRY,E‰E¤ˆhe�EG93UW‡‰EG@bMyMZ>Qn,=WEDUWF

25 ‡IÛŸŒ

œ

Y,E©S’>¥j/E8=WEG@*BAMRY UWFP‡‰E§>AF37,9OE8CânNŠ XGJ/‡‰e[>A93UWF3J/@ SVUkMRY >²ü;E¿fš];E¿fg=W>AFOE89

Ã]SÀ>¥jAEG‡‰E8MRE89ZÅ^W$�A•/YÀ>A@,CÇX¿Y,E8XZLAEGC¯J/@ÇMOY,EtUWJA@ Ã)³Ó¹b7[>A@NMR7,‡�È37,‡‰e,FG¶kËŽU ŒÓEQŒ1E¤ˆhXGUkMZ>“MRUWJA@

MOJ¦MRY,E•‡‰E8MR>AF3MR>An,=^EP=^E8j/E8= ! @,J©¸,7,J/9OE8FOX8EG@,XGEAËo>A@,C²C*EGX§>§ŠÂn[>AXZLÇMRJ¦MRY*E•B/9OJ/7*@,C

FTMZ>QMOE ! ¸[7*J/9OE8FOXGE8@,XGE^W$�høIY?Å¤Œ

öPî†ê�ë
� �†ñ��I�bé·ñ*è

785
ç+�

Û UkMRY¡MOY,EúY,E8=WeØJQ\`MOY,EúC,U^JgC,E =?>AF3EG9¯>QM 785 @,‡ >ŸMO9R>A@,FT\†EG9¯=^JgX¿L�\†9OJ/‡ MRY,E

729 @,‡ XG>¥jgU^MmŠ´MRJÜMRY,EtMR9O>AeÂXG>¥jgUkM)Š°UWF­9OEG>A=^UWFOE8C�Œ°_[J/9	MRY,U^F­MOY,E 785 @,‡¢=?>AF3EG9­UWF

=^JgX¿LQEGC�MOJ´MRY,E 729 @,‡ X§>§jhUkM)Š²>Q@,C�MOY,E�MO9R>Ae�XG>¥jgU^MmŠ¯U^@²MR7*9O@�UWF¾=^JgX¿LAE8C�MOJ´MRY,E

785 @,‡ =^UWBAYbM§ŒÔÏ C,J/7,n*=WE°e[>AF3FÖÏ;ß•á X8J/@*»[BA7,9R>QMOUWJ/@•>A=W=^J¥SVF�\†JA9�»[@,E°MR7,@,U^@,B

JQ\*MRY,E<MR9O>Ae	X§>§jgU^MmŠ•=WE8@,BAMOY�Œ

œ

Y*E›e,9OJgX8EGC,7,93E’U^FºC,E8FOX89OUWn�E8C­U^@	F3EGX¤MRU^J/@~ÃD�,ŒÓ–NÅ�U^@yC,E8MR>AUW= Œ

öPî†ê�ë
� �†ñ��I�bé[�Dñ*è

866
ç+� ñ[çºë

854
ç
�

WÓù0!gË�ùAû[Y

œ

Y*EoC,UWJgC*EÀ=W>AFOE89OFŽ>QM 866 @,‡Ò>A@,C 854 @,‡Ò>A93EÀ7,FOE8CDMOJ‚93EGe,7*‡¾e‹JgX8XG7,e[>“MRUWJA@‹JA\[MRY,E

D3=2
>A@,C~MRY,E D5=2

=^E8j/E8=WFGŒ

œ

Y,E‚\†93EG¹b7,EG@*XGUWE8F;JA\ºMOY,E•=W>AFOE89OFV>A9OE‚BA9R>QMOUW@,B­F3MR>An,U^=WU^FOE8C

7*FOUW@*B·MRY*E‹d�U^M3MR93JÉSžXGJA@*»[B/7*9R>QMRU^J/@>W��N”gË��/–[Y Œ

œ

Y,E¤ŠÜ>A9OE#=^JgX¿LQEGCÜ7,FOU^@,B·MOY,E‹•1JA7,@,Cgf

HI9OE8j/E89)fhüI>A=^=™‡¾E¤MRY,JgC WÓùAý/YvMRJtMRE8‡¾e�E89R>QMO7,9OE‹FTMZ>An*UW=WU^F3EGCÜX§>§jhUkMRU^EGFÙY[>§jhU^@,BP>t»,@,EGF3FOE

JQ\¬>Qn�J/7*M F ¼ 1000Ë/93EGFO7*=^MRU^@,BKUW@#=?>AF3EG9v=^UW@,E¤SVUWChMRY,F1JA\ ¼ 10 Lgü;6AŒ™ÏIn�J/7*M 1 ‡IÛ JA\

=^UWB/YNMºe�JÉS’E89™U^F1FO7wv‰X8UWEG@NM<>QM1MOY,E›MR9O>Ae‹>Qe,e[>A9O>QMR7,F8Œ

œ

Y,E’S’>¥j/E8=WE8@,BAMRY*FŽ>A9OE›‡¾EG>AFO7*9OEGC

nNŠ'X8J/‡¾e,>A9OU^FOJ/@±SVUkMRYú>ÂüIEZfš]IEZfg=W>AFOE89´Ã†S’>¥j/E8‡¾E¤MREG9RÅ W$�A•/Y•>A@,C X¿Y*EGXZLAEGCâJ/e*MOUWJA@hÆ

>Q=W=^ŠyJ/@‰>‚Y,JA=W=WJ¥SÂX§>QMOY,JgC,E

®

>‚C,U^FOXZY[>A93B/Eo=?>A‡‰ePÃ 866 @,‡·ÅvJA9ŽJ/@‹MOY,EVU^J/@•Ã 854 @,‡·Å¤Œ

1–�½êaè¥ê�î†ê�ç1î7�Gñ*è¥î†ê�çx�Äñ��Z�gé[�‹ñ*è

423
ç
� ñ,ç1ë

390
ç+�

W$�/��Y

œ

Y*E¦MmS’J¯FTMRE8e e,Y,JQMRJ/U^J/@,U^FR>QMOU^J/@±=WU^B/YNMtFOJ/7,93XGE¦UWF~X8J/‡‰e¬JAFOEGCúJQ\	=?>AF3EG9~C,U^JgC,EGFP>QM

423 @,‡�>A@*C 390 @,‡•Œ

œ

Y,E‰=?>QFOEG9•>QM 423 @,‡�E¤ˆhX8U^MRE8F#>“MRJ/‡‰UWX

®

>PMOJPMRY,E 4p 1P1
FTMZ>QMOE‹Ã†FOEGEI»[B/7*9OE‹ÃD�,ŒÕ”AÅOÅ¤Œ™_[9OJ/‡�MOY,UWF›=^E8j/E8=�MOY,EK=W>AFOE89’>QM 390 @,‡ªE¿ˆhXGUkMREGF›\†7,9TMRY,E89›MRJ

•oŠgC,n�EG93B�FTMZ>QMOEGF•@,E§>Q9‚MRY,EDX8J/@NMRUW@b7,7,‡•Œ

œ

Y,E‰•VŠgC,n�EG93B�U^J/@ÖUWFÙMRY*EG@¦»[EG=^CgfgU^J/@,U^FOE8C

nNŠ#MOY,EÀMR9O>Ae,e,U^@,BK»[EG=^C,FGŒ™‘’JQMRYD=W>AF3EG9™C,U^JgC,EGFŽ>A93EoBA9R>QMOUW@,BKF3MZ>Qn,UW=^U^FOEGC­nNŠ#MRY*EVd�U^M3MR9OJ¥S

MOEGXZY,@,U^¹g7*E W��N”hËq�A–/Y Œ

œ

Y*EGUW9PSÀ>§j/EG=^EG@,BQMRYâUWF•‡‰E§>QFO7,93EGCânbŠ XGJ/‡‰e[>A93UWF3J/@ SVU^MOY•>

ü;E¿fš];E¿fb=?>AF3EG9ÁÃ]SÀ>¥jAEG‡‰E8MRE89ZÅ W��/•/Y ŒÔ_vU^@,E¦MR7,@,U^@,B�JA\­MOY,E°‡‰J/9OE©XG9OUkMRU^X§>A= 423 @,‡

=W>AFOE89Ö\†9OE8¹b7,EG@,X¤Š�U^F¦C,J/@*EÂSVU^MOYÚMOY,E¯Y,E8=WeÚJA\t> Y,J/=^=WJÉS’ÆmX§>“MRY,JgC,E

®

>úC,U^FOXZY[>A9OBAE

=W>A‡‰e�Œ™‘’JAMOYP=W>AFOE89Àn�E§>Q‡¾Fo>A9OEÙF37,e�EG93UW‡‰e�J/FOE8CPJ/@•>­e�JA=?>A93UWF3U^@,B#n�E§>A‡ØFOe,=^U^M3MREG9’>A@,C

\†JgX87,FOE8CÁMRY,93J/7,B/Y°MRY*Et9OUW@*BÜJQ\VMOY,E·MR9O>Ae�ŒÜÏ!e�J¥S’EG9­JA\ 1:3 ‡KÛ >QM 423 @,‡¢>A@,C
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_vUWB/7*9OEà�,ŒÕ”�`

œ

S›J¾F3MOEGe�e,Y*JAMRJ/U^J/@,U^FR>QMOU^JA@~JA\v>QMRJ/‡‰U^X

®

>*Œ5_[JA9oC,E8MR>AUW=^FoF3EGE•MOE¤ˆgM§Œ

0:6 ‡KÛ >QM 390 @,‡{UWFoF37wv‰XGU^EG@bMVMRJD=^JN>ACP>­\†E8SâUWJ/@*FoUW@NMRJ­MRY,EÙMR9R>AePU^@•>An�J/7hM;JA@,E

‡‰UW@g7hMRE‚>QM;>A@•JÉjAEG@�X87,9O93EG@bM;JA\ 2:1 Ï	Œ

Ço} |

-�wM.Ò+¤„�• 0

&ÿ1

]

€	q

•

s™w

)

p

)R)

w‚svw•„º|Px

œ

J·XGJA7,e,=WE	>DMR9O>Ae,e�EGC`U^J/@•MOJ·>¾XG>¥jgU^MmŠ~»[E8=WC�‡¾JgC,E‚M)S’J¾C,U^«¬EG93EG@NMÙ>Qe,e,9OJ/>AX¿Y*EGFK>A9OE

‡¾>A@,U^\†E8F3MI`vJ/@,EÙXG>A@tMR9TŠ¾MOJ­n,7,UW=^Ct>#‡¾U^@,UW>QMO7,9OUkFOEGC¾MR9O>AetUW@,F3UWC,EK>­XG>¥jgUkM)Š¾J/9’JA@,EÙXG>A@

n,7,U^=WCÜMOY,E‹MR9O>Ae©>A9OJA7,@,C©>P‡‰UW@*UW>QMO7,9OU^F3EGCÖX§>§jgU^MmŠ/Œ

œ

Y,ED=?>QM3MREG9‚>Qe,e,9OJ/>AX¿Y¦C,EG‡¾>A@,C*F

MRE8X¿Y*@,J/=WJAB/UWE8F›MRY,>QMÀEG@[>An*=WEIMRY,EK\Ä>An*9OUWXG>QMRU^J/@¾JA\�j/EG9TŠtFO‡¾>A=^=�XG>¥jgU^MmŠ¾‡¾U^9O9OJA9OF5n¬E8X§>Q7,FOE

MRY*E‚MR9O>AePU^MOFOEG=k\ºY[>AFÀMRJDn�E•F3‡·>Q=W=¬MOJDe,93JgC,7,XGE•FO7šv¾X8UWE8@bMO=^ŠtF3MO9OJ/@,B‹MR9O>Ae,e,U^@,B‹e�JAMRE8@hÆ

MRUW>A=^F·Ã]MR9R>Qe,e,UW@*B�UW@©MRY,Etd½>Q‡‹nbfhHKUWXZLAE¾93EGB/U^‡¾E§Å¤Œ~lm@Á>AC,C*U^MRU^J/@©U^MyMO7,9O@,E8CÇJ/7*M	MRY,>QM

@,J/@*XGJ/@,C*7,X8MOUW@,B`EG=WE8‡¾E8@bMOF#@,EG>A9yMRY,E·U^J/@Ç>Q=W=^JÉS�XZY[>Q9OB/E8F#MOJÖ>QXGX87,‡­7,=?>“MRE¾JA@°MRY*EGUW9

FO7*93\Ä>AX8EGF<SVY,UWXZY‰UW@‹MO7,9O@‰F3MO9OJ/@*B/=^Š­C*UWF3MO7,9On*F<MOY,EoMR9O>Ae,e,U^@,B•e�JAMOEG@NMRU?>Q= Œ

œ

>ALbU^@,B•MOY,EGF3E

C,U v¾X87,=^MOUWE8FvU^@bMRJÙ>AX8XGJ/7,@NM™MRY,Eo>Ae,e*9OJN>AXZYD>AC,JAe*MRE8C‹S’>AF™MOJ‚7*FOEV>K‡¾JA9OE’J/9v=^EGFOF’³ÓF3MR>A@hÆ

C[>A93C�¶¼X§>§jgU^MmŠ`FOE¤M•7,e¦XGJA@bMZ>QUW@,U^@,Bt>~‡‰U^@,UW>QMO7,9OU^F3EGCÖ•v>A7*=ÊfbMO9R>Ae�Œ

œ

Y,E‹MOEGXZY,@,JA=WJ/B/U^X§>Q=

Lb@,JÉS’fbY,JÉS�JA\›n,7,UW=^C,U^@,BP>tjQ>A93UWE¤M)ŠÜJA\›‡¾U^@,UW>QMO7,9OUkFOE8C¦UWJ/@ÜMR9R>Qe,F•UWFÙS›EG=W=äfgC,E¤j/EG=^J/e�EGC

UW@¾MRY*EÙe,93EGF3EG@bMoB/9OJA7,e�ËgSVY[>QMÀUWF›@,E8S >A@,CtC,E8‡·>Q@,C,UW@*B­U^F›MOY,EÙX8J/‡­n,U^@[>QMRU^JA@¾JA\�MR9O>Ae

>A@,C¦XG>¥jgUkM)ŠAË�MRY,E‹X8J/7,e,=^UW@,BtJA\›>QMOJ/‡Ô>A@,C¦=^UWB/YNMK‡¾JgC,EQŒ

œ

Y,UWF‚>Ae,e,93JN>AXZY¦=WU^‡‰UkMOFIMRY*E

‡‰UW@,U^‡#7,‡ªX§>¥jgUkM)Št=WE8@,BAMOYPMOJDMOY,E•XGE8@bMRU^‡¾E¤MRE89V9O>A@,B/EQŒ

‘›7,UW=^C,U^@,B¯>¯Y,U^B/Y »[@,EGF3FOE°X§>§jgU^MmŠú>A93J/7,@,Câ>¯‡‰UW@,UW>“MR7,93U^FOE8C •v>A7,=äfbMR9O>AeúUW@ >A@

7,=kMR9R>·Y,UWBAYÜjQ>AX87,7,‡Ôj/E8FOFOE8=IÃ p ¼ 10¡ 10 ‡­n[>Q9ZÅIU^F‚>~XZY[>A=^=WE8@,B/U^@,B·MR>AFOLaŒ

œ

Y,E‹MR9O>Ae
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shielding
caps

PTZ

bellow

micrometer
screws

glass cell

to pump unit

feedthrough

integrated spring element

cavity
mirror

electron
gun

Ca  oven

_1UWB/7,93E„�,ŒÓ–w`

®

>§jhUkM)Š‹¨•:<H'jQ>AX87,7,‡}>Ae*e[>A9R>“MR7,FGŒvÏK=^=*XGJ/‡‰e�J/@,E8@bMOF5>A93EV‡‰J/7,@NMRE8C‰JA@

>­F3MZ>QUW@,=^EGF3FoF3MOEGE8=�n[>AFOE8e,=?>“MRE‰Ã 248 ‡‰‡ØUW@~C,UW>A‡‰E8MOEG9ZÅ¿Œ

œ

S’JD¸a>Q@,B/EGFV>A9OEKS’EG=^C,EGCPJ/@

MOY,EVn[>AF3EGe,=W>QMREQËbXGJA@,@,EGX¤MRU^@,Bye,7,‡‰eD7,@,U^M5>Q@,C‰E8=WEGX¤MR93UWX§>Q=*\†EGE8C*MRY*9OJ/7,BAY‰MOJ•MOY,Eoj/EGF3FOEG= Œ

œ

Y*EIF3LAE8MOX¿Y,E8C·MR9O>Ae‰X§>A@‰n�E;‡‰JÉj/E8C¾93EG=?>“MRU^j/E’MRJ•MRY*E;XG>¥jgU^MmŠ‹nbŠ‹‡‰UWXG93J/‡‰E¤MREG9™FOX89OE8SVF8Œ

Û U^9OU^@,BD>A@*C�C*E8MZ>QUW=^FV>A93E•J/‡‰U^M3MRE8Ct\†J/9oXG=W>A9OUkM)ŠAŒ
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_vU^B/7,9OEà�,Œ��O`5•ŽU^X8MR7*9OE•JA\ºMRY,E•X§>§jgU^MmŠ•¨‚:<HŸjQ>AX87,7,‡˜>Qe,e[>A9O>QMR7,FVC*7,9OU^@,B‹MRY,Ey>AFOF3EG‡‹Æ

n,=kŠ/Œ

œ

Y,E·»*ˆhE8CÂXG>¥jgU^MmŠ±Ã†‡¾JA7,@bMOEGCÇJ/@>�Üe�JAF3MRF	SVY,UWXZYÂ>Q9OE 10 ‡‰‡ UW@°C,U?>Q‡¾E¤MREG9RÅ

EG@*XG=WJAFOEGF•MRY*E‰‡¾>A@,E87*j/EG9O>An,=WED‡‰UW@*U?>“MR7*9OU^F3EGC©•v>A7*=ŽMO9R>Ae�Ã†‡¾J/7*@bMRE8C©J/@°”~n�EG=^=WJÉSoFZÅ¤Œ

®

>¥jgUkM)ŠÖ‡‰UW939OJ/93F‚>A@,C´e*UWEG68J/FGË

®

>PJÉj/E8@,FGË1E8=WEGX¤MR93J/@´BA7,@,F	>A@*C°>A=^=vSVUW93UW@,B~Y[>AC©F3MOUW=W=

MRJDn�E•‡¾JA7,@bMOEGCPSVY,E8@•MRY,U^FVe*UWX8MO7,9OEÙSÀ>AFoMZ>ALAE8@�Œ
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_1UWB/7,93EÈ�,Œµùš`‹•<U^X8MO7,9OE¾JA\ÀMRY*E·X§>§jgU^MmŠ°¨•:<HØjQ>QXG7,7,‡¢>Ae*e[>A9R>“MR7,F#>Q\]MRE89	E8j“>AXG7[>“MRUWJA@

>Q@,C´n[>ALAE8J/7*M#JA@©MRY,E‰J/ehMRUWXG>A=vMZ>An,=^EAŒ·_[J/9•BAJgJgC´J/ehMRUWXG>A=Ž>AXGX8EGFOF8Ë™XG>¥jgU^MmŠ¦>“ˆhUWFy>A@,C

MO9R>Ae�>A93E•‡¾J/7*@bMRE8C 94 ‡‰‡�>Qn¬J¥j/E•MRY*EyJ/e*MOUWXG>A=¼MZ>An*=WEAŒ

œ

Y,EyXG7,n�J/U^C•B/=?>QFOFVX8EG=^=½>A@,C

UkMRFV¸a>A@,BAE­>Q9OEyjgUWF3UWn,=^EAŒoÏÀMIMRY,E	n�JAMOMOJ/‡�JA\™MRY*E#XG>¥jgU^MmŠ•‡‰J/7,@NM§Ë[MRY,EyM)S›J

®

>¾JÉj/E8@,F

>Q@,CPMRY,Ey>Ae�E893MO7,9OE‚\†J/9ÀMRY*E	>“MRJ/‡{n�EG>A‡�>A93E•‡‰J/7,@NMREGC¼Œ



�0� %cbqdàe�(+*gfåÅ2i¹*DCEeg*gfsj5E *g'N(Odhkk-w*�(�n+e

SVU^MOY�XGJ/‡‰e�EG@*FR>QMOUWJ/@�E8=WE8X8MR93JgC,EGF8Ë¼>QMOJ/‡�J¥j/EG@Ü>A@,C�EG=WE8X8MO9OJ/@�B/7,@,F5Æ‚U^F;XGJ/‡‰e,=^UWXG>QMRE8C

EG@*J/7,B/Y·JA@·UkMRF<JÉSV@a`vY,JÉS›E8j/E89GË*UkM5Y[>AF5@,JÉS±MOJ	n�EIEG@*XG=^J/FOE8CtnNŠDMOY,EIXG>¥jgU^MmŠD‡‰UW939OJ/93FGŒ

®

J/@NMZ>A‡‰UW@,>QMRU^JA@‹JA\¬MOY,EV‡¾U^9O9OJA9™F37,93\Ä>AX8EGF5nbŠ­MOY,EI>“MRJ/‡Òn�E§>Q‡�=WJN>AC*UW@,BKMRY,EoMR9O>Ae‰Y[>QF

MRJyn�E;e,9OE¤j/EG@bMOEGC�Œ5‘›JAMRY¾‡‰UW939OJ/93FŽ‡­7,FTM›n�EI>A=WU^B/@*EGC‹j/EG9TŠ‰e,9OE8XGU^FOE8=^Š‰>Q@,C¾UW@‰J/93C,EG9ŽMRJ

‡¾>AUW@NMZ>AUk@‰>•Y,U^B/YD»[@*EGFOF3EIMRY*E8ŠDY[>§j/E;MOJyn�E;XG=WEG>A@,E8C‚È37,F3M’>‚\†E¤S'‡‰UW@b7*MRE8F<n�E8\†JA9OEVMRY*E

>Ae,e,>A9R>QMO7,FÀUWFÀE¤jQ>AX87[>QMOEGC�Œ

œ

Y*EGUW9À93EG=W>QMRUkj/EKC,UWFTMZ>A@,X8E‚Y[>QFÀMRJ‹n�EÙe,UWE86GJ‹XGJA@bMR93J/=W=^EGC¾MRJ

>QM	=^E§>QF3M	Y,>A=^\›MRY*E‰SÀ>§j/EG=^EG@,BQMRY�Œ~_[7,93MOY,EG93‡¾J/93EAË½MRJ•=WJgXZLÜMOY,E¾XG>¥jgU^MmŠ©>•F37wv‰XGU^EG@bMO=^Š

\Ä>AFTM™\†EGE8C,n[>QX¿LAfgX8J/@bMO9OJ/=,U^Fv@,E8XGEGF3FR>A93ŠAŒŽlm@D>AC,C,UkMRUWJA@	MRJKMRY,>QM§ËQMR9R>Qe‹J/9vXG>¥jgU^MmŠ	‡­7,F3M™n�E

‡‰JÉjQ>Qn,=WEŽMRJIXGE8@bMRE891MRY*E’U^J/@	U^@yMRY,E›XG>¥jgU^MmŠ‚SÀ>AU^F3M§Œ1HK9OUk\]MRF1>A@,C	jgUWn*9R>QMOUWJ/@	>Q‡¾e,=^UkMR7*C,EGF

FOY*J/7,=WC²n�E•LAEGe*Mt>QF¾=^JÉS!>AF‰e�J/FOF3UWn,=^EAŒ±‘’E8FOU^C,EGF‰MOY,E�X8J/‡‰e,=WU^X§>“MREGCÁSVUW93UW@,B¦UW@ÂMRY*E

jQ>AX87,7,‡ÝUkMRFOE8=^\)Ë[MOY,E#X8J/@NMR9OJA=1>A@,C`J/e�EG9O>QMRU^J/@�JA\™J/@,E	XGJ/‡‰e�J/@,E8@bMK‡­7,FTMK@,JAMÙ>QX8MKJ/@

>A@,JQMRY,E891JA9ºJ/@yMRY,E5UWJ/@yUkMRFOE8=^\)Œ

®

Y[>A@,BAUW@,B;EG=WE8X8MO9OJ“fg‡¾>ABA@,E8MOUWX™»[EG=^C,FºC,7,E5MRJ;XG7,939OEG@NMRF8Ë

j/J/=kMZ>AB/E8F™>A@,Cß–“J/91¸[7,X¤MR7[>QMOUW@,BÙXZY[>A93B/EGF™J/@‹@,JA@,XGJ/@*C,7,X¤MRUW@*B‚e[>A93MOF™Y[>AFvMOJ‚n�EÀF3MO9OU^X8MR=kŠ

>¥j/JAUWC,E8C�>QMoMRY*Eye*=?>AX8E•JQ\1MRY*E•UWJ/@�Œ

lm@´>~e,93E8jgUWJA7,F•E¤ˆhe�E89OUW‡‰EG@NMZ>Q=ŽF3E8MO7,e¹WÊø¥•/Y<>AF‚FOY*JÉSV@´U^@Ö»[B/7*9OE�ÃD�,Œ¦�/Å¤Ë½>~¹b7[>A9TMR6

FOe,>AXGE891SÀ>AF17,FOE8C#MRJIC,E8»[@*E’MOY,E›C,UWFTMZ>A@*XGE›JA\*MRY,E›XG>¥jgU^MmŠ•‡¾U^9O9OJA9OFGŒ½l M1S’>AF1\†JA7,@,C	MRY,>QM

C,93U^\]MRU^@,BPX¿Y,>A9OB/E8F#JA@´MRY*E¾@,J/@,X8J/@,C,7*X8MRU^@,B`¹b7[>A9TMR6��‹>A@,Cß–“J/9yJ/@´MOY,E¾‡‰UW9O93J/93F•U^MOFOE8=^\

‡¾>AC,E­UkMÙUW‡‰e�J/FOF3UWn,=^EyMRJ~X8J/‡¾e�E8@,FR>“MRE­MRY*E‹‡¾U^XG93J/‡‰JAMOU^JA@�Œ‚lm@©>AC,C*U^MRU^J/@`U^MKSÀ>QF‚@,JAM

mirrors

piezos

plate springs

e-

397, 866

729

729

Ca

CCD

PMT

_vU^B/7,9OEX�,Œ$�w`o•Ž9OE¤jgUWJ/7*FKE¤ˆhe�E89OUW‡‰EG@NMZ>Q=ºFOE¤MR7,e�Œ

œ

Y,E#‡‰JÉj/EG>An,=^E•MR9R>QeÁÃÄ@,JQMKC,9O>¥SV@�MRJ

FOXG>A=WEQË*9OUW@*B­C,U?>Q‡¾E¤MRE89 ¼ 1:6 ‡‰‡tÅ<U^F’e,=?>AX8EGC~U^@bMRJ­>­¹b7[>A9TMR6‚F3e[>AX8EG9oFOE8e[>A9R>“MRUW@*B­MOY,E

X§>§jgU^MmŠÇ‡‰UW939OJ/93F~ÃÄ‡‰UW9O93J/9	FOE8e[>A9R>“MRUWJA@ 21 ‡‰‡tÅ¿Œ°•ŽUWE86GJ¦FTMZ>AXZLbF¾>A@*C¯e*=?>QMOE~F3e,9OU^@,B/F

>A=^=WJ¥S \†J/9ÀMR7,@*UW@,BDJA\ºMRY,E•XG>¥jgUkM)Št=WE8@,BAMRY¼Œ<HK9R>§SVUW@,B‹MZ>ALQEG@•\†93J/‡ WÊø¥•/Y Œ
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e�JAFOFOU^n,=WE;MOJ#MO9R>Ae·FOU^@,B/=^EIU^J/@,F›93EG=WUW>An,=kŠ­\†J/9’>	FO7wv‰X8UWE8@bMR=kŠ¾=^J/@,ByMRU^‡¾E#Ã » >	C[>¥Š*Å5C,7,E

MOJPMRY,ED‡·>“ˆhU^‡·>Q=^=ÊŠÜ>A=^=WJ¥S’EGC¦n[>QLAEGJ/7hMyMREG‡‰e�EG9O>QMR7*9OEDJA\›MRY,E‰e*UWE86GJ•F3MR>AX¿LbFtÃ 120± ®

Å

>Q@,C¯MRY,E•9OE8FO7,=kMRUW@*B©e�JgJ/9‰n,>AX¿LbB/93J/7,@,C�B/>AF‰e,9OE8FOF37,9OEQŒú_[7,9TMRY,E89O‡‰J/9OEQË›MOY,E•X§>¥jgUkM)Š

e*UWEG68J/FySVY,E89OE·=^JgX§>QMOEGC´J/@©MRY,E‰MR9O>Aegfb\Ä>QXGU^@,B•FOU^C,E¾JA\’MRY*E·‡‰U^9O9OJA9OFGŒ

®

Y[>Q@,B/UW@*B•MRY,E

e*UWEG68J‹j/J/=kMZ>AB/EDÃ†7,ePMOJ ¼ 400 Ñ•Å’9OE8FO7,=kMRE8C•UW@P>‹Yg7,BAE•FOY*U^\]MyÃ ¼ 15 ¹ ‡·Å›JA\ºMRY,E‚UWJA@�Œ

_1UW@[>A=^=ÊŠ/Ë�MRY,E¾JAe�EG9R>“MRUWJA@´JQ\V>“MRJ/‡�JÉj/EG@¼ËvEG=WE8X8MO9OJ/@´B/7,@Ç>Q@,C´MRY*E·•I_�fgC,9OUkj/E‰JQ\’MRY,E

MO9R>AePF3MO9OJ/@,BA=^ŠtU^@*¸[7,E8@,XGE8C•MRY,E•‡‰UW9O93J/9’C,U^F3MZ>Q@,XGE•U ŒÓEQŒ*MRY,E•XG>¥jgU^MmŠ~93EGF3J/@[>A@*XGEAŒ

œ

Y,EG93E8\†J/93EAËºMRY,E‰BAJN>A=™JA\À>•@,E¤S}FOE¤MR7,e´S’>AFyMOJ•JÉj/E89OXGJA‡¾EDMOY,EGF3E¾E¤ˆhe�EG93UW‡‰EG@NMZ>A=

C*U¨v‰XG7,=kMRU^EGFGŒ

œ

Y*E;>Ae,e[>Q9R>QMR7*FŽC,EGF3XG93UWn�EGC‰UW@­MOY,EÀ\†J/=W=^J¥SVU^@,BÙF37*«¬EG9OFŽ\†93J/‡�@,J/@,EoJA\aMRY,E

C*9R>¥SVn,>AXZLgF;EG@,X8J/7,@NMRE89OEGC�SVUkMRY~MRY,E•e,93E8jgU^J/7,FVFOE¤MR7,e‹È37,FTM;C,EGF3XG9OU^n�EGC�Œ

Ìqƒ ‚„ƒ‡… ² ‰g4|³h³�› ²�•U!¬!�•�ž

_[JA9;MRY,EyjQ>AX87,7,‡Ô>Qe,e[>A9O>QMR7,FK>·@*E8SÚX8J/@,F3MO9O7,X¤MRUWJA@`SÀ>AFKe,93J/e�J/F3EGCÖX8J/@,F3UWF3MOUW@,B¾JA\5>

X87,n�J/U^C�B/=W>AFOFVX8EG=W=�
GËan�EGU^@,BD¸a>A@,BAEGC�MOJ·>Dn[>AF3EGe,=W>QMRE•e,9OJ¥jhU^C,UW@*BDMO9R>Ae�>A@,C�XG>¥jgU^MmŠP>AF

S›EG=^=¼>AF’>A=W=aJQMRY,E89’@,EGX8EGF3FR>A93Š·XGJA‡¾e�J/@*EG@bMOFGŒ

œ

Y,EÙ>AC*jQ>Q@bMZ>QB/EGF’JA\�MRY,U^F›XGJ/@*XGEGehMÀS’EG93E

MOY,E•JAe*MRU^X§>A=�>AX8XGE8FOFV\†9OJ/‡{>A=^‡¾JAF3Mo>A=W=¬C,UW93EGX8MOUWJA@,FyÃ†E¤ˆhXGE8e*M;MRY*E•EGC*B/EGFRÅV>A@*CPMRY*E•UWC*E§>

MOY[>QMGËa»[9OFTMKY[>¥jgU^@,B‰MRY,E#>Ae*e[>A9R>“MR7,FI>AFOF3EG‡­n,=WE8CÜ>A@,CÜ>Q=WU^B/@,E8C�JA7*MRF3UWC,E•jQ>AX87,7,‡•ËaMRY,E

BA=?>AF3FVX8EG=^=�MOY,EG@•FOU^‡¾e,=kŠ·Y,>AFoMRJDn�Ey‡‰J/7,@NMRE8C�Œ

iI@*\†JA93MR7*@[>QMRE8=^ŠAËÉMRY,E5B/=W>AFOF½X8EG=^=NXGJ/@*XGEGehMvY[>AC	F3EG93UWJ/7,F½C,9R>§SVn[>AXZLbFGŒ

œ

Y*E5SVUW@*C,JÉSVF

X8J/7,=^C°@*JAM	n¬E·>Q@bMRUäfg9OE¤¸[E8X8MRU^J/@©XGJN>QMOEGC´SVY,U^X¿Y°93EGF37,=^MOF	UW@°>•Y,UWBAY´F3MO9R>¥Šg=^UWB/YNMy=WE¤j/EG= Œ

ÏoC,C,UkMRU^J/@[>A=^=ÊŠ/Ë§MRY*E5XGJA@,F3MR937,X8MOUWJ/@¼Ë“MOY,E›>AF3FOE8‡­n,=^ŠAËQJA9�MRY,EŽSVUW93UW@,BoJA\hMR9O>Ae�Ë“‡‰EGXZY[>A@,U^XGF8Ë

J¥j/EG@¼ËVEG=^EGX¤MR93J/@�B/7,@,F��§ËoX§>§jgU^MmŠ¯‡‰UW939OJ/93F‰>A@,C�e,UWE86GJ/F¾UWF‰XGJA‡¾e,=^UWXG>QMRE8C²C*7,E�MRJ©MRY,E

=^UW‡‰UÊMRE8C´F3e[>AX8EtJQ\ÀMRY,E¾FOU^@,B/=WE 80 ‡‰‡�C,UW>A‡¾E¤MRE89•SVUWC*E¾J/e�EG@,U^@,B`JQ\ÀMRY,E¾B/=?>QFOFyXGEG=^= Œ

œ

Y*UWF›MRJ/B/E¤MRY,E89’SVUkMRY·MOY,EK\Ä>AX¤M’MRY[>“MÀU^M›SÀ>QFo@*JAMÀe�J/FOF3UWn,=^EIMRJ­F3E§>A=�MRY,EKB/=?>AF3F’X8EG=W=¬>A@,C

MOY,E#n[>AF3E­e*=?>QMOE	e,93J/e�EG93=^Š•C,7,93UW@,B‰MRY,E	»[93F3M‚>QM3MRE8‡¾e*MGË¬=^EGC�MRJ¾MOY,E#UW@,F3UWB/YNM;MRY,>QMIMRY,E

BA=?>AF3FVX8EG=^=�X8J/@,X8EGe*MIU^Fo@,JAMoMRJDn�Ey93EGXGJA‡¾‡‰EG@*C,EGC•UW@~MOY,E•@,EG>A9o\†7*MR7*9OEAŒ

Ìqƒ ‚„ƒŽ‚ œ•‰#";•U³;‹g•a’O‰��àžl•¤V ‰#³�žN‘“’O‰�”

_1UWB/7,93E•ÃD�,ŒÓ–NÅKFOY,J¥SVF	>PF3X¿Y*EG‡¾>QMRU^XDC,9O>¥SVU^@,BPJA\5MRY,E‰>Ae*e[>A9R>“MR7,FGË�»[BA7,9OE8F·Ã7�*Œ$�bÅK>A@,C

ÃD�,Œµù/Å;FOY,J¥SÒe*Y,JAMRJAFKMZ>ALAE8@¦C,7,93UW@,B·MRY*ED>QFOFOE8‡­n,=^ŠAŒ

œ

Y,E­MR9O>Ae¯ÃÄF3EGE­»[BA7,9OEPÃ –*Œ$�NÅ3Å;UWF

>#FO=WU^B/YbMO=kŠ‰EG=^=WU^e*MOU^XG>A=�9OU^@,B#SVUkMRYP>§j/EG9O>AB/EÙC,U?>Q‡¾E¤MREG9›JA\ ¼ 1:4 ‡‰‡ª‡¾>AC,EKJA\ 0:2 ‡‰‡

MOY,UWXZLP‡‰J/=kŠhn�C*EG@g7*‡�SVUW93EAŒ;l MKUWF;\Ä>Qn,9OU^X§>QMOEGC�nbŠ�n�E8@,C,U^@,B·MOY,E	MOY,UW@•SVUW93E#>A9OJ/7*@,CÖ>

MOY,UWXZLAE89›SVUW93EIY[>¥jgUW@*B ¼ 1:2 ‡¾‡}C,U?>Q‡¾E¤MRE89›>A@,CtX8=WJ/F3UW@,ByMOY,EÙ>A93UWF3UW@,By9OUW@*B#nNŠ¾F3e¬JQMTf

S›EG=^C,UW@,B*Œ©l M‹UWF#MOY,EG@ÂXG=^E§>A@*EGC¯>A@*CÂFO‡‰JgJAMOY,EGCÁnbŠÇ>A@ÂE8=WE8X8MR93J“fgXZY,EG‡‰U^X§>A=›e,93JgXGE8FOFGŒ

œ

Y*EoEG@,C,XG>Ae,F<>A9OEÀ>A=WF3JÙ‡·>QC,EÀJQ\ 0:2 ‡‰‡ŸMOY,UWXZLy‡¾J/=kŠgn�C,EG@b7,‡ŸSVUW9OEÀ>A@,CD>A93EÀFOe[>QXGEGC

nNŠ ¼ 1:2 ‡¾‡•Œ

œ

Y,E‹MOUWe,F‚>A93E‹9OJA7,@,C,E8C�Ë½XG=^E§>Q@,EGC©>A@,C¦F3‡¾JgJAMOY,EGCÜSVU^MRYÜMRY*EDFO>A‡‰E
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�"� %cbqdàe�(+*gfåÅ2i¹*DCEeg*gfsj5E *g'N(Odhkk-w*�(�n+e

MRE8X¿Y*@,UW¹b7,E8Fo7,F3EGC~J/@·MOY,EK9OU^@,B,Œ

œ

JAB/E8MOY,EG9›SVU^MOY·MmS’J­X8J/‡‰e¬E8@,FR>“MRU^J/@·EG=^EGX8MO9OJgC,E8F’MRY*E

MR9O>AetU^F›‡‰J/7,@NMREGC·J/@~>	n[>A95SVY,U^X¿YtU^F5¸[E¿ˆ*U^n,=^Š‰X8J/@,@,E8X8MOEGCPnNŠ¾n�EG=^=WJ¥SVFÙÃÄF37,U^MR>An,=^E;\†JA9

iKüVÑ•ÅKMRJPMRY*E‰n[>AF3EGe,=W>QMREQŒ¾Ï¡9OU^B/UWCÖX8J/@,F3MO9O7,X¤MRUWJA@´J/7hMRFOU^C,E‹MRY,E‹jQ>AX87,7,‡ØÈ3J/UW@,FÙMRY*E

n[>A9KMOJP>t‡¾U^9O93J/9IY,JA=WC,E89)fg=^U^LAE#‡‰J/7,@NMÙMOY[>QM‚XG>A@¦n�E‹e*9OEGX8UWF3EG=^ŠÜ>QC“È37,F3MOEGC¦nbŠ`‡¾EG>A@,F

JA\ºMRY,93EGE•‡¾U^XG9OJA‡‰E8MRE89ÀFOX89OE¤SVFGŒ

ÌqƒŽ‚„ƒ°b P ž†•U4�•�’OŒ�4�‰,žoˆŠ™#"h";•U46•šŒl™g"¾!

œ

Y,Ey•I_Á•v>A7,=äfbMR9O>Ae~UWFÀC,9OUkj/EG@~SVU^MRY•>‹9O>AC,U^J­\†9OE8¹g7*EG@,X¤Š&%KJA\ ¼ 28 á`üI6QŒ

œ

J¾>§j/J/U^C

UW@h¸[7,EG@*XGUW@*BÙJAMRY,E89™X8J/‡‰e�J/@,E8@bMRFŽ>Q@,C­MOJÙLAEGE8e‰=^J/FOF3EGF™=^JÉS•Ë/>KFOU^@,B/=^E›e,UW@#\†E8EGChMRY,9OJA7,B/Y

UWF�S’E8=WC,E8C	UW@‚MRY*E5X8EG@bMOEG9ºJA\hMOY,E<n[>AFOE8e,=?>“MRE<XGJA@,@,EGX¤MRU^@,BVMRY,E<9OUW@*BVJA\hMOY,E<MO9R>Ae•F3MR9O>AUWBAYbM

MRJyMRY,EIY,E8=WUWXG>A=[9OEGF3J/@[>QMOJ/9�W��Nù[Y ËgSVY*UWXZYtY,>AFÀ>y¹g7,>A=WUkM)Š­\Ä>AX¤MRJ/95JA\ ¼ 370Œ

œ

Y,EKY,EG=^UWXG>A=

9OE8FOJ/@,>QMRJ/9•UWF‚\†EGC©SVU^MOY°>Pe�JÉS’E89	n�E¤M)S›EGEG@ 0:3 Û >A@,C 1 Û e,93JÉjgUWC,E8C´nbŠ©> 5 Û

>A‡‰e,=WUÊ»[EG9�'GŒ™l \ 1 Û •;_´e�J¥S’EG9’UWF›E¿ˆhXGE8EGC,EGC�Ë,F3MZ>Qn,=WEK>A@,C·9OEG=^U?>Qn,=^EVMO9R>Ae,e*UW@,B	JA\�UWJ/@*F

FOE8EG‡‰EGC�@,JQMVMOJ‰n�E•e�J/FOF3UWn,=^EAË*MOY,E•UWJ/@,FV>Q9OE•=^J/F3Mo¹g7*UWXZLg=kŠtSVUkMRY,U^@PF3EGX8J/@,C,F8Œ

ÏIe[>A9TM;\†9OJ/‡{MRY,E•MR9O>Ae`•;_¯C,93U^j/EQË¬>Q=W=�JQMRY,E89IE8=WE8X8MO9OUWXG>A=�XGJA@,@,EGX¤MRU^J/@,FK>A93EyEGFTMZ>AnhÆ

=WU^FOY,E8C~nNŠ~> 20 e,UW@t\†E8EGChMRY,9OJA7,B/Y õ)(I>QFÀMRY*EG9OE•>Q9OE�`c�­MR9R>QePX8J/‡‰e�EG@,FO>QMRU^J/@tj/JA=^MZ>QB/EGF8Ë

”ye,U^EG68J	j/J/=^MR>AB/E8F’>A@*C·MOY,E‚”y>AFOF3JgXGU?>“MREGC·e,U^EG68J#‡·>QFOFOE8F
õuõ

Ã]MRJAMR>A=��bÅ¿Ë,”•EG=WE8X8MO9OJ/@·B/7,@

Y,EG>QMRU^@,BtXG7,939OE8@bMRF•>A@*CÖMOY,E‹>AFOF3JgXGUW>QMRE8C¦X8J/‡‰‡¾JA@Ü‡¾>AFOF‹Ã†MOJAMZ>A=1–NÅ¤Ëvø‹E8=WE8X8MR93J/@ÖB/7,@

>AX8XGEG=^EG9O>QMRU^J/@Öj/J/=^MR>AB/ED>A@,C°”~JÉj/E8@°Y,EG>QMRU^@,BPXG7,939OEG@NMRFtÃ†E§>AXZY´J/@¦M)S›J�e,U^@,F‚\†J/9•=^EGF3F

9OE8FOU^F3MZ>Q@,XGE§Å¤Œ

œ

J~>¥j/JAUWCÜ>A@NŠ�EG=^EGX8MO9OJ/@*UWXGFIe,UWXZLbUW@*B·7,eÜMOY,E­•I_²C,93U^j/Ey\†9OEG¹b7,E8@,X8ŠAË½>A=^=

XGJA@,@,EGX¤MRU^J/@,FŽE¿ˆ*X8EGe*M<MOY[>QMŽJA\aMOY,Eoe,U^EG68J/F<>Q9OEÀ=WJ¥S¯e[>QFOF™»[=^MOEG9OE8CD>QM™MRY*EÀ\†EGE8C*MRY*9OJ/7,BAY�Œ

lm@*FOUWC*EÀMOY,E’jQ>AX87,7,‡Új/EGF3FOEG=,MOY,EÀEG=^EGX¤MR9OU^X§>A=gXGJ/@*@,EGX¤MRU^J/@,FŽ>A9OE’‡·>AC*E’7,FOU^@,B‚LÉ>Ae*MRJA@

UWF3J/=?>“MREGCDSVU^9OE	õ
®

>Q@,C¾S’E8=WC,U^@,BySVU^9OE#ÃÄFTMZ>AU^@,=WE8FOF5FTMREGE8=]Å¿Œ

œ

Y*EKUW@*@,EG95XGJA@,C,7,X¤MRJ/9›JA\¼MRY*E

XGJ/>“ˆhU?>A=™XG>An,=^EDUWF‚7,FOE8C´MOJ•XGJA@,@,EGX¤M#>A=W=vXGJ/‡‰e�J/@,E8@bMOFyE¤ˆhX8EGe*M	MOY,EDMO9R>Ae¦EG=WE8X8MO9OJgC,E8FGŒ

œ

Y,E8FOED>Q9OE#X8J/@,@,E8X8MOEGCÖSVUkMRY�MRY*E#FOY,U^EG=WC*UW@,B¾X8J/9OCÁÃÄUW@*@,EG9IXGJA@,C,7,X¤MRJ/9K9OE8‡¾J¥j/EGC[Å;n�E¤Æ

X§>Q7,FOE•MOY,E‚¸[E¤ˆhUWn*UW=^UkM)Š¾JA\1MOY,E•XGJA9OC�>A=^=WJ¥SVFÀMOY,E‚MR9O>AePMOJ‰n�E•‡‰JÉj/EGC¼Œ

ÌqƒŽ‚„ƒ»Ì ˆŠ‰
‹�ŒŽ•�• œ ™#³¾"p•k‰#"�—SˆŠ‰
‹�ŒŽ•�•

œ

J©‡‰EGE8M‹MOY,EPX89OU^MOEG93U?>ÜFTMZ>QMOEGC¯UW@ÇMRY,E~UW@NMR9OJgC*7,X8MOUWJ/@ÁJQ\IMOY,UWF­X¿Y,>Ae*MRE89GË5MOY,EPXG>¥jgU^MmŠ

‡‰J/7,@bMÙS’>AF•XGJA@,F3MO9O7,X¤MREGC©\†93J/‡�F3MR>AUW@,=^EGF3F‚F3MOEGEG= Œ

œ

Y,ED‡‰UW939OJ/93FKY[>¥jAE‰>~FOE8e[>A9R>“MRUWJA@

JA\ L = 21 ‡¾‡�>A@*C‰>Ù9R>QC,UW7*F™JA\�X87,93jQ>“MR7,93EVJA\ 25 ‡‰‡�Œºlm@,UkMRU?>Q=^=kŠyUkMvSÀ>AFŽe*=?>A@,@*EGC­MRJ

7,F3EÙ‡¾U^9O9OJA9OF<SVUkMRY 12 ‡¾‡¡9O>AC,U^U�JA\�XG7,9TjQ>QMO7,9OEÙ93EGFO7*=^MRU^@,B#U^@t> 30 ¹ ‡¡SÀ>QUWF3M’9R>QC,UW7,F8Œ
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HI7,E#MOJ·UW@*XGJ/939OEGX¤MK=?>An�E8=W=^Uk@,BDMRY,E	‡¾U^9O93J/9OFoSVU^MOY 25 ‡‰‡�9R>AC*UW7,F;JA\ŽXG7,9TjQ>QMO7,9OE	S’E89OE

7*FOEGC‹\†9OJA‡ŸMRY,EÀn�EGBAUW@,@,U^@,BK=WE§>QC,UW@,BIMOJ•>A@­7,@,XG93U^MOUWX§>Q=h@*E§>A9™X8J/@*\†JgX§>Q=*X§>§jgU^MmŠ#n,7hM<>A=WF3J

MOJ·>DS›E§>ALAE89KX8J/7,e,=^UW@*B g ŒoßÙ@•MRY,EyJAMRY*EG9;Y[>A@*C�MOY,E	@*E§>A9;X8J/@,X8EG@bMO9OU^X	F3E8MR7*e`S›J/7,=WC

Y,>¥j/E­n¬E8EG@¦‡­7,XZYÖ‡‰J/9OE#F3EG@,F3U^MRUkj/E#MRJt‡¾U^FR>A=^UkB/@,‡DEG@bMÙ>QFÙC,UWF3XG7,F3FOEGC¦UW@ÜXZY[>Ae*MOEG9‰ÃÄ–NÅ

F3EGX¤MRUWJA@PÃ –hŒµ–NÅ¿ËAF3JÙU^M1U^F1@,JAMvX8=WEG>A91Uk\,MOY,E’EG939OJ/9ºS’>AF™>AX8MO7[>A=^=^Š‚n�EG@,E¤»[XGUW>A= Œ

œ

Y*EÀ‡‰UW939OJ/93F

>Q9OE‹XGJ¥j/EG93EGC´nbŠÜF3MOEGEG=ŽXG>Ae,F•=WEG>¥jgUW@*B~J/@,=kŠÖ> 2 ‡‰‡�C,U?>Q‡¾E¤MREG9KY,J/=WE#\†J/9KMRY,E‹X§>¥jgUkM)Š

‡‰JgC,EQË™SVY,UWXZYÂY,>AF 54 ¹ ‡£SÀ>AU^F3M­9R>AC,U^7,FGŒ

œ

Y,E~XG>Ae,F‹E8@,FO7,93E~MOY[>QM‹E8=WE8X8MR93UWX¾»[EG=^C,F

C*7,EIMRJ#XZY[>A93B/EGF’J/@¾MRY,EI‡¾U^9O93J/9<FO7*93\Ä>AX8EGFo>QF›S’E8=W=¬>AF5\†9OJA‡}MRY*EKY,U^B/Y¾j/JA=^MZ>QB/E;J/@¾MRY,E

e*UWEG68JKMR7,n�E8FŽC*J‚@,JQM™E¤ˆgMRE8@,C‹MRJKMOY,EÀe�J/F3U^MOUWJ/@	JA\[MRY,E’UWJ/@¼Œ1ÏK@‹>AC,C,UkMRU^J/@[>A=b>AC*jQ>Q@bMZ>QB/E

U^F;MOY[>QMIMOY,E#‡‰UW939OJ/93FI>Q9OE	FOY*UWEG=^C,EGC�\†93J/‡�MOY,E

®

>¾JÉj/E8@Ün�E§>A‡•Œ

œ

Y,E­>“ˆhUW>A=½e�J/F3U^MRU^J/@

JQ\‚n�JAMOY�‡‰UW9O93J/9OF‹X§>A@�n�E�XGJA@bMR93J/=W=^EGCÂjgU?>©e,U^EG68J°X8EG9R>Q‡¾U^XPMR7*n�EGF õ ´ÉŒ'lm@,X89OE§>QFOE8F~U^@

MOY,E­=^EG@*BAMRY,FKJQ\ŽMRY,E#e,UWE86GJ/FK‡‰JÉj/E	MOY,E­‡‰UW939OJ/93FVSVY,UWXZYÖe,93EGF3F•>ABN>QUW@,FTMKFOe,93UW@,BAFIMRY[>QM

MOY,EG‡‰FOE8=^j/E8FVY,JA=WC·MRY,E‚‡‰UW939OJ/93F’U^@~e,=W>AXGEDÃ†X8\)Œ*EG@,X8UW93XG=^EGC~UW@,F3E8MoUW@t»,B/7,9OEDÃ7�,ŒÓ–NÅOÅ¿Œ

œ

Y,E

e*UWEG68J•MR7,n�E8F­>A93E¾X8EG@NMREG93EGCÁ>A@,C°U^@,FO7*=?>QMOEGC©J/@°n�JQMRY°E8@,C,F	SVUkMRYÇá�Ï

®

ß‚•¡e,=W>QMRE8FGŒ

ÏÚe�JAMRE8@bMOU?>A=�JA\™7,e�MRJ 500 ÑÒXG>A@`n�E#>Ae,e,=^UWE8C`>Q@,C`=WEG>AC,FVMRJ·>A@CB�Dû;FE•<G@	;)H>BID¾JA\vMRY,E
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_1UWB/7,93E^�,Œ¦!š`·:vˆhe�J/@,EG@NMRUW>A=’C,EGXG>¥ŠÇJA\VMOY,Et»,=W=WE8CÇX§>§jhUkM)Š©SVU^MOYÇMRUW‡‰E¾XGJ/@*F3MZ>Q@bM ¿ =
(5:38 § 0:004) ¹ F•‡‰E§>QFO7,9OE8Câ>Q\]MOEG9tMRY,EÖ»[9OFTM�n[>QLAEGJ/7hM§Œ

œ

Y,E¦MRY*UW@ =WU^@,EÖU^F~MOY,E

‡‰E§>QFO7,93EGC±MO9R>A@,F3‡¾U^FOF3UWJ/@�Œ

œ

Y,E`MRY,U^XZL¯=WU^@,E•UWF‰MRY,E`E¤ˆhe�J/@,E8@bMOU?>A=;»,MGŒ

®

>A=^XG7,=W>QMRE8C

»,@,EGF3FOE�` F = 241300§ 170Œ
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e,U^EG6GJAFGŒŽÛ U^MOY~MRY,E•Y,U^B/Y~j/J/=kMZ>AB/EÙFOJ/7,93XGEye*9OJÉjgU^C,UW@,B‹7,ePMRJ ¼ 330 Ñ#Ë[U^MoUWFoe�J/FOF3UWn,=^E

MRJ‚FOY*U^\]MŽEG>AXZY‰‡‰UW939OJ/9v>An�JA7*MŽJ/@,EÀ\†93EGEoFOe�E8X8MO9R>A=,9R>A@*B/EyÃ ¼ 400 @*‡tÅ¿Œ

œ

Y,U^FŽU^FŽ>ÙMOY,UW93C

JA\¼MOY,E;9R>A@,BAE;J/@,EVS’J/7,=^C¾E¿ˆ*e�E8X8M’\†93J/‡ÒMRY,E;n[>A9OE;e*UWEG68JyMR7,n�E8F’>A@,C¾UWF<e,9OJAn[>An,=kŠ‹C,7,E

MRJ‹MRY,E•93EG=W>QMRUkj/EG=kŠ·Y,U^B/YPFOe,93UW@,B‹MOEG@,F3UWJ/@�Œ

‘5Š~‡‰E§>AF37,9OU^@,B­MRY,E‚C,EGXG>¥Š~JA\ºMRY*E‚»[=^=WE8CPXG>¥jgU^MmŠ�õ»Æ;S’E•X§>A=^XG7,=W>QMRE8C~MOY,E‚»[@*EGFOF3E F
MRJ•n�E ¼ 240000>Q\]MOEG9™MOY,Eo»[9OFTM5n[>ALAE8J/7*MKÃ†»,B/7,9OEyÃ7�,Œ¦!/ÅOÅ¿Œ™HK7*EVMRJ•F3E§>A=^UW@,B‚e,93J/n,=^EG‡‰F

ÃÄn,>AFOE8e,=?>QMOE�–QBA=?>AF3FOX8EG=W=?Å›MOY,Eyn[>ALAE8J/7*MIY[>AC•MOJ‰n�E	93EGe�EG>QMRE8CÜ>A@,C�7*@*\†J/93MO7,@[>QMOEG=kŠtMRY,U^F

=WEG>AC©MOJ`>•FOE¤j/EG9OE·C,E8B/9R>QC[>QMRU^J/@©UW@¦»[@,E8FOFOEQËŽC*JÉSV@´MRJ ¼ 35000ŒtÏI=W=ŽE¤ˆhe�EG93UW‡‰EG@NMRF

C,E8FOXG93UWn�E8CÂUW@´MRY*UWF	MOY,EGF3UWF#S›EG9OEte�EG9T\†J/9O‡‰E8CÇSoU^MRY°MOY,UWF	=WJ¥S’EG9y»[@,E8FOFOEQŒ¦Û UkMRYÇ>�»*Æ

@,E8FOFOE F = 35000 >Q@,CÜS’>AUWFTMÙ9R>AC,U^7,F w0 = 54 ¹ ‡˜MRY*E­e[>A9O>A‡‰E8MRE89OF g >A@,C · >A9OE

X§>Q=WXG7*=?>QMOEGC~MOJ‰n�E¾ÃÄX¤\)Œ[FOE8X8MOUWJ/@�–hŒ$�bÅ®`

· =
¼c

2F L
= 2¼¢102 LgüI6 ; Ã7�,ŒkøÉÅ

g =

s
5c¸ 2°?

2¼2Lw 2
0

= 2¼¢89 ü;6 ; Ã7�,Œµ”/Å

\†9OJA‡¢SVY*UWXZYÂMOY,E~E¤ˆhe�EG93UW‡‰EG@NMZ>A=^=^Š´U^‡¾e�J/9TMZ>A@NM­e,>A9R>A‡‰E8MOEG93F‹XGJgJ/e�E89R>QMOU^jgU^MmŠ C >A@*C

•Ž7,9OX8EG=^=�\Ä>AX8MOJ/9 F X§>Q@�n�E•C,E8C,7,X8EGCa`

C :=
g2

2°? ·
= 0:51 ; ÃD�,ŒÓ–NÅ

F := 2C + 1 ¼ 2 ; Ã7�,Œ��bÅ

>A@,C~MOY,EÙ\†9R>AX¤MRUWJA@~JA\º=WU^B/YbM’EG‡‰U^M3MREGC~U^@bMOJ­MRY*E•XG>¥jgU^MmŠ·‡¾JgC,EQË*B/U^j/E8@PnbŠ ¯ Ë*n�EGXGJA‡¾E8FI`

¯ := 2C=(2C + 1) ¼ 0:5 : ÃD�,Œµù/Å

®

J/‡‰e[>A93EGC¦MOJPMOY,EDe[>A9O>A‡‰E8MOEG9OF‚e,=?>Q@,@,EGC©>A@,C©C*UWFOX87,FOF3EGC°U^@¦XZY[>Ae*MOEG9¾Ã –NÅ¿Ë�S›E‰XG>A@

E¤ˆhe�E8X8M#J/@,=kŠÖ>PFO‡¾>A=^=™E¤«¼E8X8M	JQ\›MRY,EDX§>§jgU^MmŠ/ŒÈ]IE8j/E893MOY,EG=^EGFOF	U^M‚UWF‚FO7wv‰X8UWEG@NMR=kŠÖ=?>A93B/E

MRJDn�E•‡¾EG>AFO7*9R>An,=^EAŒ

ÌqƒŽ‚„ƒ>L M •�‰,› �JŒu’O•U46•šŒl™#"h!k‰#"�— œ•‰#•#"�•�•šŒ�42«\Œl•�ž†—

lm@tJ/7*9›E¤ˆhe�EG93UW‡‰EG@NM’S›EKB/EG@,E89R>A=^=^Š‹e,9OE8e[>A9OE;MRY,EIUWJ/@¾UW@‰MRY*EKEG=^EGX¤MR9OU^X§>Q=�BA9OJ/7,@*CtFTMZ>QMOE

nbŠPe*7,‡¾e*UW@,BDUW@NMRJDMOY,E S1=2
Ë mj = ¡ 1=2 =WE8j/E8=›ÃÄX¤\)Œ’XZY[>Ae*MOEG9#Ã –NÅÀF3EGX8MOUWJ/@ÇÃÄ–*Œkø/ŒÕ”AÅOÅ¤Œ

Û´EyX¿Y*JgJ/FOE	>‰X8J/@*»[BA7,9R>QMOUWJA@•JA\v‡¾>AB/@,E¤MRUWXK»[EG=^C

G

Ë[n�EG>A‡�C,U^9OE8X8MRU^J/@

A

>A@*C�e�J/=W>A9TÆ

UWFO>QMRU^J/@

�

SVY,E89OE#S›E­B/E¤MÙY*UWB/Y,E8F3MKXGJA7,e,=WU^@,B¾EZv‰X8UWEG@*X8Š�MOJ·MOY,E#XG>¥jgU^MmŠ•J/@`MOY,E S1=2
Ë

÷
È

¶8
��#�‡û�ŸKý��»ºsý �����‡û������ üh�7ÿ¦ù¿
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mj = ¡ 1=2 $ P5=2
Ë mj = ¡ 5=2 MR9R>Q@,FOUkMRU^J/@•U Œ EAŒ e ? B ? k ŒVÏI=W=½JQMRY,E89;MR9O>A@,FOUÊÆ

MOUWJ/@*FºE¤ˆhX8EGe*MvMRY,E S1=2
Ë mj = ¡ 1=2 $ P5=2

Ë mj = 3=2 MR9R>A@*FOU^MOUWJA@	>A93E›F37,e,e,93EGFOF3EGC

U^@°MOY,UWF	X§>AF3E©Ã†X8\)Œ1XZY[>Ae*MOEG9PÃÄ–NÅ¤Ëv»,B/7,9OE8FPÃ –*Œµ”/Åy>A@,CúÃÄ–*ŒÓ–NÅOÅ¿Œ

œ

Y*E~E¿ˆ*>AX8M‹B/E8J/‡‰E8MR93UWX

JA9OUWE8@bMR>QMRU^J/@,F’JA\v>A=^=¼J/ehMRUWXG>A=¼n�EG>A‡¾FV>A@*C•C,E¤MRE8X8MRU^J/@PC,E8jgUWX8EGF;>A9OE•>AFÀ\†J/=^=WJ¥SVFZ`™X§>¥jgUkM)Š

>Éˆ*U^FGËvF3Šg‡‰‡¾E¤MR9TŠ°>Éˆ*U^F	JA\ÀMRY,E¾MO9R>AeÇ>A@*C°MRY,E·e*Y,JAMRJA‡­7,=^MOU^e,=^UkEG9•C,E8MOEGX¤MRUWJA@ÇX¿Y,>A@,@,E8=

=^UWEtU^@ÂMOY,EPe,=?>A@*EPJA\;MRY,E~MZ>Qn,=WEQŒ

œ

Y,E•C,E¤MRE8X8MRU^J/@¯XZY[>A@,@,E8=o\†J/9­MRY,E

®o®

HVfgXG>A‡‰EG9O>

F37,n*MOEG@,C,FK>Q@�>A@,BA=WE‚JQ\ ¼ 9± SVU^MOYPMOY,E•e,=?>Q@,E‚JA\1MOY,E‚MZ>An*=WEQŒg]IE8B/=WE8X8MOUW@,B‹MOY,UWFoF3‡·>A=^=

>Q@,B/=WEQË�•5á

œ

>A@*C

®o®

H}\Ä>AXGE‹EG>AXZY©JAMRY*EG9GŒ

œ

Y,EDXG>¥jgU^MmŠÖ>Éˆ*U^F‚U^F‚e�E89Oe�E8@,C,UWX87,=?>Q9ÙMRJ

•5á

œ

>A@,C

®o®

H#Œ

œ

Y,EÜFTŠh‡‰‡‰E8MR9TŠ�>“ˆhU^F·JA\ÙMRY,E�MR9R>Qe±U^MOFOE8=^\‚=^UWE8F·>QMt>A@'>A@,BA=WE�JA\

¼ 45± MOJ•MOY,E¾XG>¥jgUkM)Š¦>“ˆhUWF¾Ã >A@,C©MOY,EG93E8\†J/93E·>A=^FOJPMOJ`•5á

œ

>A@,C

®o®

H{=^UWB/YNM•XZY[>A@gÆ

@*EG=]Å¿Œ{ÏK=W=�=WU^B/YbMon�E§>Q‡¾F;E¿ˆhXGE8e*MKMRY*E 397 @,‡ ¾fgn�E§>A‡!=WU^E‚UW@�>De,=?>A@*EyF3e[>A@,@*EGC`nbŠ

CCD

PMT

397 nm
866 nm
854 nm

729 nm

397 nm

s397 nm

objective

objective

B-field

cavity mode

ring electrode

tip

tip

symmety axis
of trap

normal to plane
of table

_1UWB/7,93EÈ�,ŒÓûw`

œ

JAe°jgUWE¤S¡JA\Àn�E§>A‡‰F#>A@,C´MO9R>Ae�Œ

œ

Y,E·X§>§jhUkMmŠ¦SÀ>AU^F3M#>AFyS’E8=W=›>QF	9OUW@*B

>Q@,CÇEG@,C*X§>Ae,F­JA\oMOY,E¾MR9O>AeÁ>A93E·FOLAE¤MRXZY,EGCÂFOXZY,E8‡·>QMOUWXG>A=W=kŠ/Œ•ÏI=W=<n¬EG>A‡‰F#E¤ˆhX8EGe*M­MRY,E

397 @,‡ ¾fgn�EG>A‡�=^UWE#>Ae,e*9OJ¥ˆhU^‡·>“MREG=kŠ•U^@Ö>te,=W>A@,EAŒ

œ

Y,E‹‡¾>AB/@,E¤MRU^X	»[E8=WCÖU^FKX¿Y,JAFOEG@

e�E89Oe�E8@,C,UWX87,=?>Q9oMOJDMRY*E•X§>§jhUkM)Š~>“ˆhUWF8Œ
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PMT
CCD

s

729 nm

397 nm
866 nm
854 nm

397 nm

397 nm

objective
objective

B-field
plane of table

_vU^B/7,9OE �,ŒÓýw`�ÑKUWE¤S�JA\ÙMO9R>Ae�>A@,C²n�E§>A‡‰F¾U^@²C,UW93EGX¤MRUWJA@²JA\KMRY*E�X§>§jhUkM)Š¯>“ˆhU^FGŒ

œ

Y,E

®o®

HVfgXG>A‡‰EG9O>‹=^UWB/YNM›XZY[>A@,@*EG=¼UWF’F3=WU^B/YbMO=kŠ‹MRUW=kMRE8C·JA«•MRY,EKe,=?>A@*EKJA\�MOY,EKMR>An,=WE;MRJ­FO>¥j/E

‡‰UW9O93J/93FÀJ/@PMRY*E‚SÀ>¥ŠtMOJDMOY,E•X§>A‡‰EG9O>­SVY,UWXZY•UWFo‡‰J/7,@NMREGCPJ/@�>‹Y,UWB/Y*EG9o=WE¤j/EG= Œ

MRY*E‹FTŠg‡¾‡‰E8MO93Š`>“ˆhUWFKJA\<MOY,E#MR9O>Ae¦>Q@,CÜMRY,E­@,JA9O‡¾>A=½MRJ·MRY,E­e,=W>A@,E#JA\ŽMRY,E#MR>An,=WEQŒ‚Ï

XGJgJA=WUW@*BPn�EG>A‡ >QM 397 @,‡ >Q@,C©MRY*E‰=WUWBAYbM•>QM 866 @,‡ >A@*C 854 @*‡�UWF‚FOEG@NM	\†93J/‡

>An�J¥j/EIMRY,93J/7,B/Y¾MRY*EIMR9O>Ae�Ë*>“MÀ>A@t>A@,B/=^EIJQ\ ¼ 30± MOJ	MRY,EKe*=?>A@*EIJA\�MRY,E;MZ>An,=^EAŒ™_[9OJ/‡

n�EG=^JÉS•Ëv>�F3EGX8J/@,CÇXGJgJ/=^UW@,BPn�E§>Q‡ UWF•\†JgXG7*FOEGCÇU^@bMOJ•MRY*E·>Ae,e[>A9O>QMR7*F#>QM#>A@Ç>Q@,B/=WEDJA\

¼ 36± MOJDMRY,E•e,=?>Q@,E•JA\1MOY,E•MR>An,=^EAŒ

œ

Y,E 729 @,‡!n�E§>Q‡�E8@bMOEG9OFV\†9OJA‡{MOY,EyJ/e*e�J/FOUkMRE

C,U^9OEGX¤MRU^J/@t>A@,C~F37,n*MOEG@,C,FV>A@~>A@,B/=^EKJQ\ ¼ 31± SVUkMRY·MRY*EÙe,=?>Q@,EKJA\�MRY*EKMZ>An*=WEQŒ

œ

J­B/E8M

XGJA7,e,=WU^@,B·JA\<MRY*E‰ã

1=2
Ë mj = ¡ 1=2$ H

5=2
Ë mj = ¡ 5=2 MR9O>A@,FOUkMRU^J/@`UW@*C,EGe�E8@,C,E8@bM

JA\™MOY,E#e�J/=W>A9OU^FR>QMOU^JA@�JQ\™MRY,E#XG>¥jgUkM)Š•‡‰JgC,EQË�MOY,E#‡¾>AB/@,E¤MRU^X•»[E8=WC B UWF;X¿Y,JAFOEG@ÜMOJ·n�E

e�EG93e�EG@,C*UWXG7*=?>A9­MRJ¦MOY,EPX§>§jhUkM)ŠÁ>“ˆhUWFD>QM‰>A@²>A@,BA=WE~JQ\ ¼ 27± MRJ¦MOY,EPe,=?>Q@,EPJQ\IMRY*E

MZ>Qn,=WEQŒ

œ

Y,UWFoUWFoE¤ˆ*>AX¤MR=kŠtMRY,E•C,U^9OE8X8MOUWJ/@~JA\1MOY,E 397 @*‡ ¾fgn�EG>A‡�Œ

œ

Y*E•‡¾>AB/@*E8MRU^XI»[E8=WC B >QM’MRY,EÙe�J/FOUkMRUWJA@tJA\½MOY,E‚U^J/@tUWF’B/EG@*EG9R>“MREGCPnNŠtJ/@*E‚‡¾>AUW@

XGJAUW=½>Q@,C•MmS’J¾FO‡¾>A=^=WE89oX8J/UW=^FGŒ

œ

Y,E•»[EG=^C�JQ\vMRY*E	‡¾>AU^@PXGJAUW=�UWF;>A=^9OE§>QC*ŠP>A=^UWBA@,EGC~SVUkMRY

MRY*E	C,U^9OE8X8MRU^J/@•JA\1MRY,E 397 @,‡ ¾fbn¬EG>A‡•Œ

œ

Y,E	F3‡·>A=^=^EG9oX8J/UW=^FVFOE893j/EyMRJ¾X8J/‡‰e�EG@,FO>QMRE

F3MR>QMRU^X‹‡¾>AB/@*E8MRU^X­FTMR9R>§Š`»[EG=^C,F‚FO7,XZY°>AF8Ë�\†JA9‚E¿ˆ,>Q‡¾e*=WEAË¼MRY,E‹E§>A9TMRY�¶ F•‡¾>AB/@,E¤MRU^X#»[E8=WC

SVY,U^X¿Y²UWFD@,JQM¾e[>A9O>A=W=^E8=’MRJ¦MRY,EP»[E8=WC²BAEG@,E89R>QMOEGC�nNŠÂMOY,E•‡·>QUW@ÂX8J/UW= Œ²HK7,E•MOJ©MRY*E

XGJA‡¾e[>QX8MR@*EGFOFKJA\vMRY,E	B/=W>AFOF;XGE8=W= Ë[MOY,E	XGJ/U^=WFVXGJ/7,=^C`n�E	‡¾JA7,@bMOEGC`@,EG>A9;MRY,EyMR9O>AeÜ>A@,C

MRY*EG9OE¤\†J/9OE‹>·XG7,939OE8@bM‚JA\<=WEGF3FKMRY[>Q@ 100 ‡‰ÏÒU^FKFO7šv¾X8UWE8@bM‚MOJtB/EG@,E89R>QMOE‹>t‡¾>AB/@*E8MRU^X

»[E8=WC¾JA\ ¼ 3 Þy>A7*FOFGŒ

®

J/@*F3MZ>A@NM’X87,9O93EG@bM›FOJ/7,93XGE8F›\†J/9ŽMRY,E8FOEI=WJ¥S±X87,9O93EG@bMOFÀ>Q9OE;EG>AFOU^=^Š

>¥j“>AUW=W>An,=^EQŒ

œ

Y*E~‡·>ABA@,E8MOUWX‰»[E8=WCÁF3Y,J/7,=^CÁn�E~XZY,J/F3EG@ÂUW@ÇFO7*X¿Y¯>`SÀ>§Š´MRY[>“M­MRY*E~¹b7[>Q=WU^MmŠ©JA\
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MOY,E­HKJ/e,e*=WE89KXGJgJA=WUW@*B¾J/@�MRY,E‹ã

1=2$ •

1=2
MR9O>A@,F3U^MRU^J/@�U^FI@,JAMÙ>Q«¬EGX8MOEGCÖnNŠ•MRY*E)�¼EGE¤Æ

‡¾>A@PF3e,=WUkMOMRU^@,B­JA\1MOY,E•=WE8jAEG=WFoUW@Nj/J/=^j/E8C�Œ<ÏÀMVMOY,E•FR>A‡‰E‚MOUW‡‰EÙY,JÉS’E¤j/EG98ËaMOY,E–�¼EGEG‡¾>A@

F3e,=WUkMOMOUW@*B�JA\oMRY*EPã

1=2$ D5=2
=WE¤j/EG=WF	FOY,J/7*=WCÇFOe,=^U^MyMRY,E·9OE8=WE8j“>A@bM­F3e�EGX8MO9R>A=’=^UW@,E8F	FOJ

MOY[>QM~MOY,E8Š >Q9OEÖXG=^E§>A93=^Š²9OEGF3J/=^j/E8C�Œ¡_[J/9·MR9O>Ae'\†9OE8¹b7,EG@,X8UWE8F ! x = 2¼¢2:9 á`ü;6AË

! y = 2¼¢3:9 á`ü;6Ü>Q@,C ! z = 2¼¢7:4 á`ü;6`>QM ¼ 1 Û •I_Ÿ\†E8EGC,U^@,B´e�JÉS›EG9

>•‡¾>AB/@*E8MRU^X²»[E8=WC}JA\ ¼ 3 Þy>Q7,FOFÇ‡¾E8E8MRF°MRY,E8FOE'XG9OUkMRE89OU?>hË·F3e,=WUkMOMOUW@*B MRY,E ã

1=2
Ë

mj = ¡ 1=2$ D5=2
Ë mj = ¡ 5=2 X§>Q9O9OU^EG9‰MR9R>Q@,FOUkMRUWJA@�nbŠ ¼ 5 á`ü;6Ü\†9OJA‡ MRY*E

ã

1=2
Ë mj = ¡ 1=2$ D5=2

Ë mj = ¡ 3=2 XG>A9O93UWE89GŒ
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_1UWB/7,93Ep�,Œ^ø§•w`vá`>ABA@,E8MOUWX›»[EG=^C B >QMvMRY,EÀe,=W>AXGE’JA\[MRY*EÀUWJ/@	j/EG9OF37,F<X87,9O93EG@NM I MOY,9OJ/7*B/Y

‡¾>AU^@ÖX8J/U^= Œ

œ

Y*ED»,EG=WCÖY[>AF•n�E8EG@©‡¾EG>AFO7*9OEGC¦nbŠÜJ/n,F3EG93jgU^@,BPMOY,EDF3e,=WUkMOMOUW@*Btn�E8MmS’E8EG@

MOY,EÜX§>A939OUWE89OFtJQ\•MRY,E S1=2
Ë mj = ¡ 1=2 $ D5=2

Ë mj = ¡ 5=2 >Q@,C±MRY,E S1=2
Ë

mj = ¡ 1=2 $ D5=2
Ë mj = ¡ 3=2 MO9R>A@*FOU^MOUWJ/@*FGŒ

Ço}•[ •

svw	qPx�ÎQu’s

1

+Z€‰r~uPO´w	x�uÀs˜w•„

785
qPÍ

lm@ÁJ/9OC,E89#MRJÖF3MO7,C*ŠÇF3MR>QMRU^J/@[>A9TŠ´XGJAY,EG93EG@bMDUW@NMRE89R>AX¤MRU^J/@ÇJA\I>A@Â>“MRJ/‡¢>A@,CÂ>ÜX§>¥jgUkM)Š

‡‰JgC,EoUkM<U^FŽ@,E8XGE8FOFR>A9TŠDMRJ•FTMZ>An,U^=WU^F3E’MRY,EVXG>¥jgU^MmŠ­9OE8FOJ/@[>Q@,XGEV\†93EG¹b7,E8@,X8Š‹MRJ‚MRY,EV>QMRJ/‡‰U^X

MO9R>A@*FOU^MOUWJ/@Â\†9OEG¹b7,E8@,X¤Š/Œžlm@±J/9OC*EG9¾MOJÁ>§j/J/U^C²MRY[>QM·9OE8FOJ/@,>A@bM 729 @,‡ =^UWB/YNM¾n�E8UW@,B

e*9OEGF3EG@NMÙU^@PMRY,EyXG>¥jgUkM)ŠtSVY,UWXZY•S’J/7*=WC•e�EG93MO7,9On•MRY,EyX8J/@bMO9OJ/=^=WE8C�>“MRJ/‡­fgXG>¥jgU^MmŠtU^@bMOEG9TÆ

>QX8MRU^J/@�Ë�S›E­7,FOE‹> 785 @*‡�C,U^JgC,E	=?>AF3EG9I\†JA9IMOY,E­F3MR>An,U^=WU^FR>“MRU^JA@�FOU^@,XGE#U^MRF;\†9OE8¹b7,EG@,X¤Š



ù/” %cbqdàe�(+*gfåÅ2i¹*DCEeg*gfsj5E *g'N(Odhkk-w*�(�n+e

UWF‹\Ä>Q9‰JQ«�Æ 9OE8FOJ/@[>Q@,XGEP\†9OJ/‡¢MR9R>A@*FOU^MOUWJA@,FD>QM 729 @,‡•Œ

œ

Y,U^F‰C,UWJgC*E•=W>AFOE89‰>A@,C¯MOY,E

MR9O>A@,FT\†EG9’=WJgXZL‰>Q9OEKE8FOF3EG@bMOU?>A=�\†JA9›E¤ˆhe�EG93UW‡‰EG@NMRF’J/@tX8J/Y,E89OEG@NMoUWJA@gfgX§>§jgU^MmŠDUW@NMRE89R>AX¤MRUWJA@

>A@,C�>Q9OE‚MOY,EG93E8\†J/93EyC*EGFOX89OU^n�EGC•MRY,JA9OJ/7,BAY,=^Š·UW@~MOY,E‚\†J/=^=WJ¥SVU^@,B­FOE8X8MRU^J/@�Œ

Ìqƒ�bsƒ†… d�•�•�³;”

Ï£FOLAE¤MRXZY•JA\#MOY,E©FOE¤MR7,eâJA\#MOY,E 785 @,‡ =W>AFOE89•U^FPFOY,J¥SV@•U^@ »[B/7,93E±ÃD�,Œkø/øÉÅ¤ŒØÏ

FOU^@,B/=^EŽ‡¾JgC*E<=?>AF3EG9½C*UWJgC,E õ)� UWF�‡¾JA7,@bMOEGCyUW@y>VY,J/7,F3UW@,B õ 
1XGJ/@NMZ>AU^@,U^@,BoMOY,E5X8J/=W=^U^‡¾>“MRUkJ/@

J/ngÈ3EGX¤MRUkj/EAËK•1E8=^MOUWEG9·E8=WEG‡‰EG@NMRF~>A@,C >°MREG‡‰e�EG9O>QMR7*9OEÜFOEG@*FOJ/98Œ

œ

Y,E¦=W>AF3EG9tC,U^JgC,EÜU^F

MRE8‡¾e�E89R>QMO7,9OE#F3MR>An,U^=WU^FOE8C�MRJ·SVUkMRY,U^@Ü>·\†E¤SÚ‡¾U^=^=^UkLAEG=kjgUW@¼ŒIÏK@ÜE¤ˆgMRE89O@[>A=vY,JA=WJ/B/9O>Ae,Y,U^X

EOM

PBS

PBS

PBS

fixed
reference
cavity l/2

l/4

l/4AOM

PZT

fibre to exp. table

729 nm
lock

PD

opt.
diode grating

1800/mm

collimator

laser diode
785 nm

16 MHz

(270  60) MHz+

PI-controller

16 MHz

_vU^B/7,9OE)�,Œkø/ø�`#ãhE¤MR7,e´JA\›MRY,E 785 @,‡�C,UWJgC*ED=?>AF3EG9GŒ¾d½>AFOE89yC,U^JgC,EAË½XGJ/=^=WU^‡‰>QMOJ/9‚>A@*C

B/9O>QMRU^@,B©ÃÄd�U^MOMO9OJ¥SÚXGJ/@*»,B/7,9R>“MRUWJA@ W$�N”gË��/–[Y?ÅÙ>A9OE‹‡‰J/7,@NMRE8C¦UW@¦>~F3MR>An,=WE‹>A=W7*‡¾U^@,Uk7,‡

n�J¥ˆ¬Œ

œ

Y,E`n�E§>A‡ Ã ¼ 35 ‡KÛ Å‹U^F¾FOe,=^U^M‰UW@NMRJ°>´=WJgXZLÁn�E§>A‡ Ã ¼ 2 ‡KÛŸË<C[>AFOY*EGC

=WU^@,E¥Å›>Q@,C•>‹n�E§>Q‡{n�EGUW@*B‹\†93EG¹b7,EG@*X8ŠPF3Y,U^\]MOEGCPU^@P>‹C,J/7*n,=WEÙe[>AF3FVXGJA@*»[B/7,9O>QMRU^J/@P>A@,C

FOE8@bMIMRJ‰MOY,E	E¿ˆ*e�E89OU^‡¾E8@bM­ÃÄFOJA=WU^C•=WU^@,E¥Å¿Œ

œ

Y,E	=^JgX¿Ltn�E§>A‡�e[>AF3FOEGFIMOY,9OJ/7*B/YÜ>Q@Ü:5ß•á

C,93U^j/EG@�>QM 16 á`ü;6	>A@,C•U^FoXGJ/7,e*=WEGC•U^@bMOJ‹MRY,E•FO>A‡‰E•9OE¤\†EG9OE8@,X8E	X§>§jgU^MmŠtMOY[>QMVUWFo7,FOE8C

MRJ‰FTMZ>An,U^=WU^FOEÙMOY,E 729 @,‡�=W>AFOE89GŒ5Ï�•1J/7*@,CgfhHK93E8j/E89)fhüI>A=W=½E89O9OJA9;F3UWB/@,>A=�U^FVJ/n*MR>AUW@,E8C

>A@,C°e,9OJgX8EGF3FOEGCÂU^@Ç>`•Žl fgX8J/@bMO9OJ/=^=WE89	>AX8MOUW@,B�J/@°=?>QFOEG9yC,UWJgC*E¾XG7,939OE8@bM‹>A@,C°B/9R>QMOUW@,B

e,U^EG6GJ*Œ5d½>AF3EG9V=WU^@,E8SoUWC*MOYa` ¢ º 785 = (1:8 § 0:1) Lgü;6AŒ
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Å2i­j�i©(+fsdà'�-Ëmc*gf©m�jr&�mà*(k�dà-w*gf ùA–

BA9R>QMOUW@,Bšõ � SVUkMRY 1800 =^UW@*EGF¿–“‡¾‡àU^@�d�U^MOMO9OJ¥S!XGJ/@*»,B/7,9R>“MRUWJA@@W$�N”gËp�A–/Y;XG9OEG>QMRE8Ft>A@

E¿ˆgMREG@*C,EGCÖMO7,@,E§>Qn,=WE	9OEGF3J/@[>QMOJ/9GŒ

œ

Y,E#B/9R>“MRUW@*B¾UWFI‡‰J/7,@NMRE8CÜJ/@Ü>·e,93EGX8UWFOU^J/@`‡‰UW939OJ/9

Y*J/=WC,E89GË<»[@,E~MR7,@,U^@,B¦UWF‹C,J/@*E•nNŠ¯>Öe,UWE86GJ,Œ

œ

Y*E•EG=WE8‡¾E8@bMOFDC,EGF3XG93UWn�EGC²FOJ¦\Ä>A9D>A93E

E8@,XG=^J/FOE8C~UW@t>#F3MR>An,=^EÙ>A=W7*‡¾U^@*U^7,‡}XG>AFOEÙLAE8e*MV>QMo>	XGJ/@,FTMZ>A@NMÀMOEG‡‰e�EG9R>“MR7,93EÙJQ\ (20§
0:1)± ®

nNŠÖXGUW93XG7,=W>QMRU^@,B·SÀ>QMOEG98Œ‰ÏI\]MOEG9•e,>AFOF3UW@,BPMOY,9OJ/7*B/Y´>A@©JAe*MRU^X§>A=vC,UWJgC,E	õ)%•SVU^MRY

60 C[‘žU^FOJ/=W>QMRUkJ/@�MRY,E­=WU^B/YbMKU^FÙFOe*=WU^MKnbŠÜ>~e�JA=?>A93UWF3U^@,B·n�E§>A‡�FOe,=^U^M3MREG98Œ

œ

Y,E‹e[>A93M‚JQ\

MOY,E‚=^UWB/YNM’n�EGU^@,B‹7,F3EGCP\†JA9’MRY*E••1J/7,@*CgfhHK93E8j/EG9mfhüK>Q=W=<ÃÄ•5HKüÙÅ’=WJgXZLDMRJ­MRY*E‚9OE¤\†EG9OE8@,XGE

XG>¥jgUkM)Š#U^F™e,Y,>AFOEo‡‰JgC,7,=?>“MREGC	SVU^MRY‹>A@D:›ß•áyõ ' >“M 16 á`üI6V>A@,CD>‚•<HÙü±EG939OJ/9™F3UWB/@,>A=

U^F’J/n*MZ>QUW@,E8CyWÓùAý[Y<Ã†FOEGEÙ»,B/7,9OEDÃD�,ŒkøÉ”/ÅOÅ¿Œ

œ

Y,UWFÀE89O93J/9ÀF3UWB/@,>A=¬UWF›\†E8C~MOJD>­•Žl fgXGJ/@NMR93J/=W=^EG9

>QX8MRU^@,BÙJ/@­MRY*Eo=W>AFOE89™C,U^JgC,EÀX87,9O93EG@NMIÃ†\Ä>AFTMŽn,9R>Q@,XZYaÅ™>AFvS’E8=W=,>QFŽJA@‹MOY,EÀB/9R>QMOUW@,BÉfge,U^E86GJ

Ã†FO=^JÉS n,9R>A@*X¿YaÅ¿Œ

œ

Y,E‚=^UWB/YNM›@,JAMÀn�EGU^@,B­7,FOE8C~\†J/9›MRY*EÙ=WJgXZL‰UWF›C,UW93EGX8MOEGCtMmSVUWX8EKMR93J/7,B/Y

>Q@ÜÏ;ß•á ÃÄC,J/7*n,=WE	e[>QFOFZÅI>A=^=WJ¥SVU^@,BD\†J/9K>A@`JÉj/E89R>A=^=ºX8J/@bMOUW@b7,J/7,F;\†9OEG¹b7,E8@,X¤ŠÜFOY*U^\]MKJA\

¼ § 120 á`üI6QŒŽÏ;\]MRE89ŽMOY[>QMŽU^MŽU^FŽX8J/7,e,=^EGCDUW@NMRJ•>K»[n,9OEV>A@,CDFOE8@bM<MOJ‚MRY*EVE¿ˆ*e�E89OU^‡¾E8@bM

MR>An,=^EAŒ<d�E8FOFVMRY[>Q@ 1 ‡IÛ JA\1=WU^B/YbMÀU^FVF37wv‰XGU^EG@bMV\†J/9oF3MR>An,U^=WU^FOU^@*B­MRY*E‚MR9R>Qe•X§>§jgU^MmŠ/Œ

VXW2Y W�Z

W�Y W.W

W�Y W�Z

W�Y\[]W

W�Y\[^Z

_ `

a b

c̀

d

a e

fJgih:jlkXhnm)o

V�W�Y p

W�Y WVXW�Y q

W�Y q

W�Y p

W�Y r

_1UWB/7,93E;�,ŒkøÉ”š`™:Ž9O9OJA9’FOU^B/@[>A=�J/nhMZ>AU^@,EGC·nbŠ¾FOXG>A@,@,U^@,B#MRY,EK=?>AF3EG95jgU?>yMRY,EKB/9R>“MRUW@*B#J¥j/EG9

MOY,EI93EGF3J/@[>A@,X8EKJA\¼MOY,EI93E8\†EG93EG@,X8EKX§>§jgU^MmŠ/ŒŽHK7,E;MRJ•MRY,E;\Ä>QF3M›FOXG>A@·9R>QMOE#Ã >AF5X8J/‡¾e,>A9OE8C

MOJ•MOY,E‰X§>¥jgUkM)ŠÖC,EGXG>¥Š¦9R>QMOE¥Å¤ËºU^@,XGJA‡¾U^@,BP=^UWBAYbM‚UW@bMOEG9T\†EG9OE8F•SVU^MRY¦MRY,E‰=^UWB/YNM•FTMRJ/93EGC°U^@

MOY,E•X§>§jgU^MmŠ/Ë[=^E§>QC,UW@,B­MOJDMOY,E•J/n,F3EG93j/E8C´³Ó9OUW@*B/UW@,B*¶^Œ
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Ìqƒ�bsƒ ‚

c

Œ�"�•8� Œl—q•�� ™#ª\•���•

c

‰#!�•a’x‰�•

785
"à›

œ

J·C,E¤MRE89O‡‰UW@,E‚MRY,Ey=WU^@,E8SVU^C*MRYPJA\vMOY,E	=W>AFOE89;UkM;UWFVEGF3FOE8@bMRUW>A=½MOJ¾Lb@,JÉS•MRY*E	=^UW@,E¤SVUWC*MOY

JA\�MRY,EKX§>§jgU^MmŠ¾UkM’U^F’=^JgXZLAEGC·MRJ,Œ

œ

Y,EKX§>¥jgUkM)Š‰=WU^@,E8SVU^C*MRY¾XG>A@tn�EÙXG>A=WX87,=?>“MREGC¾\†93J/‡}MRY*E

X§>§jgU^MmŠ#»[@*EGFOF3E F >QFŽS’>AF<‡‰E§>AF37,9OE8C‰U^@VWÊø/øZY,MRJ‚n�EV93J/7,B/Y,=kŠ 14000 ÃFw ¸ ¼ 785 @,‡·Å

nbŠÙC,E¤MREG93‡¾U^@,UW@*BÀMOY,E<C,E8X§>§ŠÙMRUW‡‰E™JQ\gMRY,EŽX§>¥jgUkM)ŠAŒ1lm@‚MRY,U^F�MRY,E8FOU^Fº>A@y>AX8XG7,9O>QMRE<‡‰E8MOY,JgC

\†J/9#‡¾EG>AFO7*9OUW@*BÜMOY,EtX§>¥jgUkM)Š°=^UW@*E8SVUWChMRYÇ7*FOUW@*BÜMRY,EtEG939OJ/9­F3UWB/@[>Q=›UWF­C*EGFOX89OU^n�EGC�Œ°‘›Š

MR7*@,UW@,BÖMRY,EPE¤ˆgMRE89O@[>A=VB/9O>QMRU^@,B,ËŽMRY,EP=?>AF3EG9DU^FDFOXG>A@,@,E8C�JÉj/E89DMRY,EP9OE8\†E89OE8@,XGE�XG>¥jgU^MmŠ

9OE8FOJ/@,>A@,XGEK>A@,C‰MRY,E;EG939OJ/95F3UWB/@[>Q=[UWF593EGX8J/9OC,E8C�Œ<‘›ŠDXGJ/‡‰e[>A93UW@,B‚MRY*EIX8EG@bMO9R>A=ae�E§>AL‹JA\

MRY*EyE89O93J/9VF3UWB/@[>Q=¼SVU^MOY�>‹@g7,‡‰E89OUWXG>A=�F3UW‡­7,=W>QMOU^JA@yW$���*Ë��"!	Y Ë*»[@,EGF3FOE F >Q@,C•FOXG>A@,9R>“MRE

º !
W$�0�hË+�"!	YÀ>A93E·C,E¤MRE89O‡‰UW@,E8C ÃÄX¤\)Œº»,B/7,9OEÖÃD�,Œkø¥–NÅOÅÙMRJ`n�E F = 16500§ 1000 >A@,C

x4y{z|y�}

y{z|y�y

y{z|yI}

y{z�~Cy

y{z�~Q}

••€

‚ ƒ

€„
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‚ †

‡‰ˆ‹Š•Œ•Ž

m•^‘

y
~Cy

x“’Iy ”

y

’Iyx�~�y

_vU^B/7,9OE)�,Œ^ø§–w`

®

E8@bMR9O>A=5e�EG>AL¦JQ\’MRY,E‰EG9O93J/9yFOU^B/@[>Q= Œ·_[9OJA‡�MOY,E¾E¿ˆhe�J/@,E8@bMRUW>A=<C,EGXG>¥Š

Ã†MOY,UWXZLÁFOJA=WU^C¯=WUW@*E¥Å­JA\KMRY*E�J/FOX8UW=^=?>“MRUkJ/@,F‹MOY,E•»[@*EGFOF3E F = 16500§ 1000 X§>A@�n�E

X§>Q=WXG7*=?>QMOEGC�Œ¾Ã

œ

Y,UWFÙY[>QF‚n�EGE8@©C,JA@,E­\†J/9KFOE¤j/EG9O>A=ŽF3X§>A@,FÙMRJ~JAn*MZ>AU^@`MRY,E­B/Ukj/EG@ÜjQ>A=^7,E

>A@,CÜU^MOFKEG939OJ/9RÅ¤Œ

œ

Y,E­FOU^‡‹7*=?>QMOU^JA@ÇÃ†MRY,U^@Ü=^UW@,E§ÅV7,F3EGFÙMRY*E‹>An�J¥j/E#»[@,EGF3FOED>A@,C¦>·F3X§>A@

9R>“MREÀJA\ º ! = 15:8 Œ

œ

Y*EV>A‡‰e,=WUkMO7,C,E›Y[>AF™n�E8EG@D@,J/9O‡¾>A=^U^F3EGC#MOJÙ»,M™MOY,EÀE¤ˆhe�EG93UW‡‰EG@NMZ>A=

C[>QMR>*Œ;HKE¤jhUW>QMOUWJ/@,F;JA\ŽE¿ˆhe�EG9OU^‡¾E8@bMÙ>A@*CÜF3UW‡­7,=W>QMOU^JA@�>A9OE	e*9OJ/n[>Qn,=^ŠPC,7*E	MRJ‰jQ>A93ŠgU^@,B

FOXG>A@•j/E8=WJgX8U^MmŠtX§>Q7,FOE8C`nNŠtMRY,E•B/9O>QMRU^@,B‹e,U^EG6GJ*Œ



Å2i­Å�i@%.dq¡.jI(s¢ -
(wd;•×j�k�j†-šd;(
jZ&�' ù/ù

º ! = 15:8 § 0:7 Œ

œ

Y,Et@*J/9O‡¾>A=^U^FOE8C´FOX§>Q@,9R>QMOE º !
U^F	C,E¤»[@,E8CÂ>AF	MOY,E·F3X§>A@,9O>QMRE·U^@

7*@,U^MOF­JA\;Y[>A=k\;JQ\VMRY,EtX§>¥jgUkM)Š°=^UW@,E¤SVUWChMRY Ã ¢ º cav = c=(2F L) Å	e�EG9­X§>¥jgUkM)Š°E8@,EG93BAŠ

FTMRJ/9O>AB/EÙMRUW‡‰E ¿`

º ! :=
2F L _! ¿

¼c
; Ã7�,Œ$�NÅ

SVY*EG9OE L U^F’MRY,E‚XG>¥jgUkM)Š·=WE8@,BAMOY�Œ<_[93J/‡ªMOY,EÙ»[@*EGFOF3E F >­XG>¥jgU^MmŠ·=WU^@,E8SVU^C*MRY ¢ º cav =
(45§ 2:5) Lgü;6yU^FoXG>A=WX87,=?>QMOEGC�ŒŽ_[9OJA‡ØMOY,E•X8J/‡‰e[>A9OU^FOJ/@~JQ\1EG9O93J/9oFOU^B/@[>A=�>A‡‰e,=^UkMR7,C*E

SVY*EG@PF3X§>A@*@,UW@,B#MOY,EÙ=W>AFOE89’FO=^JÉSV=kŠ‰JÉjAEG9’MOY,EÙXG>¥jgU^MmŠ¾93EGF3J/@[>A@,X8E•>A@*C~93‡¾F’>A‡¾e*=WUkMO7,C,E

SVY*EG@#MRY,E›=W>AFOE891U^Fº=WJgXZLAEGC	S’E’XG>A@#EGFTMRUW‡¾>QMOE<MRY,E›=W>AFOE89º=WUW@*E8SVUWChMRYynbŠ	>Ae*e,9OJ§ˆ*U^‡·>“MRU^@,B

MOY,EoXGE8@bMR9O>A=,e[>A9TM<JA\aMRY,EoE89O9OJA9ŽFOU^B/@[>A=hnbŠ‹>ÙF3MR9O>AUWBAYbMŽ=^UW@,EQŒvi;FO7[>A=^=^ŠyMRY,EV>AX¤MR7[>Q=,EG939OJ/9

F3UWB/@,>A=,U^FŽE8j/EG@¾F3MOEGE8e�EG95UW@‹MRY*EV9R>A@,BAEoSVY,E89OEVMRY*E;=W>AFOE89ŽUWFŽ=^JgX¿LAE8C·>Q@,CDMRY*EG9OE¤\†J/9OEoMOY,UWF

>Q@[>A=^ŠgF3UWFÙ9OEGF37,=^MOF•UW@¦>~XGJ/@*FOEG9TjQ>QMOU^j/E‹jQ>A=W7*E­\†J/9ÙMOY,ED=WU^@,E8SVU^C*MRY¼Œ­_[J/9KMRY,E­MR9R>A@*F3\†EG9mf

=^JgX¿L¾=?>AF3EG9ÀS’E•J/n*MZ>QUW@a` ¢ º 785 = (1:8 § 0:1) Lgü;6AŒ

Ço}šÇ

-�w/.*+¿„�• aD„ºwy—R+�_�+Gx½w•„�+I€#q

œ

Y*E©=W>AFOE89P>QM 785 @*‡ >A=^=WJ¥SVF·MRY,EÜMR9R>Ae XG>¥jgU^MmŠ�MRJÂn�E¦9OE8FOJ/@[>Q@bMPSVUkMRY =WU^B/YbM~>QM

729 @,‡ SVU^MRY*J/7*M­Y[>§jgUW@,B`MOY,UWF#=^UWB/YNM	e,9OE8FOEG@NMDUW@°MOY,EtX§>§jgU^MmŠ/Œ

œ

Y,Etn[>AFOU^X·FOXZY,EG‡‰E

JQ\5MOY,E­MR9R>Q@,F3\†E89‚=WJgXZL�UWF‚>QFÙ\†J/=W=^J¥SVFI`;S›E‹\†9OE8¹b7,EG@,X¤ŠbÆ =WJgXZL`MOY,E 785 @,‡ÔC,U^JgC,E­=?>AF3EG9

MOJ·MOY,E#FO>A‡¾E	7,=kMR9R>ÉÆmF3MR>An,=^E•9OE8\†E89OE8@,XGE­X§>§jhUkMmŠÇÃ†X8\)Œ+W$�[Y]Å;>AFIMOY,E 729 @,‡

œ

U�`ÓFO>Ae,e,Y*UW9OE

=W>AFOE89GŒŽ‘›Š·FTMZ>An*UW=WU^F3U^@,ByMRY,EKMR9O>AetX§>§jhUkM)Š‰MOJ­MOY,EÙC,U^JgC,EK=?>AF3EG9›\†9OE8¹b7,EG@*X8Š/Ë,MRY*EÙ=WE8@,BAMRY*F

JQ\V93E8\†E89OEG@*XGE~>A@,C´MR9R>QeÇXG>¥jgU^MmŠ´>A93E¾»hˆ*E8CÁ9OE8=?>QMOU^j/EDMRJ`EG>AXZYÁJQMRY,E89GŒ`_[7,9TMRY,E89O‡‰J/9OEQË

MOY,E;=^EG@*BAMRYDJA\¬MRY,EoMR9O>Ae‰X§>§jgU^MmŠ‹UWF™»*ˆhEGC¾9OE8=?>QMOU^j/EÀMOJ•MRY*EVSÀ>§j/EG=^EG@,BQMRY¾JA\¬MOY,E 729 @,‡

œ

U�`ÓFO>Ae,e,Y*UW9OEo=W>AFOE89GŒ™‘›Š­X¿Y*JgJ/FOU^@,By>•X8J/@Nj/EG@,U^EG@NM›=^J/@,B/UkMR7,C*U^@[>A=h‡‰JgC,EoJA\�MRY*E 785 @,‡

=W>AFOE89‹>A@,C¯>Ae,e,=kŠgUW@,BÖ>A@¯>Ae*e,9OJ/e*9OU?>“MRE·\†93EG¹b7,E8@,X8ŠÂF3Y,U^\]M­MOJÖMOY,E~C,UWJgC,Et=W>AFOE89‹=^UWB/YNM§Ë

MOY,EÙ=^EG@*BAMRY·JA\�MRY*EKMO9R>AetXG>¥jgU^MmŠ¾U^FÀ>QC“È37,F3MOEGC~7,@NMRU^=�MOY,EKX§>¥jgUkM)Š‰UWF›9OEGF3J/@[>Q@bMÀSVUkMRY¾MRY,E

729 @,‡¢=^UWB/YNM§Œ

œ

>ALbUW@,BÜUW@NMRJÜ>AXGX8J/7,@NM‰>�MRY,E89O‡¾>A=›E¿ˆ*e,>A@,FOU^J/@ÁXGJgEZv‰X8UWE8@bM‹\†JA9	MRY,E

MO9R>Ae¦XG>¥jgU^MmŠÜ‡¾JA7,@bM‰ÃÄF3MOEGE8= Ë½e*UWEG68JPXGEG9O>A‡‰UWX8FZÅKJA\ 10¡ 5=Ð‹Ë�>tMRE8‡¾e�E89R>QMO7,9OE‹XZY[>A@,B/E

JQ\�=WE8FOF<MRY[>Q@ 2 Ð•>A=W93E§>AChŠ‹9OEGF37,=^MOF5UW@¾>y9OE8FOJA@[>A@,X8EKF3Y,U^\]M5JA\¼J/@,EV\†9OE8EIF3e�EGX8MO9R>A=a9R>A@,BAE

Ã ¼ 7 Þ•üI6§ÅÀJA\1MRY,E•MO9R>Ae•X§>§jgU^MmŠ/Œ›lm@•MOY,UWFoX§>AF3EAË¬>DC,Uk«¼E89OE8@bM;=WJ/@*B/U^MO7,C,U^@,>A=¼‡‰JgC,E‚\†J/9

MOY,EIC,U^JgC,E;=?>QFOE895Y[>AF5MOJ	n¬EV\†J/7,@,C‰MRJ	F3MZ>Qn,UW=^U^FOE;>AB/>AUW@‰7*FOUW@*B	MOY,UWF<C,J/7,n,=^E;9OE8FOJ/@[>Q@,XGE

F3X¿Y*EG‡‰EAŒy];E8j/E893MRY*EG=WE8FOF‹U^M	MO7,9O@,E8CÁJ/7*M#MOY[>QM‹>`XG>¥jgUkM)Š´C*9OU^\]M	JA\VJ/@*E·\†9OE8EtF3e�EGX¤MR9R>Q=

9O>A@,B/E�C,JgE8Ft@,JQMtJgX8XG7,9¾j/E893Š²JA\]MRE8@ŸÃ >Qn�J/7*Mt–©MRUW‡‰EGF‰U^@âø¥•´E¤ˆhe�E89OUW‡‰EG@NMZ>A=;937,@,FZÅ

=^E§>§jgUW@,BD>D=^J/@,B‹EG@,JA7,B/YPMRUW‡‰EKMRJDe�EG9T\†J/9O‡{E¤ˆhe�EG93UW‡‰EG@NMRFGŒ
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Ï�FOLAE¤MRXZY�JA\;MOY,E~MO9R>AeÂXG>¥jgU^MmŠÇFOE¤MR7,e¯UWF­B/U^j/E8@¯U^@Á»,B/7,9OE©Ã7�,ŒkøK�bÅ¿Œ

œ

Y,E•FTMZ>An*UW=WU^F3EGC

785 @,‡£=WU^B/YNM	=^E§>§jhU^@,B•MRY,E¾»[n*9OE·UWF	e,Y,>AFOEt‡‰JgC,7*=?>QMOEGC´nbŠ°>A@Ç:›ß•á ® ( C,93U^j/E8@Á>QM

16 á`üI6¾>A@,C´UWF•X8J/7,e,=^EGC´UW@NMRJPMOY,EDMR9R>Qe´X§>§jgU^MmŠÖjgU?>•>Pe¬JA=?>A93UWF3U^@,BPn�EG>A‡�FOe,=^U^M3MREG98Œ

œ

Y,E 729 @,‡ =WU^B/YbMDU^F‰XGJA7,e,=^EGC�U^@bMOJ¦MRY,E�XG>¥jgU^MmŠÁ\†93J/‡àMOY,E�J/e*e�J/FOUkMRE•F3UWC,EQŒ

œ

Y,E

9OE¤¸[EGX¤MRE8C 785 @*‡à=^UWB/YNM­UWF­C,U^FOe�EG93FOEGC¯nbŠÁ>ÖB/9R>“MRUW@*B¯Ã 1200=‡‰‡tÅ•MRJÖFOEGe,>A9R>QMOEPU^M

\†9OJA‡ÚMRY,E 729 @,‡�MR9O>A@,F3‡¾U^FOFOU^J/@­=WU^B/YNM™n�E8UW@,B‚‡‰J/@,U^MOJ/9OE8C#SVU^MOY‰>

®o®

HúXG>A‡‰EG9R>‚>A@*C

>Ùe*Y,JAMRJgC*UWJgC,EQŒ

œ

Y*EÀ»[9OFTM<JA9OC,E89™B/9R>“MRUW@*BK9OE¤¸[EGX¤MRUWJA@‰>“M 785 @,‡�U^F1\†JgXG7,F3EGCDJ/@D>I\Ä>AF3M

e,Y,JQMRJgC,U^JgC,E¯® õ MRJtJAn*MZ>AU^@Ü>t•1J/7,@*CgfhHK9OE¤j/EG9mfhüK>Q=W=vE89O9OJA9KFOU^B/@[>A=1>Q\]MOEG9K‡‰UkˆhU^@,B‰SVUkMRY

MRY*Et‡¾JgC,7*=?>QMOU^J/@©\†9OE8¹b7,EG@,X¤Š/Œ

œ

Y,EtEG939OJ/9#FOU^B/@[>Q=›U^F#e,9OJgX8EGF3FOEGC¯U^@Á>Ü•Žl ÆmXGJA@bMR93J/=W=^EG9

EOM

PBS

trap cavity

l/4

fibre 785 nm

729 nm

PD
785 nm

grating

CCD/PD 785 nm
transmission

l/4

CCD/PD 729 nm
transmission

grating

PBS

16 MHz

PZT PZT

PI-controller

16 MHz

_vU^B/7,9OE–�,Œ^øI�O`ÙãhE¤MR7,e¦JA\<MOY,E­MO9R>AeÖXG>¥jgUkM)Š`=^JgXZL�Œ

œ

Y,E‹=WU^B/YbMK>QM 785 >A@*C 729 @*‡ÔU^F

XGJA7,e,=WE8CyUW@NMRJoMOY,E<X§>§jhUkM)ŠK\†9OJA‡âJ/e,e�J/F3U^MREŽC,U^9OEGX¤MRU^J/@,F�U^@	>oF3Šg‡‰‡¾E¤MR9OU^X™SÀ>§Š/Œ™Þ‚9R>QMOUW@,BAF

Ã 1200= ‡‰‡tÅDJ/@ n�JAMOY F3UWC,E8FPF3EGe[>Q9R>QMOEÖMOY,EÖn�E§>Q‡¾F~>A@,C E8@,FO7,93E¦XGJ/@NMR9OJA=ÙJQ\yMOY,E

MR9O>A@,F3‡¾UkMOMRE8Cye�JÉS’E89v>QMºn�JAMRYySÀ>§j/EG=^EG@,BAMOY,FºSVU^MOY,J/7*Mºe�EG93MO7,9On,>QMRU^J/@	nNŠ•9OE8¸,EGX8MOUWJ/@*F1JA\

MRY*EÙJAMOY,EG9’=^UWB/YNM§Œ

œ

Y,E 785 @*‡ª=WUWBAYbM›U^F›e,Y[>AF3EÙ‡¾JgC,7*=?>QMOEGCt>Q@,C·SVU^MRY¾MRY,EKF3MR>A@,C[>A93C

MRE8X¿Y*@,UW¹b7,E8FP>Ç•1J/7,@,CbfhHK9OE¤j/EG9mfhüK>A=^=KEG939OJ/9·F3UWB/@,>A=;UWF¾J/n*MZ>QUW@,E8C�MRJÇ=^JgXZLÂMOY,E`MR9O>Ae

X§>§jgU^MmŠtMOJDMOY,E 785 @*‡!=WU^B/YbMGŒŽd�E8@,FOE8FK>A9OE‚J/‡‰U^MOMOEGCt\†J/9ÀMOY,E•FR>ALQEyJA\vX8=?>A93U^MmŠ/Œ
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>QX8MRU^@,B`J/@ÇJ/@,E·JA\oMOY,E¾MR9R>QeÇX§>§jhUkM)Š©e,UWE86GJ/F8ŒÖ‘›Š´X¿Y,>A@,B/U^@,B�MRY,E·JA«¬FOE8M)fbj/J/=kMZ>AB/E¾JA\

MOY,EKJAMRY,E89’e,U^EG6GJ*ËgMRY,EKF3MR>A@,C,U^@,B#S’>¥j/EÙe[>“MOMRE89O@tX§>Q@~n�EKFOY,Uk\]MRE8Ct9OEG=W>QMRUkj/E;MOJ#MOY,EKUWJ/@�Œ

ßÙ@¦MOY,EDFOU^C,E‹MOY[>QM‚MRY*E 729 @,‡Ô=WU^B/YbMÙUWF‚X8J/7,e*=WEGC¦UW@�Ë½>~B/9R>“MRUW@*B~UWF•>AB/>AUW@Ö7,F3EGC©MRJ

F3EGe[>Q9R>QMOE‹MRY,E­MR9O>A@,F3‡¾UkMOMRE8C 785 @,‡�\†93J/‡�9OE8¸,EGX¤MREGC 729 @*‡Ô=WUWBAYbMGŒ

œ

Y*E 785 @,‡

MO9R>A@*FO‡‰UWFOF3UWJ/@~U^Fo‡¾J/@*U^MRJA9OE8C~SVUkMRY•>

®o®

H�>AFoS’E8=W=�>AFoSVUkMRY•>De,Y,JQMRJgC,U^JgC,EAŒ

Ìqƒ»ÌqƒŽ‚ PR!"•š‰—��žlŒ5!¬��Œ�"¾•z•���•¤‘“’O‰#"h!¬ªö•a’

c

™L4KÍ

œ

Y*EDE¤ˆhe�E89OUW‡‰EG@NMZ>A=ve,93JgXGE8C,7,9OE‹MOJ•>QX¿Y*UWE8j/E‹C,JA7,n,=WE­93EGFOJA@[>A@,X8EDJA\5MOY,E­MR9O>AeÖX§>¥jgUkM)Š

SVUkMRYÜMRY,E 785 @,‡�>A@*C¦MOY,E 729 @,‡Ô=?>QFOEG93F‚UWF‚>AFÙ\†J/=W=^J¥SVFI`KnNŠÜFOX§>Q@,@,UW@*B~MRY,E­MR9O>Ae

XG>¥jgUkM)ŠAËNMR9O>A@,F3‡¾U^FOFOU^J/@‹JA@DMRY*E 729 @,‡

œ

:5á

00
‡¾JgC,EÀUWFŽ93EGXGJA9OC,E8CÜÃÄC,7*EoMRJ‚MRY,EoFOX§>Q@

9O>A@,B/EIJQ\�MRY,E;MR9R>Qe·X§>¥jgUkM)ŠDn�EGUW@*B#=WU^‡‰UkMOEGCDMRJ­>Qn¬JA7*M’J/@,E;\†9OE8EKF3e�EGX8MO9R>A=¬9O>A@,B/EQËgMRY*EG9OE

U^F#J/@,=kŠ´J/@*EtFO7,XZYÂ‡‰JgC,E¥Å¿Œy];JÉS¡MRY,E·S’>¥j/E8=WEG@*BAMRYÁJA\oMRY,EtC*UWJgC,E·=W>AFOE89#Y[>AF#MOJÖn�E

XZY,J/F3EG@�UW@ÂFO7,XZY±>ÖSÀ>¥ŠÁMOY[>QMDMRY*E !AûNùÖ@,‡à=WU^B/YbM‹U^F‰>A=WF3J©93EGFOJA@[>A@bM‰\†JA9Dn�JAMRYÂMRY,E

93E8\†E89OEG@*XGE¾>Q@,CÖMRY,E­MO9R>AeÖX§>§jhUkM)Š�SVUkMRY,U^@ÜMRY,E‹9O>A@,B/E­JA\ § 120 á`üI6‹n�EGU^@,B~XGJÉj/E89OE8C

nNŠ~MOY,E•C,J/7,n,=^E•e[>QFOF;Ï;ßyá©Œ�i;FO7[>Q=W=^ŠAË*MRY,U^FVXG>A@�n�Ey>AXZY,UWE¤j/EGC�nbŠtMO7,@,UW@*BDMOY,EyC,U^JgC,E

X87,9O93EG@NMÀ>A@,C¾MOY,EG93EGnNŠ¾F3EG=^EGX8MOUW@,ByJ/@,E;JA\¼MRY,E;C,UWJgC,EQ¶ÓF5=^J/@,B/UkMR7,C*U^@[>A=,‡‰JgC,E8FGŒŽ_vU^@,C,UW@*B

>tXGJ/@Nj/EG@,U^EG@NMy=WJA@,B/U^MO7,C,U^@,>A=º‡¾JgC,E­U^F‚F37,n,F3MR>A@bMOU?>Q=W=^Š�>AUWC*EGC¦nNŠ`MRY,E‹9OJAn,7,F3M•=^JgX¿L�JA\

MOY,E 785 @*‡ =?>QFOEG9¾C,U^JgC,E�JÉj/E89t>°C,U^JgC,E�XG7*9O9OE8@bMt9R>A@*B/E�\†93J/‡ ¼ 60 ‡‰Ï�7,e�MOJ

¼ 105 ‡¾Ï•>Q@,CtMRY,E‚>An*UW=WUÊM)Š‹MRJ­=WJgXZLDMRY,EKMO9R>AetX§>¥jgUkM)Š¾7,FOU^@,B‹>#j/EG9TŠt=WJ¥S =WUWBAYbM›=WE¤j/EG=

Ã†C,JÉSV@ÁMOJ ¼ 10 ¹ Û Å¿ŒŽüI>¥jgUW@*BÖ\†JA7,@,C¯>ÜXGJA@bj/EG@*UWEG@NM‰‡‰JgC,EQËŽMRY,E 785 @,‡¢C,UWJgC,E

=W>AFOE89oX§>A@•n�Ey=^JgX¿LAE8C•J/@bMOJDMRY*Ey93E8\†E89OEG@*XGE	XG>¥jgU^MmŠAŒ

œ

Y*E•MR9R>Qe•X§>§jgU^MmŠ~U^FoMOY,EG@•=WJgXZLAEGC

JA@bMRJ�MRY*E 785 @,‡£C,U^JgC,E¾=?>AF3EG9GŒ�l M­U^F#@*JÉSª>A=WF3J`F3MZ>Qn,UW=^U^FOEGC´9OEGF3J/@[>Q@bMR=kŠ©SVUkMRY´MRY,E

729 @,‡!=^UWB/YNM§Œ
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ÏÝe,9OE8XGJ/@,C*U^MRU^J/@¯\†JA9DMRY,E�XGJA@bMR93J/=W=^EGC¯UW@NMRE89R>AX¤MRU^J/@¯JA\•>©FOUW@*B/=WEPUWJA@¯SVU^MOY±>©FOUW@*B/=WE

E8=WE8X8MR93UWX‰»[EG=^CÇ‡¾JgC,E¾UWFyMRY,E·‡·>AFTMRE893Š´JA\oMOY,E·MmS’JÜUW@,C*U^jgUWC,7,>A=<F3ŠgF3MOEG‡‰FGŒÖÛ Y*EG9OEG>AF

MOY,E;J/e�E89R>QMOUWJA@‰JQ\¼MOY,E;XG>¥jgU^MmŠ‹U^F<E¤ˆhe,=W>AUW@*EGC‰UW@DXZY[>Ae*MOEG9KÃ7�NÅ™FOE8X8MRU^J/@`Ã7�,Œ��bÅ¤Ë/MRY,Eo\†JgXG7,F

JQ\[MOY,UWFºX¿Y[>Qe*MRE89vUWF1J/@	MRY,E›e,9OE8e[>A9R>“MRUWJA@­>Q@,C­XGJA@bMO9OJ/=gJA\,MRY*E’9OE8‡·>QUW@,U^@,B;XGJA@,F3MOU^MR7*EG@bMGË

MOY,EÙFOU^@,B/=^EIUWJ/@¼Œ™ÏI\]MOEG9’B/U^jgU^@,B­>#n[>AF3UWXKJ¥j/EG93jgU^E8S JQ\½MOY,EÙE¿ˆ*e�E89OU^‡¾E8@bMZ>Q=¬e,9OJgX8EGC,7,93EGF8Ë

F3J/‡‰E¾93EGF37,=^MOF#>A9OE‰e,93EGFOE8@bMOEGCÇMOY[>QM	XZY[>A9R>QX8MRE89OU^FOE‰MRY*E‰MR9O>AeÇ>Q@,C°X8J/@*»[93‡�MRY[>“MyMRY,E

MO9R>Ae*e�EGC•UWJ/@PU^FÀS’EG=^=�X8J/@NMR9OJA=W=WE8C�Œ

šN}I~ ›

uVq~uÀs™w§_

 

s+€¾š’uor•|ts1u €yÎ�„º€~u

&:'*)

uÀsI+GÍ uVq‹„ºx

œ

Y*EDE¤ˆhe�EG93UW‡‰EG@NM•UWFÙ9O7,@¦UW@ÜMmS’JPC,Uk«¼E89OE8@bM•‡‰JgC,E8FGŒ#lm@¦MOY,E‹XGJ/@NMRU^@g7,JA7,F‚‡¾JgC*EAË½>Q=W=

=W>AFOE89OF<X§>Q@¾n�E;FTSVU^MRXZY,E8C·J/@¾>A@*C¾JQ«PnbŠ‹Y[>A@*C�Œ

œ

Y,EV¸[7,J/93EGF3XGEG@*XGEK9R>QMOEVUWFŽ‡¾EG>AFO7*9OEGC

\†JA9•>~»*ˆhE8C©MRUW‡‰EPÃ†7,FO7[>Q=W=^Š 100 ¹ FRÅ‚>A@,C¦C,UWF3e,=?>§Š/EGC¦XGJ/@NMRUW@b7,J/7*FO=^ŠAŒ

œ

Y,U^F•‡‰JgC,E‹UWF

7*FOEGC�MRJ¾=^JN>AC~MRY,E•MR9R>Qe�ËaB/E¤MI9OUWC•JQ\™7,@bS’>A@bMOEGCÜU^J/@,F	ÃÄUk\™>‰XG=^J/7,C•J/9VMOJgJ¾‡¾>A@bŠ~U^J/@,F

>Q9OE·=WJ/>AC,E8CaÅy>A@,C°MRJÜU^‡¾e*9OJÉjAE·HKJ/e,e*=WEG9	XGJgJ/=^UW@,B,Œ•l M­U^F­>A=^FOJ`7,F3EGCÇ\†J/9#>A=W‡‰J/FTM­>Q=W=

>Q=WUWBA@,‡‰E8@bMoe*9OJgXGE8C,7,93EGFK>QFoS’EG=^=½>QFV‡¾U^XG93J/‡‰JAMOU^JA@~XGJA‡¾e�E8@,FR>QMOUWJA@ WÊø¥•[Y Œ

œ

Y,E‹>AX8MO7[>A=1E¿ˆ*e�E89OU^‡¾E8@bMRFÙ>A9OE#e�E893\†J/9O‡‰E8CÜUW@�MRY,E#e,7,=WF3EGCÖ‡‰JgC,EQŒ

œ

Y,E­B/E8@,EG9O>A=

e*9OJgXGE8C,7,93Ey\†JA9ÀMRY,U^FV‡‰JgC,E‚U^F;>QFo\†J/=W=^J¥SVFI`

²
œ

Y,E­U^J/@`U^FKX8JgJ/=^EGC�jhUW>·HKJ/e*e,=WE89KXGJgJA=WUW@*B·>A@*CÜe,9OE8e[>A9OE8CÖUW@`F3J/‡‰E¾³ÓF3MR>A93MOUW@,B,¶

F3MZ>“MRE¾ÃÄ7*FO7[>A=^=^Š¾MRY*EyE8=WE8X8MR93J/@,U^X‚B/9OJA7,@,C•FTMZ>QMOE¥Å¤Œ

²
œ

Y,EG@`>‹e,7,=WF3E•FOE8¹g7*EG@,XGE	UWFV>Ae*e,=WU^EGCtMRJ‹MRY,E•UWJA@�Œ

² ÏI\]MRE89oMRY,>QMoMRY,E•EG=^EGX¤MR9OJA@,UWX‚FTMZ>QMOE•UWFoC,E¤MREGX¤MRE8C�Œ

ùAý
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œ

Y,U^F#FOEG¹b7,E8@,XGEPU^F	9OEGe�EG>QMRE8C 20Ë 100 J/9 200 MOUW‡‰EGF	>A@,C°MRY,Et>§j/EG9O>AB/E·E¤ˆhXGUkMZ>QMOUWJ/@

9R>“MRE~MRJ¦MRY,E D5=2
=^E8j/E8=VUWFDXG>A=WX87,=?>“MREGC¼Œ¯ÏI\]MRE89DMOY[>QM§Ë›XZY[>A@,BAEGF¾U^@ÂMRY,E•E¿ˆhXGU^MR>QMRU^J/@

e,93JgXGEGC*7,9OEyXG>A@•n¬Ey>Ae*e,=WU^EGCP>A@,C�>A@,JQMRY,E89VFOE¤MIJA\1E¤ˆhe�E89OUW‡‰EG@NMRF;>A9OEÙMR93UWB/B/E89OE8C�Œ

L„ƒ‡…gƒ†… V�’O•a”�‰g’w‰c•wŒl™#" ™gª^‰Šd„Œ�"h•gžl•¤£�™g"

œ

J°MR9O>Ae�UWJ/@*F¾UW@¯MRY,E•»[9OFTMte,=?>QXGEQËoJ/@,=kŠÁMRY,EÜHIJ/e,e,=^EG9¾XGJgJ/=^UW@,B©=W>AFOE89·>QM 397 @,‡

>A@,C•MOY,Ey9OEGe*7,‡‰e¬E89;=?>AF3EG9;>QM 866 @*‡˜>A9OE•@,EGX8EGFOFO>A93Š/Œ

œ

Y*E	XGJA9O9OE8X8M;SÀ>¥j/E8=WE8@,BAMRY�JA\

n�JAMOY•=W>AFOE89OFoUWFÀX¿Y,E8X¿LQEGC`7,FOU^@,B‰>­SÀ>§j/EG‡‰E8MOEG9¬W��/•/Y Ë[>AC,C,UkMRU^J/@[>A=k=kŠ·>‹Y,JA=W=^JÉSúXG>QMRY*JgC,E

FOU^B/@[>A=NX§>Q@#n�E›7,FOE8C�Œ1Û Y,EG93E§>AF1MOY,E 866 @,‡ž=?>QFOEG9½UWF½MO7,@,EGC	MRJIn�E›JA@#93EGFOJA@[>A@,X8EAËAMOY,E

XGJgJA=WUW@*BV=W>AFOE89º>QM 397 @,‡•Y[>AF½MOJIn�E59OE8CgfgC,E¤MR7,@*EGC­nNŠy>An�J/7hM 900 á`üI6 õ \†JA9½=WJN>AC*UW@,B*Œ

œ

Y,E¾=^UWBAYbM‚e�JÉS’E89yUW@©n�JAMOY´n�E§>A‡‰FyF3Y,J/7,=^C´n�E¾>An�JA7*M 1 ‡KÛ MRJ•J/nhMZ>AU^@©FO7šv¾X8UWE8@bM

FOU^B/@[>A=�E8j/E8@ÖUk\vMRY*E#n�EG>A‡‰FK>A93E	FO=^UWBAYbMR=kŠt‡¾U^FR>Q=WUkB/@,E8C�Œ

œ

Y,EyMR9R>Qe`U^F;F3SVU^MOX¿Y*EGCÜJ/@`>QM

>An�J/7hM 0:5 Û •;_že�JÉS’E89�ÃÄJ/9‹E¤j/EG@²=WJ¥S’EG9­U^\IJA@,E~SÀ>Q@bMRF‹MRJÖMO9R>AeÂ=?>A93B/EtXG=^J/7,C,FRÅ¤Œ

œ

Y,E©•I_Ò\†9OEG¹b7,E8@,X¤ŠúY[>QF~MRJÂn�E¦XZY,E8X¿LAE8C \†9OJ/‡ MRUW‡‰E�MRJÁMRU^‡¾E�MRJÂ‡¾>ALAEÖFO7,93E¦U^M

UWF¾F3MOUW=W=V9OE8FOJ/@,>A@bM·SVU^MRY�MOY,EÜY*EG=WU^X§>Q=;9OE8FOJ/@[>“MRJ/98Œ

œ

Y*UWF·UWF¾C,J/@,EÜnNŠ�E8@,FO7*9OUW@*BÇMRY*E

9OE¤¸[EGX¤MRE8C•e�JÉS›EG9ÀUWF›‡¾U^@,U^‡‰UkFOEGC¼Œ™l \½MOY,EÙUWJA@,UWFO>QMRU^JA@·=W>AFOE89’n�E§>A‡‰FÀ>A9OEÙ>QM’MRY*EÙXGJ/939OEGX¤M

SÀ>§j/EG=^EG@,BAMOYÂ>A@*CÁ93J/7,B/Y,=kŠ¦\†JgX87,FOE8CÁMRY*9OJ/7,BAY°MRY,E¾MR9O>AeÇX8EG@bMOEG98ËŽMOY,E

®

>`J¥j/EG@ÁXG>A@

n�EtMR7,93@,EGCÂJ/@Â>QM ¼ 2 Ï Ã†\†E8SØUWJA@,FGË™\†J/9­=W>A9OB/E·X8=WJ/7*C,F‹7*eÂMOJ ¼ 3 Ï‚Å¿Œ

œ

J¦=^JN>AC

UWJA@,FoUkMÀMZ>QLAEGFVn�E8MmS’E8EG@ 1 >A@,C 3 ‡‰UW@b7*MRE8FGŒŽl \1@,JD=WJ/>AC,U^@,B­JgXGX87,9OFVU^@~MOY,UWF’MRU^‡¾EQËhMRY*E

UWJA@,UWFO>QMRU^JA@Ü=?>AF3EG9‚n�EG>A‡¾F‚‡¾>¥Š`@,JAM•n�EDX8EG@bMOEG93EGC´J/@¦MOY,E‹MO9R>Ae¦J/9‚@*JAM•n�EDe,9OJ/e�E89O=kŠ

FO7*e¬E89OU^‡¾e�JAFOEGC¼ŒÙl \<U^J/@,FK>A9OEyMR9R>Qe,e�EGC�Ë¬MOY,E	»[9OFTM‚FTMRE8eÖUWF;MRJ·F3MZ>Qn,UW=^UWF3E	>A@,CÜUW‡‰e,93JÉj/E

MRY*E#FOUWBA@[>A=½nbŠ�XZY,JgJ/F3UW@,B¾MRY*E#9OUWBAYbMIC,E¤MR7,@,U^@,B¾\†J/9IEZv‰X8UWEG@NM‚HKJ/e,e,=^EG9IXGJgJA=WUW@*B,Œ

œ

Y,E

FOU^B/@[>A=äfbMRJÉfg@,JAU^F3E•9O>QMRU^J©‡­7,F3M¾n�E�‡·>Éˆ*U^‡¾UkFOE8C²nNŠ¯XGEG@NMRE89OUW@*B´MRY,E�=W>AFOE89‰n¬EG>A‡‰F¾J/@

MRY*EÖU^J/@�Œž:Žj/E8@bMO7[>A=W=kŠ¯MRY,EÜ=^UWB/YNM·e�J¥S’EG9tFOY,JA7,=WC±n¬EÜ93EGC,7,X8EGCún�E8=WJ¥SÝFR>QMO7,9R>“MRUWJA@�Œ

üK>§jgUW@,B•MR9O>Ae,e�E8C·UWJA@,FGËNMOY,E;FOe[>QMOU?>A=[>A@,C¾FOe�E8X8MO9R>A=�‡¾>QMOX¿Y*UW@,B•JA\¬MRY,E;=?>QFOEG9<n�EG>A‡¾F5>QM

729 @,‡}>A@*C 854 @,‡�X§>A@‰n�E;XZY,EGXZLAEGC�Œ

œ

Y,E;@g7,‡­n�E895JQ\¬MR9O>Ae,e�EGC‰UWJ/@,FŽXG>A@¾@,J¥S±n�E

9OE8C,7,X8EGC¦nbŠ�n,=WJgXZLbUW@,B¾MRY*E­9OE8e,7,‡‰e�EG9DÃ 866 @,‡·Å¤Ë�MRY,E#UWJ/@,FIY,E§>“M‚7,eÖ>A@,CÖUk\<JA@,E­U^F

\†J/9TMR7,@[>“MREÀJA@,=^Š	JA@,EÀUWJ/@#9OEG‡¾>AU^@,FoÃ†UW@­J/7,9vX§>AF3EÀS’Eo>A=^SÀ>§ŠgF™e�EG9T\†J/9O‡‰EGC­E¤ˆhe�EG93UW‡‰EG@bMOF

SVU^MOY`>DFOU^@,B/=WEÙMR9O>Ae,e�EGC�UWJA@aÅ¤Œ<Û U^MOY•MOY,Ey‡¾U^XG93J/‡‰JAMOU^JA@PXGJA‡¾e�E8@,FR>QMOUWJ/@PMOEGXZY,@,U^¹g7*EGF

C,E8FOXG93UWn�E8CÖE¤ˆgMRE8@,FOUkj/EG=kŠ`UW@�Wkø§•/Y Ë�MRY,E#U^J/@`U^FIFOY*U^\]MRE8C`MRJ¾MOY,E	MR9O>Ae`XGEG@NMRE89KSVY,E89OE#MRY*E

‡‰UWXG93J/‡‰JAMOU^JA@tjQ>A@,U^FOY,E8FGŒÀHK7*9OUW@*B‰MOY,UWFoe,9OJgX8EGC,7,93E	U^MVU^FVY,EG=^e*\†7,=�MOJ¾XZY,E8X¿L~MOY,Ey=WU^@,EZf

FOY,>Ae�E‰JA@¦MOY,E‰HKJAe,e,=WE89ÙMR9R>A@*FOU^MOUWJA@Ö93EGe�E§>“MREGC*=^Š¦>Q@,C´>ACÉÈ37,F3M‚MRY,E‹C,E8MO7,@,UW@*B�>QF‚MRY*E

=WU^@,E;SVUWChMRY~@[>Q9O9OJ¥SVFÀC,7,EKMRJ­n�E8MOMOEG9ÀXGJgJ/=^UW@,B*Œ™:™j/EG@NMR7[>Q=W=^Š·>A=^=�=?>AF3EG9’n�E§>Q‡¾FÀY,>¥j/EKMRJ

n�E•X8EG@bMOEG93EGC`>ABN>AU^@~J/@~MRY*E•UWJA@�Œ™lm@PMRY,E‚EG@,C•J/@*E•UWFÀ=WE¤\]MÀSVU^MRY•>‹F3UW@,BA=WEÙJ/9’\†E8SâUWJ/@*F

XGJgJA=WEGC`@,E§>Q9KMRJ¾MRY,E‹HIJ/e,e,=^EG9K=WU^‡‰UÊMK>A@,CÜJ/@,E#X§>A@ÜF3MZ>Q93MKMRY*E­e,7,=^FOE8CÖFOe�E8X8MR93J/FOX8J/ebŠ

E¤ˆhe�E89OUW‡‰EG@NMRF8Œ
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L„ƒ†…gƒŽ‚ Vp³;ž�!š•�— d„”–•U4�•�’O™#!�4 ™�”�•

_[JA9¾MOY,E`e,7,=WF3EGC±FOe�EGX¤MR93J/FOX8J/ebŠ�MRY*EÜU^J/@�UWF¾XGJgJA=WEGC²jgU?>°HKJ/e,e,=^EG9·X8JgJ/=^UW@,B´JA@�MRY,E

S1=2 $ P1=2
MR9O>A@,FOUkMRU^J/@²\†JA9 1:9 ‡‰FGŒ•HK7,9OU^@,B°MRY*UWF¾MOUW‡‰E•MOY,E 854 @,‡ =W>AFOE89·UWF

FTSVU^MOX¿Y,E8C•JA@ MOJ²9OE8‡¾J¥j/E°>Q@bŠ e�J/e,7,=W>QMRU^J/@ UW@ MRY,E©‡¾E¤MZ>AFTMZ>An,=^E D5=2
F3MR>QMREQŒ�lm@

>QC,C,U^MOUWJ/@¼ËhMOY,E•UWJA@PUWFoU^9O9R>QC,U?>“MRE8CtSVU^MOY�>‹=?>QFOEG9V>QM 866 @,‡�>“MI>Q=W=¬MRU^‡¾E8FÀMOJ‰e*9OE8j/E8@bM

F3Y,EG=kjgUW@,BÙUW@	MRY,EÀ‡‰E8MR>AF3MR>An,=WE D3=2
F3MR>QMREQŒ™ÏÀM™MOY,EÀEG@*CDJA\[MRY,U^FvXGJgJ/=^UW@*BKe,7,=^FOE’MOY,EÀUWJA@

U^F’JAe*MRU^X§>A=^=kŠDe,7*‡¾e�E8C~UW@NMRJ	MOY,E S1=2
Ë mj = ¡ 1=2 �¼EGEG‡¾>A@·FO7,ngfb=WE¤j/EG=¼nbŠ·>Ae*e,=^ŠgUW@*B

> 0:1 ‡¾FV=WJA@,B ¾fge�J/=?>Q9OU^FOE8C•e,7*=WFOEyJA@•MRY*E	FO>A‡‰E•MO9R>A@*FOU^MOUWJ/@¼Œ5Ï;\]MREG9oMRY[>QMGË�>Q=W=�=WU^B/YNM

>“M 397 @,‡!U^FoF3SVU^MOX¿Y*EGC�JA«1Œ

]IJ¥S•MOY,EyUWJ/@PUWFVE¤ˆhX8U^MRE8C`J/@PMRY,Ey¹b7,n,UkM;MO9R>A@,F3U^MOUWJ/@ S1=2
Ë mj = ¡ 1=2 $ D5=2

Œ

HIEGe�EG@*C,UW@,BtJ/@`MRY,E#E¿ˆ*e�E89OU^‡¾E8@bMÙE8U^MRY*EG9K>¾\†9OE8EG=^Š•e,93J/e[>AB/>QMRU^@,B¾=?>QFOEG9In�EG>A‡ÝJ/9;MRY,E

XG>¥jgUkM)ŠP»[EG=^CÜU^FI7,FOE8C�Œ

œ

Y,E#MOUW‡‰E•SVUW@*C,JÉSÚ>AF3FOUWBA@,EGC`MOJ·MOY[>QMKe,9OJgX8EGFOFÙ=WU^EGF;n�E8MmS’E8EG@

0:5 >A@,C 1 ‡¾F8Œ

_vUW@,>A=W=ÊŠAËaSVY,E8MOY,EG9ÙE¤ˆhXGUkMZ>QMOUWJ/@�Y[>Ae,e�E8@,EGC¦JA9K@,JAMKUWFIC,E8MOEGX8MOEGCÖjgU?>‰MRY*E­E8=WEGX¤MR93J/@

0 1 2 3 4 5

Time ( ms )

397

866

854

729

397 s

cavity
counter

_1UWB/7,93EyùgŒ^ø0`<:vˆ*>A‡‰e,=WE‚JA\v> 5 ‡‰Foe,7,=^FOE•FOE8¹g7*EG@,XGEAŒ

œ

Y,Ey@b7,‡­n�EG93F;JA@PMRY,E‚j/E893MRU^X§>A=

>Éˆ*U^F•C*EG@,JQMRE‹MRY,E‹SÀ>§j/EG=^EG@,BQMRY,FyU^@¦@,‡�JQ\›MOY,ED=?>AF3EG93FGŒ‹Ï¡n,=W>AXZL`n[>A9‚UW@,C*UWX§>“MREGFKMRY,E

MOUW‡‰E~MRY,E�93EGFOe�E8X8MOU^j/E`=?>AF3EG9‰UWF‰FTSVU^MRXZY,E8C±J/@²\†J/98Œ

®

J/7,@NMRU^@,B©MRY,E•¸[7,JA9OEGF3XGE8@,XGEÜUWF

U^@,C,U^X§>QMOEGC²³ÓXGJ/7*@bMRE89G¶kË™\†93J/‡ 2:5 ‡¾FyMRJ 5 ‡‰FGË™>AF	S’E8=W=›>AF­>�e�J/FOF3UWn,=^E¾FOX§>Q@ÁJA\ÀMRY,E

XG>¥jgUkM)ŠAË<C,EG@*JAMRE8C ³µXG>¥jgUkM)Š�¶kË<\†93J/‡ 2 ‡‰F#MRJ 2:5 ‡‰FGŒ©lm@ÁMRY*Et»[9OFTM 2 ‡‰FD>ÜC,E¤»[@,E8C

³ÓF3MR>A93MOUW@,B*¶bF3MR>QMREIUWF5e,93EGe[>A93EGC�Œ

œ

Y,U^F›F3MR>QMREIUWF<MRY*EG@t‡¾>A@,U^e,7,=W>QMOEGC`Ã 2 ‡¾F<MRJ 2:5 ‡‰FZÅ¤Œ

Ï;\]MRE89vMOY[>QMvMRY*EÀJ/7*MOXGJ/‡‰E’U^FvC,E¤MREGX¤MRE8C`Ã†E¤ˆhXGUkMZ>QMOUWJ/@#J/91@,JAM¿Å½\†JA91MRY*EÀ9OE8‡·>AU^@,U^@,B;MRU^‡¾EQŒ

œ

Y*EÙ‡·>A@*UWe,7,=W>“MRUkJ/@¾XG>A@~n�E<È37,FTMV>	e,7,=WF3EKJA\º>	XGEG9TMZ>AU^@t=^EG@,BAMOY~>Q@,C·\†9OEG¹b7,E8@,X¤Š·SVU^MRY

MOY,EV!/”AýÜ@*‡ =?>QFOEG9#\†93J/‡¢E8U^MRY*EG9#MRY,E~F3UWC,EtJ/9#MRY,93J/7,B/YÇMRY,E~=^JgX¿LAE8CÂX§>§jhUkM)ŠAË<J/9#\†J/9

E¿ˆ*>A‡¾e*=WEQË›U^MDX§>A@²n�E�> 729 @,‡àe,7,=WF3E•J/@ÂMRY,EPX§>¥jgUkM)ŠÁX8J/‡­n,UW@*EGCÂSVU^MOY¯9R>A‡‰e,U^@,B

MOY,EK@,J/@gfb=WJgXZLAEGCtX§>§jgU^MmŠ¾J¥j/EG9’9OE8FOJ/@[>Q@,XGEQŒ

œ

Y*E 10 ‡¾F’>A@,C 20 ‡‰F’e,7*=WFOEKF3EG¹b7,EG@*XGEGF

C*U^«¬EG9•J/@,=kŠÖU^@´>•=WJA@,B/E89•‡·>Q@,UWe*7,=?>“MRUkJ/@ÜSVUW@,C*JÉS˜Ã 1 ‡¾FRÅ•>Q@,C°>•=^J/@,B/E89•C,E¤MRE8X8MRU^J/@

Ã†9OE8‡·>AU^@,U^@,B•MRU^‡¾E§Å¤Œ

œ

Y,E~=^J/@,BAEG9#C*E8MRE8X8MOUWJ/@Â>A=^=WJ¥SVFy\†J/9	MRY,EtX8=WEG>A9­>A@,CÁ7,@*XG9OUkMRU^X§>A=

F3E8M3MRUW@*B	JA\¼MRY,EVMRY,93EGF3Y,J/=WC‰MRY,>QM›UWF<7,FOE8C·MRJ	C*E8MRE8X8M›SVY,E¤MRY,E89’E¤ˆhXGUkMZ>QMOUWJ/@‰JgX8XG7,939OE8CtJ/9

@*JAM§Œ
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Coupling a SingleAtomic Quantum Bit to a High FinesseOptical Cavity

A. B. Mundt, A. Kreuter, C. Becher,* D. Leibfried,† J. Eschner, F. Schmidt-Kaler, andR. Blatt
Institut für Experimentalphysik,Universität Innsbruck, Technikerstraße25, A-6020Innsbruck, Austria

(Received 5 February2002;published13 August2002)

The quadrupole� � � � –� � � � optical transitionof a single trapped�� � ion, well suitedfor encodinga
quantumbit of information,is coherentlycoupledto thestandingwave �eld of a high �nessecavity. The
coupling is veri� ed by observingthe ion’s responseto both spatial and temporal variations of the
intracavity�eld. We alsoachieve deterministiccouplingof thecavity modeto the ion’s vibrationalstate
by selectively exciting vibrationalstate-changingtransitionsandby controlling thepositionof the ion in
the standingwave �eld with nanometerprecision.

DOI: 10.1103/PhysRevLett.89.103001 PACS numbers:32.80.Pj,03.67.–a,42.50.Ct

The coherentcoupling of a single atom or ion to one
mode of the electromagnetic�eld inside a high �nesse
optical resonatoris of major interestfor the implementa-
tion of quantuminformation processingschemes:Single
atomsandions arewell suitedfor storingquantuminfor-
mation in long-lived internal states,e.g., by encodinga
quantumbit (qubit) of information within the coherent
superpositionof the � � � � groundstateandthe metastable
� � � � excitedstateof �� � [1]. On theotherhand,fastand
reliable transportof quantuminformation over long dis-
tancesis mosteasilyachieved by usingphotonsasqubit
carriers.Theinterfacebetweenstaticandmovingqubitsis
representedby the controlledinteractionof a singleatom
andasinglecavitymode,beingthebasicbuilding blockfor
distributedquantumnetworks[2]. Deterministicion-cavity
coupling was demonstratedrecently by using a single
trappedion asa nanoscopicprobeof an optical �eld [3].
A secondapplicationof atom-cavitycoupling within the
�eld of quantuminformationprocessingis the realization
of adeterministicsourceof singlephotons[4,5] or sequen-
ces of entangledsingle-photonwave packets[6]. More
generally, trapped ions that are cooled to their lowest
vibrationalstate[7,8] andinteractwith a quantizedcavity
�eld mightallow for entanglingthreequantumsubsystems
[9,10], i.e., internalelectronicstates,quantumvibrational
mode,andsingle-modecavity �eld. Anotherapplicationof
coupling a trappedion to a cavity mode is utilizing the
cavity internalstandingwave(SW)�eld [11] or thecavity-
modi�ed spontaneousemission[12] andcoherentscatter-
ing [13] for cooling the ion’s vibrationalstatewell below
theDopplerlimit.

In this paperwe demonstratecoherentcoupling of the
quadrupole� � � � –� � � � qubit transitionof a single�� � ion
to a mode of a high �nesse optical cavity. The ion is
trappedand placed with high precision at an arbitrary
positionin the SW �eld of the cavity for several hoursof
interactiontime.Wealsoachievedeterministiccouplingof
thecavitymodeto theion’svibrationalstateby selectively
exciting state-changingtransitionswith the cavity light
tunedto avibrationalsidebandof the� � � � –� � � � resonance.
Thesedemonstrationsareimportantstepstowardsrealiza-
tion of theexperimentsdiscussedabove.

The�� � ion is storedin asphericalPaul trap[14] placed
in thecenterof a near-confocalresonator. The ion is laser
cooled to the Lamb-Dicke regime, con�ning its spatial
wave packet to a region much smaller than the optical
wavelength.We detectthecouplingof ion andfundamen-
tal ��� 		 cavity modeby injectinganexternallight �eld
at 729 nm into the cavity andrecordingthe excitationon
the � � � � –� � � � transition. The excitation probability is
monitoredvia the electronshelvingtechnique[8,15], i.e.,
by probingthe �uorescenceon the � � � � –� � � � dipole tran-
sition (seeFig. 1).

Theexperimentalsetupis schematicallyshown in Fig.1.
Thethree-dimensionalrf-Paul trapconsistsof anelliptical
ring electrodewith averagediameterof 1.4 mm and two

5/2 D 

3/2 P 

1/2 P 

3/2 D 

1/2 S 

729 nm

397 nm

866 nm
854 nm

to 
CCD

to
PMT

PZT 1PZT 2

FIG. 1. Schematicexperimental setup (left) and �� � level
scheme(right). PZT1 denotesthe offset piezo, and PZT2 the
scanpiezo (seetext). A photomultiplier tube (PMT) is usedto
record �uorescenceon the � � � � –� � � � transition,and the CCD
cameramonitors the ion’s position. The following stabilized
laser sourcesare used in the experiment:two cavity-locked
diode lasersat 866 and 854 nm with linewidths of � �	 
��
andtwo Ti:Salasersat729nm( � � 
�� linewidth) and794nm
( � 
		 
�� linewidth), where the 794 nm laser is resonantly
frequencydoubledto obtain397nm. Thewhole lasersystemis
describedin more detail elsewhere[1].The dottedarrows indi-
catedirectionsof laserbeams:729nm excitation laseralongthe
direction of the cavity axis and397 nm cooling laser, 854 and
866nm auxiliary lasersat a certainangleto thetrapaxis(shown
only schematically).
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• �

end capswith a spacingof 1.2 mm (material: 0.2 mm
molybdenumwire). The secularfrequencies�� � � � 	 � � 
 �
are � � � � � �� � 
 �� � � �� � ��� at a rf drive �eld power of
1 W. Here
 denotesthedirectionof thetrapaxis,which is
�� � to the cavity axis.The � and	 radial directionsboth
includean angleof � �� � with the planespannedby the
cavityandtrapaxes.A magnetic�eld of 3 G perpendicular
to the cavity axis providesa quantizationaxis anda fre-
quencysplitting of Zeemancomponentsof the � � � � –� � � �
transition.Calcium ions are loadedinto the trap from a
thermalatombeamby a two-stepphotoionizationprocess
usingdiodelasersnear423 and390 nm [16]. The trap is
placed in the center of a near-confocalresonatorwith
�nesse F � 
� 			 at 729 nm, waist radius � 	 �
�� 
 � , mirror separation� � �� �� , andradiusof cur-
vature� � � �� �� . Cylindrical piezoceramics(PZT) al-
low �ne-tuning of the cavity lengthacrossapproximately
1.5 freespectralranges.

The coherentcoupling of the ion to the cavity �eld is
measuredin threestepsasfollows.

(i) Preparation: First we use Doppler cooling on the
� � � � –� � � � transitionat 397nm (seeFig. 1) to cool the ion
into theLamb-Dickeregime.A repumperlaserat 866nm
inhibitsopticalpumpinginto the� 
 � � level.Fromcoherent
dynamics(Rabi oscillations)on the carrier and �rst mo-
tionalsidebands[8] wedeterminetypicalmeanvibrational
quantum numbersafter Doppler cooling � ��� � � ��� 	 � ��� 
 � �
� �	 � � � � � � � � � � � . Fromthesemeanphononnumbers
and the secularfrequenciesgiven above we calculatean
rms extensionof the ion’s motionalwave packetof �� �
� � � in thedirectionof thecavity axis,muchsmallerthan
the wavelengthof 729 nm. After cooling, the ion is pre-
paredin the� � � � (� � 	 � � � ) substateby opticalpumping
with � 	 radiationat 397nm.

(ii) Interaction: The laserat 729 nm is set to a � xed
detuning � from the � � � � –� � � � (� � 	 � � � to � 
 �
	 � � � ) qubit transition.We inject the laser light into the
��� 		 mode of the cavity and scan the cavity with a
voltage ramp applied to one of the PZTs (scan PZT).
When the cavity reachesresonancewith the laser fre-
quency, it �lls with light andtheion is excited.A constant
voltage is applied to the other PZT (offset PZT) that
determinesthe ion’s positionrelative to theSW �eld.

(iii) State analysis: The �nal step is state detection
by electronshelving.Fluorescenceon the � � � � –� � � � di-
pole transition at 397 nm is used to discriminatewith
high ef�ciency ( � ��� ) betweenexcited state (elec-
tron shelved in � � � � , no �uorescence)and ground state
(�uorescence).

In order to obtain an excitation spectrum,the 729 nm
laser is tunedover the quadrupoletransition in stepsof
about1 kHz. For any givenlaserdetuning� thesequence
(i)–(iii) is repeated100 times to determinethe excitation
probability.

In our �rst experimentwe probethe ion’s responseto
temporalvariationsof the intracavity �eld by placing it

closeto a nodeof theSW �eld [17] andvaryingthecavity
scanrate.Thesignof thevoltagerampappliedto thescan
PZT determineswhetherthe scanmirror moves towards
theoffsetmirror or away from it. For a negative (positive)
scanrate,i.e., mirrors moving towardseachother(apart),
theintracavity�eld is Dopplerblueshifted(redshifted),and
thus the excitation spectrumwill be redshifted (blue-
shifted),astheexcitation laserdetuninghasto compensate
for the Doppler shift. The scanvelocity is expressedin
unitsof a normalizedscanrate� � [18,19], corresponding
to thefrequencyshift in unitsof HWHM cavity linewidths
per cavity storagetime: � � � � F � ���� � ��� , with laser
frequency� , cavity length variation ��� , and cavity (en-
ergy) storagetime � � � F ���� . Theexperimentalresults
for scanrates	 ��� � � � � 	 ��� areshown in Fig. 2. The
excitationspectrashow theexpectedblueshift(redshift)for
increasingpositive (negative) scanratesanda broadening
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FIG.2. Excitationspectraof the� � � � –� � � � transitionfor differ-
ent cavity scanrates: � � � � 	 ��� (a), � 	 ��
 (b), and � 	 ���
(c). Blueshiftedexcitationspectraaredrawnasgraylineson the
right handside of the diagrams,and superimposedsolid lines
show the theoreticalsimulation. The parametersused for the
simulations are excitation laser bandwidth � � ����� � � 
�� ,
natural linewidth of the � � � � –� � � � transition � � �� � 	 ��� �� ,
maximum Rabi frequencyat the transition centerwavelength
� ��� � �� �� 
�� (a),11kHz (b), and25kHz (c), andthecavity
parametersgiven in the text.
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due to the Doppler effect. An excitation probability of
more than 0.5 as in Fig. 2(a) clearly demonstratesthat
the ion is coherentlyinteractingwith the intracavity�eld.
We theoreticallymodel the excitation for different laser
detunings� by numerically integratingtwo-level Bloch
equationsusingthetime-dependentintracavity�eld calcu-
lated from the pertaining differential equations[18,19].
The resultsof the theoreticalsimulationfor positive scan
ratesareshown assolid lines superimposedon the blue-
shiftedspectrain Fig. 2. The calculatedandexperimental
spectra show good agreement for small scan rates
[Figs. 2(a) and2(b)]. For largerscanrates[Fig. 2(c)] the
centersof thespectraareslightly shifted.We assumethat
this shift is causedby nonlinearitiesandhysteresiseffects
of thePZTmotion.Althoughwekepttheexcitationpower
constantin the experiments,we left the Rabi frequency
� ��� asa � t parameterto accountfor variationsin excita-
tion dueto thermaldrift of thecavity shifting thenodeof
theSWaway from the ion’s position.

Thesecondtypeof experimentprobestheion’sresponse
to spatial�eld variations.For this, we leave the scanrate
�x edat a small value,allowing for stablescanswith only
little perturbationsof the excitation spectrum, as in
Fig. 2(a). The intensity of the 729 nm laser is adjusted
suchthat theexcitation is keptwell below saturation.The
offset voltage of both scanPZT and offset PZT is then
varied simultaneouslyin sucha way that the SW in the
cavity is shiftedlongitudinallywith respectto thelocation
of theion. Theposition-dependentexcitationprobabilityis
determinedby �tting each excitation spectrumwith a
Lorentzianandadoptingthepeakvalue.Figure3 displays
thesevaluesasa functionof thePZToffsetvoltage.Error
barsgiven for representativedatapointsin Fig.3 aredueto
PZT hysteresis(abscissa)and the errorsof the �ts to the
excitation spectra(ordinate). The excitation probability
variesspatiallywith the intensityof theSW [17]. A theo-

reticalBloch-equationanalysisasdescribedabovepredicts
a nearly pure ‘‘ ��� � ’’ spatial variation, deviating by less
than1%. From a ��� � �t to the datapointswe obtain the
contrastratio (visibility � ) of the position-dependentex-
citation, � � � �� �
 � � �� � � . This very high visibility re-
sults from the strong con�nement of the ion’s wave
function.The laser-cooledion, oscillatingwith its secular
frequenciesandwith thermallydistributedamplitudes,has
a rmsspatialextensionalongthecavity axisof � � , leading
to a reductionof the excitation contrastby a factor of
��� �	 � � � �� � �� � � � . From the measuredvisibility � we
�nd � � � �� � �

	 � �� . The small value of the extension� �
shows that in this experimentwe cool the ion closeto the
Dopplerlimit (13 nm).

A necessarycondition for all experimentsrelying on
ion-cavity modecouplingis the ability to placethe ion at
a certain position of the intracavity SW �eld with high
precisionandhigh reproducibility [3]. In our experiment,
the precisionof positioningthe centerof the ion’s wave
function,usingameasurementasin Fig.3, is limited by the
uncertaintyin the measuredexcitation probability. This
uncertainty is due to a statistical error, i.e., the �nite
numberof statedetectionmeasurements,and systematic
errors such as �uctuations of laser intensity and wave-
length, drift, and jitter of scanPZT, etc. [20]. From the
uncertaintiesin excitationprobability(errorbarsin Fig. 3)
wededuceaspatialprecisionbetween7 nm ( � �� �		 ) at
thepositionof largestslopeand12and36nmatminimum
or maximumexcitation,respectively. We note, however,
that the precisioncan be enhancedby averagingover a
largernumberof statedetectionmeasurements.

Many schemesfor quantuminformationprocessingwith
trappedionsrely on coherentinteractionnot only with the
internal statebut alsowith the motional degreesof free-
dom.A controlledcouplingto themotionalquantumstate
is a preconditionfor realizing suchschemes.In order to
demonstratethis motion-dependentcoupling,we recorded
excitationprobabilitiesof theion ata � xed cavity scanrate
(� � � 	 	 ��
 ), for differentpositionswithin the SW, and
with thelaserat729nmnow tunedto eitherthecarrier(no
changeof vibrationalquantumnumber, � � � 	 ) or thered
axial sideband(� � � 	 � , laserdetunedby 	 � 
 ) of the
� � � � –� � � � transition.In bothcases,theintensityof thelaser
wasadjustedsuchthat the excitationsof carrierandside-
bandwerecomparableandwerekept well below satura-
tion. In this experiment we determine the integral
excitation,i.e.,theareaof therespectiveexcitation spectra,
asthespectrashow an asymmetricline shape[cf. Figs.2(b)
and 2(c)]. As displayedin Fig. 4, carrier and sideband
excitations both map the SW spatial �eld variation, but
the tracesare shifted by a phasefactor of � . This phase
shift arisesdue to symmetrycharacteristicsof the transi-
tion matrixelementsof carrierandsidebandtransitionsin a
SW �eld [11,21]: The spatialpart of the quadrupoletran-
sitionmatrixelementis proportionalto 
� 
 � ��� � ��� �� � � for
a travelingwave (TW) and
� 
�  !� � �� �� � � for a SW with

120 140 160 180 200 220 240
0.00

0.05

0.10

0.15

0.20

0.25

0.30

Piezo offset voltage (V)

E
xc

ita
tio

n 
pr

ob
ab

ili
ty

FIG. 3. Excitationprobability on the � � � � –� � � � transitionof a
single trapped�� � ion asa function of the PZT offset voltage,
i.e., at variouspositionsin the intracavity standingwave �eld.
Thesolid line representsa ��� � function �tted to thedatapoints.
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the electric �eld � � ��� � �� � [17]. Here � and � 
 are the
vibrationalquantumnumbersin the � � � � and� � � � levels,
respectively, � is thewave number, and� is theion’s posi-
tion in the�eld. For a TW, all vibrationalstates��� � 
 � can
becoupledas��� � ��� � containsevenandoddpowersof �� .
On the contrary, for a SW 
� 
 �  !� � �� �� � � has to be ex-
pandedinto even or odd powersof �� dependingon the
ion’sposition,e.g.,� � 	 closeto anodeor � � �� � close
to an antinode.Thus, transitions changing the phonon
numberby even or odd integerscan be excited only at
differentpositionsin the SW. The red sidebandtransition
(� � � 	 � ) couplesmaximally at antinodesof the SW,
whereasthecarriertransition(� � � 	 ) couplesmaximally
at nodes.

The high-contrastorthogonalcoupling of carrier and
sidebandtransitionsto thecavity modefacilitatesapplica-
tions suchascavity-assistedcooling in a SW [11] or the
Cirac-Zoller quantum-computing scheme [22]. Both
schemesrely on driving vibrational sidebandtransitions
and bene�t from suppressingoff-resonantcarrier transi-
tions which inducemotionalheatingor imposea limit on
the attainablegatespeed[23], respectively. Furthermore,
the ion-cavity couplingallows for demonstratinganduti-
lizing cavity-modi�ed spontaneousemission:we calculate
thecooperativityparameter� �  � � � !" � 	 ��� , with our
experimental ion-�eld coupling constant  � � � �
�
� �� , cavity decayrate ! � � � � �	� 
�� , andspon-
taneous emission rate " � � � � � �� � � � � 	 ��� �� .
Becauseof thecoupling,thespontaneousemissionrateis
enhancedby the Purcell factor # � � � � � � � �	� , and
the fraction of spontaneousemissionfrom the � � � � level
emittedinto thecavitymodeis $ � � �� � � � � � � � ��� .
This is suf�cient for demonstratingcavity-assistedcooling
via destructive quantuminterferenceof heatingtransitions
[12], or triggeredsingle-photonemissionfrom the � � � �

level. Improvementof the latterschemeandrealizationof
the atom-photoninterface[2] canreadily be achieved by
employinganadiabatictransfertechnique[4,5] andusinga
cavity with higher�nesse( � �		 			 ).

In summary, wehavedemonstratedcoherentcouplingof
electronicandmotionalstatesof a singletrappedion to a
single�eld modeof a high �nessecavity. Thepositionof
theion within thestandingwave canbedeterminedwith a
precisionof up to �� �		 . As the electronicquadrupole
transitionin �� � is oneof thecandidatesfor implementing
a quantumbit, our experimentsare a key step towards
realization of quantum-computingand communication
schemeswith trappedions that requirea controlledinter-
actionof ion andcavity �eld.
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ABSTRACT We demonstrate coherent coupling of the quadru-
pole S1� 2 � D5� 2 optical transition of a single trapped 40Ca�

ion to the standing wave � eld of a high-� nessecavity. The
dependence of the coupling on temporal dynamics and spa-
tial variations of the intracavity � eld is investigated in detail.
By precisely controlling the position of the ion in the cavity
standingwave� eld and by selectively exciting vibrational state-
changing transitions the ion’s quantized vibration in the trap
is deterministically coupled to the cavity mode. We con� rm
coherent interaction of ion and cavity � eld by exciting Rabi
oscillations with short resonant laser pulses injected into the
cavity, which is frequency-stabilized to theatomic transition.

PACS 32.80.Pj; 03.67.-a; 42.50.Ct

1 Intr oduction

Laser-cooled trappedatoms or ions are ideally
suited systemsfor the investigation and implementationof
quantuminformation processing[1]. The combination of
a Paul-typeion trap [2] with laser cooling leadsto unique
propertiesof trappedcold ions,such as localizationof the
single particle to lessthan a few tensof nanometers,con-
trol of the motional state down to the zero-point of the
trappingpotentialand a high degree of isolation from the
environment and thus a very long time available for ma-
nipulationsand interactionsat the quantumlevel. The very
samepropertiesmake single trappedatoms and ions well
suitedfor storing quantuminformation in long-lived inter-
nal states,e.g.by encodinga quantumbit (qubit) of infor-
mationwithin thecoherentsuperposition of the S1� 2 ground
stateand themetastable D5� 2 excitedstateof Ca� [3]. How-
ever, this storedinformationis ‘spatially static’ with respect
to transportof quantuminformationover distancesexceeding
the trap dimensions.A much bettersuited carrier of quan-
tum informationfor fast andreliabletransportover longdis-
tancesarephotons.An interfacebetweenstaticandmoving
qubits requiresthe controlledcoherentinteractionof a sin-
gle atom and a single cavity mode, this being the basic

� E-mail: christoph.becher@uibk.ac.at
� Presentaddress:Time and Frequency Division, National Institute of
StandardsandTechnology, Boulder, CO80305,USA

building block for distributedquantumnetworks[4]. For an
experimentalimplementationof such a schemeone needs
to understandandcontrol the dynamicsof the atom–cavity
coupling.Thus,thedemonstrationof deterministiccoherent
coupling of a single ionic qubit to one modeof the elec-
tromagnetic�eld insidea high-�nesseoptical resonatorand
the detailed investigation of this coupling [5] are of major
interest for the implementationof quantuminformationpro-
cessingwith trappedions. Deterministic excitationof cavity-
induced�uorescenceontheshort-lived S1� 2–P1� 2 dipoletran-
sition in Ca� was demonstrated recently, therebyutilizing
a single trappedion as a nanoscopicprobe of an optical
�eld [6].

Anotherapplicationcloselyrelatedtotheatom–photonin-
terfaceis the triggeredemissionof singlephotonsfrom the
coupledatom–cavity system[7,8] or sequencesof entangled
single-photonwavepackets[9]. Ef� cientdeterministicemis-
sion of single photonsinto a well-de�ned spatialmode is
aprerequisitefor quantumkey distribution[10]andlinearop-
ticsquantumcomputation[11].

Theability toprecisely placeanionat anarbitraryposition
within astandingwave (SW) �eld andthehighly orthogonal
couplingof differentvibrational-state-changingtransitionsto
theSW � eld canbeutilized for cooling the ion’s vibrational
statewell below the Doppler limit [12]. If, in addition, the
couplingof atomandcavity modeis strongenoughto induce
a modi�cation of the atom’s spontaneousemissionproper-
ties[13], onecandemonstratecavity-assistedcoolingvia de-
structivequantuminterferenceof heatingtransitions[14].

Finally, thestrongcouplingof trappedionsthatarecooled
to their lowest vibrationalstate[15,16] with aquantizedcav-
ity �eld might allow for entanglingthreequantumsubsys-
tems[17,18], i.e. internalelectronic states,quantumvibra-
tionalmodeandsingle-modecavity �eld.

In thispaperwedemonstrateimportant�rst stepstowards
theaboveexperimentsby coherentlycouplingthequadrupole
S1� 2 � D5� 2 transition of asingletrappedCa� ion to amode
of ahigh-�nesseopticalcavity.Weinvestigatethecouplingby
probingtheion’sresponseto dynamicalandspatialvariations
of theintracavity � eld. Theion canbeplacedwith highpreci-
sionatanarbitraryposition in theSW � eld of thecavity. We
achievedeterministic couplingof thecavity modeto theion’s
vibrationalstateby selectively exciting state-changingtransi-
tionswith thecavity light tunedto a vibrationalsidebandof
the S1� 2 � D5� 2 resonance.We prove that the interactionof
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ion and cavity � eld is coherentby exciting Rabi oscillations
throughthe� eldin thefrequency-stabilizedcavity.

2 Exper imental setup

2.1 Trapand cavity setup

The40Ca� ion is stored in a spherical Paul trap [2]
placedin thecenterof a near-confocalresonator. The ion is
laser-cooledto the Lamb–Dicke regime, con�ning its spa-
tial wave packet to a region much smaller than the optical
wavelength.We detectthecoupling of ion andfundamental
TEM00 cavity modebyinjectingalight � eld at729nmintothe
cavity andrecordingtheexcitationonthe S1� 2 � D5� 2 transi-
tion.Theexcitationprobability is monitoredvia theelectron-
shelvingtechnique[16,19], i.e.by probing the � uorescence
onthe S1� 2– P1� 2 dipoletransition (seeFig. 1).

The following stabilized laser sourcesare used in the
experiment:two cavity-locked diode lasersat 866nm and
854nm with line widths of � 10kHz and two Ti:Sa lasers
at729nm (� 1-kHz line width) and794nm (� 300-kHz line
width), of which the 794-nm laseris resonantlyfrequency-
doubledto obtain 397nm. The whole lasersystemis de-
scribedin moredetailelsewhere[3].

Theexperimentalsetupof trapandcavity is schematically
shown in Fig. 2. Thethree-dimensionalRF Paultrapconsists
of anelliptical ringelectrodewith averagediameterof 1�4 mm
andtwoendcapswith aspacingof 1�2 mm (material:0�2-mm
molybdenumwire). Thesecularfrequencies�� x� � y� � z� are
2� � �2�9� 3�9� 7�4� MHz at a RF drive � eld power of 1 W.
Here, z denotesthedirectionof thetrapaxis, which is at 45�

to thecavity axis. Thex andy radialdirectionsbothinclude
anangleof � 45� with theplanespannedby thecavity and
thetrapaxis. A magnetic� eld of 3 Gperpendicularto thecav-
ity axisprovidesaquantizationaxis andafrequency splitting
of Zeemancomponentsof the S1� 2 � D5� 2 transition. Cal-
cium ionsareloadedinto thetrapfrom a thermalatombeam
by atwo-stepphotoionizationprocessusingdiodelasersnear
423nm and390nm [20]. The trap is placedin thecenterof
anear-confocalresonatorwith �nesse� � 35000at729nm,
waist radius� 0 � 54� m, mirror separationL � 21mm and
radiusof curvatureRM � 25mm. Cylindrical piezoceramics
(PZTs)allow � netuningof thecavity lengthacrossapproxi-
mately1.5freespectralranges. In thefollowingthiscavity is
denotedasthe‘ trapcavity’.

FIGURE 1 40Ca
�

level scheme

FIGURE 2 Schematic experimental setup. PZT1 denotesthe offset piezo,
PZT2 the scanpiezo.A photomultiplier tube(PMT) is used to record� uo-
rescenceon the S1� 2–P1� 2 transition and theCCD cameramonitorstheion’s
position. Thedottedarrowsindicatedirectionsof laser beams: a 729-nmex-
citation laser along the direction of the cavity axis and a 397-nmcooling
laser, 854-nmand866-nmauxiliary lasers at a certainangleto the trap axis
(only shown schematically)

The ion canbe excited by a traveling wave using a free
729-nm laser beamat a certainangleto thecavity axisor by
the SW built up in the cavity after injectinga 729-nm laser
beaminto thecavity mode.Theposition of theion relative to
nodesandanti-nodesof theSWcanbecontrolledby adjusting
theoffsetsof bothPZTs.

2.2 Frequencystabilization of thetrap cavity

In orderto studystationarycoherentinteractionof
anatomandacavity modeit is necessary to stabilizethecav-
ity resonancefrequency to theatomictransition frequency. In
order to avoid that resonantlight presentin the cavity per-
turbsthecontrolledatom–cavity interaction,weusea785-nm
diodelaserfor thestabilization,thisbeingfaroff-resonantto
transitions at 729nm. Thebasic schemeof the transfer lock
is asfollows: we frequency lock the 785-nm diode laserto
thesameultra-stablereferencecavity (see[3]) asthe729-nm
Ti:Sa laser. By stabilizing the trap cavity to the diode laser
frequency, thelengthsof thereferenceandthetrapcavity are
� xedrelativetoeachother. Furthermore,thelengthof thetrap
cavity is � xedrelative to thewavelengthof the729-nm Ti:Sa
laser. By applyinganappropriatefrequency shift to thediode
laser, thelengthof thetrapcavity isadjustedtoachievereson-
ancefor 729nm.

Figure3 illustratesthesetup of thediodelaser at 785nm
andits stabilizationto thereferencecavity. Thesingle-mode
laser diode(80-mW maximumoutputpower) is temperature-
stabilizedto a few millik elvin. An externalholographicgrat-
ing with 1800lines� mm in Littrow con� gurationcreatesan
extendedtuneableresonator. Thegratingismountedonapre-
cision mirror holder; �ne tuning is achieved by a PZT. The
elementsdescribedso far areenclosed in a stablealuminum
case kept at a constant temperatureof � 20� 0�1� � C by cir-
culatingwater. After passingthroughan optical diodewith
60-dB isolation the light is split by a polarizingbeamsplit-
ter. The part of the light beingusedfor the Pound–Drever–
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FIGURE 3 Setup of the785-nmdiodelaser with extendedcavity (Littrow
con�guration) andfrequency stabilization to the referencecavity. The laser
beam(� 35mW) is split into a lock beam(� 2 mW, dashedline) and an ex-
periment beamthatis frequency-shifted in adouble-pass con�guration (solid
line). Laser line width: � 	 785 � � 1�8� 0�1� kHz. For moredetailssee text

Hall lock [21] to the referencecavity (FSR� 750MHz) is
phase-modulatedwith anelectro-opticalmodulator(EOM)at
16MHz. The error signal is fed to a PI controller actingon
the laserdiodecurrent(fastbranch)aswell ason the grat-
ing PZT (slow branch).The light not usedfor the lock is
directedthroughan acusto-opticalmodulator(AOM) (dou-
ble pass),allowing for a continuousfrequency shift of ap-
proximately� 120MHz, and is sent to thetrapcavity via an
optical� ber.

Figure 4 shows the setup of the trap cavity lock to the
diode laserat 785nm. The stabilized 785-nm light leaving
theoptical �ber is phase-modulatedby an EOM at 16MHz
andis coupledinto the trap cavity (from the right in Fig. 4)
via a polarizingbeamsplitter. The 729-nm light is coupled
into the cavity from the oppositeside (left in Fig. 4). On
the right-handside of the cavity, the light is dispersedby
a grating (1200lines� mm) to separatethe 785-nm re� ected
light from the729-nm transmitted light, which is monitored
by a CCD cameraand a photodiode.The �rst-order grat-

FIGURE 4 Setupof the trap-cavity lock. The light at 785 and 729nm is
coupledinto the cavity from opposite directions. Gratings(1200lines� mm)
onbothsidesseparatethebeamsandensureclearcontrolof thetransmissions
onbothwavelengthswithoutperturbationby re�ectionsof theotherlight. For
moredetailssee text

ing re� ectionat 785nm is focusedontoa fast photodiodeto
obtain a Pound–Drever–Hall error signal after mixing with
the modulationfrequency. The error signal is processedin
a PI controlleractingon oneof thetrap-cavity PZTs.On the
left-handside, againa grating is used to separatethe trans-
mitted 785-nm light from the re�ected 729-nm light. The
785-nm transmission is monitoredon a CCD as well as on
aphotodiode.

Theexperimentalprocedureto achieve doubleresonance
of the trap cavity is asfollows: by scanningthe trap cavity,
transmission on the 729-nm TEM00 modeis recorded.Now
the wavelengthof the diode laserhas to be chosenin such
awaythatthe785-nm light is alsoresonantfor boththerefer-
enceandthetrapcavitieswithin therangeof � 120MHz, this
beingcoveredby thedouble-passAOM. Usually, this canbe
achieved by currenttuningthediodeto oneof its longitudinal
modes.

3 Exper imentson ionÐcavity coupling

In the following, we report four differentexperi-
mentsexploring variousaspectsof the ion–cavity coupling:
First, we probethe ion’s responseto temporalvariationsof
the cavity internal� eld by scanningthe cavity over the res-
onancewith the incidentlaserlight, thusimprinting a phase
andamplitudemodulationonthecavity �eld [22, 23].Second,
usingthe samescanningexcitation techniquewe detectthe
ion’sresponseto spatialvariationsof theintracavity SW�eld
(mappingof thelongitudinal� elddistribution).Third, wein-
vestigatecouplingof theion’svibrationalmodesto thecavity
� eld by comparingtheexcitationon thecarriertransition and
on the � rst vibrationalsidebandat differentpositions in the
SW. Finally, weobservecoherentinteractionof ion andcav-
ity � eld byexciting Rabioscillationswith shortresonantlaser
pulsescoupledinto thefrequency-stabilizedcavity.

3.1 Measurementprocedures

The generalprocedurefor all experimentsis the
following:
– Theion is Doppler-cooledandpreparedin theelectronic

groundstate.
– A sequenceof laserpulsesisappliedto theion.
– The� nal electronicstateis detected.

These threestepsare describedin detail in thefollowing (cf.
Fig. 5).

First, the ion is Doppler-cooledfor 1�9 ms on the S1� 2–
P1� 2 transition.During cooling the854-nm laser is switched
on to removeany populationin themetastableD5� 2 state.In
addition,weirradiatetheionwith alaserbeamat866nmatall
timesto preventshelvingin themetastable D3� 2 state.From
coherentdynamics(Rabioscillations) on thecarrierand� rst
motionalsidebands[16], we determinetypical meanvibra-
tionalquantumnumbersafterDopplercooling� 	nx� 	ny� 	nz� �
� 20� 5� 4� 1� 6� 1� . Fromthesemeanphononnumbersand
thesecularfrequenciesgivenin Sect.2.1 we calculatea rms
extensionof theion’smotionalwavepacketof � 25� 5� nm in
thedirectionof thecavity axis, muchsmallerthanthewave-
lengthof 729nm. At theendof thecoolingsequencetheion is
opticallypumpedintothe S1� 2 (m � 
 1� 2) Zeemansub-level
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FIGURE 5 Example of a 5-ms pulse sequence.
In the � rst 2 ms a de� ned ‘starting’ state is pre-
pared. Then this state is manipulated(2 ms to
2�5 ms). Finally theoutcome is detected(excita-
tion or not) for the remaining time. The 10-ms
and20-mspulsesequencesdifferonly in alonger
manipulation window (up to 3 ms) anda longer
detectiontime

by applying a 0�1-ms 
 
 -polarizedpulse at 397nm. After
that,all light at397nm is switchedoff.

Second,theionis excitedon the S1� 2 � D5� 2 (m � 
 1� 2
to m� � 
 5� 2) transition by afreelaserbeamor by light res-
onant in the trap cavity. A time window of 0.5 to 3 ms is
assignedto thisprocess. Interactionof theionandlight within
the trap cavity canbe achieved by either frequency locking
thecavity to thequadrupoletransition or by acavity scanning
technique.Inthe�rst caseweinjectshortresonantlaserpulses
with variablepulselengthinto the frequency-stabilizedcav-
ity in ordertostudycoherention–�eld interaction.Thesecond
techniqueis usedfor investigatingthe ion’s responseto dy-
namicalor spatial variationsof the intracavity � eld. Here,
the laser at 729nm is set to a �x ed detuning � from the
S1� 2 � D5� 2 transition. Weinjectthelaserbeaminto thecav-
ity TEM00 mode(cf. Fig. 4) andapply a voltagerampto the
scanPZT in orderto scanthecavity length.Whenthecavity
reachesresonancewith the laser frequency it � lls with light
andmay excite the ion to the D5� 2 level. Thenthe light at
729nm is switchedoff andthecavity mirror is rampeddown
to its initial position.

Third, we determinethe excitation probability via the
electron-shelvingtechnique.The blue light at 397nm is
switchedon (866-nmlight isonanyway)andthe� uorescence
is countedby thePMT for atimeinterval between2�3 msand
17msdependingon thedurationof thetotal pulsesequence
(5,10or 20ms). ThePMT countratefor the�uorescentionis
� 16kHz; thesignal-to-backgroundratio � 10. By compar-
ing thenumberof countsin thetime interval with athreshold
wecandiscriminatewith very highprobability(� 99%) [16]
whetherexcitation happened(electronshelved in D5� 2, no
�uorescence)or theion remainsin thegroundstate(�uores-
cence).Notethatalthoughstatedetectionhappensa few ms
aftertheion–light interactiontheion’sstateis well preserved
dueto thelonglifetime (1 s) of the D5� 2 level.

All threestepsaretypically repeated100timestoyield the
averageexcitationprobability. After that,changesin theexci-
tationwindow may beapplied,suchasa changein the laser
frequency (frequency scan)or achangein theexcitationpulse
length(pulse-lengthscan).For example,to obtainan excita-
tion spectrum,the729-nm laseris tunedover thequadrupole
transition in stepsof 1 kHz.

3.2 Temporal variation of theintracavity Þeld

In our�rst experimentweprobetheion’sresponse
totemporalvariationsof theintracavity �eld byplacingit close
toanodeof theSW � eld[24]andvaryingthecavity scanrate.

Figure 6 shows the excitation probability on the
S1� 2 � D5� 2 transition for differentscanrates. For negative
(positive) scan ratesthe mirrors move towards eachother
(apart)and therebyDopplershift the light to the blue (red).
The atomic transition then seemsto be red (blue)-shifted
as the excitation laserdetuninghas to compensatefor the
Dopplershift. Increasingscanrateincreasestheshift fromthe
line center(detuningzero),which is foundby excitationwith
afreelaserbeam.Inaddition,fasterscanratesbroadentheline
because moreandmorefrequency componentsare addedto
thelight con�nedin thecavity.

FIGURE 6 Excitation spectrafor different cavity scan rates	 L � � 0�16
(a), � 0�23 (b) and � 0�69 (c). On the blue-shifted spectra(gray lines), the-
oretical simulations are superimposed (solid line). The parameters for the
simulations are: laser bandwidth � 	 laser � 6kHz, natural line width of the
S1� 2 � D5� 2 transition � 	 SD � 0�17Hz, Rabi frequency for zerodetuning:

 0 � 15�5 kHz (a), 11kHz (b) and 25kHz (c)
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To put these observations in a more quantitative form
it is convenient to de� ne a normalized scan rate 	 L �
2� � 
L� � � � c� . It correspondsto the resonancefrequency
shift of the cavity in units of the HWHM cavity line width
c�� 4L� � per cavity energy storagetime � � � L��� c� . To
modelthecouplingdynamicswe�rst have to know theelec-
tric � eld actingon theion.Theelectric � eldamplitudeEcav in
acavity sweptover resonanceis asolution of thedifferential
equation[22,23]:

dEcav

d	t
� 
 �1
 i	 L 	t� Ecav � i

�
T�
�

E0 �

where 	t � t�� , T � �� � is thetransmissionof theinputcoup-
ling mirror and E0 is theamplitudeof theinput�eld. Forslow
scanrates(	 L � 1) we obtainthequasi-static case, whereas
for fast scanrates(	 L � 1) theincominglight interfereswith
thelight storedin thecavity. Figure7 shows thenormalized
intracavity � eld amplitudefor threedifferentscanrates.

Theinteractionof this time-dependentelectric� eld with
the ion cannow be modeledby numericallyintegratingthe
Blochequationsfor a two-level system.Theresultfor ascan
rateof 	 L � 1 andatypical laser intensity is shown in Fig. 8.
The electronic transition (Fig. 8, top) is blue-shifted and
broadenedcomparedto theexcitationwith afreelaserbeam,
asexpected.

Figure 8 (bottom) illustrates, for � ve different detun-
ings � , thetime evolution of theexcitationto the D5� 2 level
asthecavity is sweptover resonance.For all detunings,the
excitation probability shows a steeprising edgeat the mo-
ment the cavity �lls with light and subsequentRabi oscil-
lationswith a dampingdependingon excitation power and
detuning.This excitationcharacteristic remainsqualitatively
unchangedover a large rangeof excitation powersand scan
rates.The� nalstationaryvaluesof theexcitationprobabilities
aretakentocomposetheexcitationspectrum(Fig. 8, top).

Theresults of thetheoreticalsimulationfor positive scan
ratesare shown as solid lines superimposed on the blue-
shifted spectrain Fig. 6. The calculatedand experimental
spectrashow goodagreementfor smallscanrates(Fig. 6a,b).

FIGURE 7 Calculatedtime-dependentnormalized electric � eld amplitude
in thecavity for threedifferent scanrates	 L . The solid line is therealpart;
the dashedline the imaginary part of the electric � eld amplitude. For large
scanratestheinterferenceof incoming andstoredlight becomes visible

FIGURE 8 Simulated excitation spectrumfor 	 L � 1 (top) and time evo-
lution of theexcitation probability for differentdetunings� (bottom). More
detailsaregivenin thetext

For larger scanrates(Fig. 6c) the centersof the spectraare
slightly shifted.We assumethat this shift is causedby non-
linearitiesandhysteresiseffectsof thePZT motion.Although
wekept theexcitationpowerconstantin theexperiments, we
left theRabi frequency 
 0 asa � tting parameterto account
for variationsin excitation dueto thermaldrift of thecavity
shifting thenodeof theSW away fromtheion’sposition.

The investigationand theoreticalunderstandingof the
ion–cavity �eld coupling dynamicsas discussedabove are
important for realization of the atom–photoninterface in
quantumnetworks.Theexperimentalimplementationof such
a schemerequirescontrol over the shapeof the light pulse
emittedfrom the cavity and thuscontrol over the dynamic
atom–cavity coupling[4].

3.3 Spatial variation of theintracavity Þeld

The trappedsingle ion is con�ned to a region in
spaceof less than30nm, which is muchless thantheexcita-
tion wavelength (729nm). It thuscanbeusedasananoscopic
probeof theSW � eldspatialvariationas� rstshownin [6,25].
To probethis spatial variation,we againuse thecavity scan-
ning techniqueandleave thescanrate� xedat a small value,
allowing for stablescanswith only a little perturbationof the
excitation spectrumas in Fig. 6a. The laser is scannedover
thequadrupoletransition in stepsof � 1 kHz to obtainan ex-
citation spectrumat a certainposition in theSW. To use the
excitationprobability asa measureof the� eld intensity, it is
importantto adjust the laser power such that the excitation
is kept well below saturationat all positions in theSW. The
offset voltageof both scanPZT and offsetPZT is thenvar-
ied simultaneously in such a way that the SW in the cavity
is shifted longitudinally with respect to the locationof the
ion.Repetitionof theprocedureyieldsanumberof excitation
spectrashown in Fig. 9. The position-dependentexcitation
probability is determinedby � tting eachexcitationspectrum
with aLorentzianandadoptingthepeakvalue.Figure10 dis-
plays thesevalues as a function of the PZT offset voltage.
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FIGURE 9 All 48 excitation spectrameasuredat differentpositions in theintracavity SW. Every box (width: 600kHz) containsa spectralline as in Fig. 6;
theoffset voltageincreasesfrom left to right. TheSW patternis alreadyvisible; thetotal shift is � 1�5 half-waves

FIGURE 10 Excitationprobability on theS1� 2 � D5� 2 transition of asingle
trappedCa� ion as a function of thePZT offset voltage,i.e. at variouspos-
itions in the intracavity standingwave �eld. Thesolid line representsa sin2

function� ttedto thedatapoints

Error barsgivenfor representative datapointsin Fig. 10 are
dueto PZT hysteresis (abscissa) and theerrorsof the � ts to
the excitation spectra(ordinate).The excitation probability
variesspatiallywith theintensity of theSW [24].A theoretical
Bloch-equationanalysis asdescribedabovepredictsanearly
puresin2 spatial variation,deviating by less than1%. From
asin2 � t to thedatapointsweobtainthecontrast ratio(visibil-
ity V) of theposition-dependentexcitation,V � 96�3� 2�6%.
This very high visibility results from thestrongcon� nement
of the ion’s wavefunction.The laser-cooledion, oscillating
with its secular frequenciesand with thermally distributed
amplitudes,hasa rmsspatialextensionalongthecavity axis
of ac. This extensionleadsto a reductionof the excitation
contrastby a factor of exp� 
 2�2� ac��� 2� comparedto the
excitation contrastexperiencedby a point-like atom at rest.
From the measuredvisibility V we �nd ac � 16� 5


 7 nm. The
smallvalueof theextensionac shows thatin this experiment
wecooltheioncloseto theDopplerlimit (13nm).

A necessary conditionfor all experimentsrelyingonion–
cavity modecouplingis theability to placethe ion at a cer-
tain position of the intracavity SW � eld with high precision
and high reproducibility [6]. In our experiment,the preci-
sionof positioningthecenterof theion’swavefunction,using
a measurementas in Fig. 10, is limited by theuncertaintyin
the measuredexcitation probability. This uncertaintyis due
to a statistical error, i.e. the � nite numberof state-detection

measurements, and systematicerrorssuch as� uctuationsof
laser intensity and wavelength,drift and jitter of the scan
PZT,etc.[25].Fromtheuncertaintiesinexcitationprobability
(errorbarsin Fig. 10)wededucea spatialprecisionbetween
7 nm (� �� 100) at theposition of largest slopeand12nmand
36nm at minimumor maximumexcitation,respectively. We
note,however, thattheprecisioncanbeenhancedby averag-
ing over alargernumberof state-detectionmeasurements.

3.4 Coupling of motional states

Many schemesfor quantuminformationprocess-
ing with trappedionsrely on coherentinteractionnot only
with the internalstatebut also with themotional degreesof
freedom.A controlledcoupling of atomic statesdressed by
vibrationalmodesto thecavity � eld is a preconditionfor re-
alizingsuchschemes.

If onecomparescarrier (no changeof vibrationalquan-
tum number, � n � 0) and �rst vibrationalsideband(� n �

 1) transition probabilitiesin a SW, both show a position-
dependentcoupling due to the SW pattern as shown in
Sect.3.3. But wherethecouplingto thecarrier is strongest,
nocouplingto the�rst (i.e.all odd)sidebandsoccursandvice
versa,i.e. carrierandodd sidebandexcitationsmaptheSW
spatial � eld variation,but the tracesare shifted by a phase
factor of � . This phaseshift arisesdue to symmetrychar-
acteristics of the transition matrix elementsof carrier and
sidebandtransitionsin a SW � eld [1,12]: thespatialpart of
the quadrupoletransition matrix elementis proportionalto
�n�� exp� ikx� �n� for atravelingwave(TW) and �n�� cos�kx� �n�
for a SW with theelectric � eld E � sin�kx� [24]. Heren and
n� arethevibrationalquantumnumbersin the S1� 2 and D5� 2
levels, respectively, k is the wavenumberand x is the ion’s
position in the � eld. For a TW, all vibrationalstates� n� n��
canbecoupledsinceexp� ikx� containsevenandoddpowers
of kx [26]. In contrast,for aSW �n�� cos�kx� �n� hasto beex-
pandedintoeven or oddpowersof kx dependingontheion’s
position,e.g.x � 0closetoanodeor x � �� 4closetoananti-
node.Thus, transitionschangingthephononnumberby even
oroddintegerscanonlybeexcitedat differentpositionsin the
SW. The � rst-sidebandtransition (� n � � 1) couplesmaxi-
mally at anti-nodesof theSW, whereasthecarriertransition
(� n � 0) couplesmaximallyatnodes.In ordertodemonstrate
thismotion-dependentcoupling,werecordedexcitationprob-
abilities of the ion at a � xed cavity scanrate(	 L � 
 0�23),
for differentpositions within the SW, andwith the laser at
729nm now tunedto either thecarrieror theredaxial side-
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FIGURE 11 Integral excitation on the carrier (triangles) and the red axial
sideband(circles) of the S1� 2 � D5� 2 transition asafunctionof thePZT off-
set voltage,i.e. at variouspositions in theintracavity standingwave�eld. The
solid linesrepresent � ts of sin2 functionsto thedatapoints

band(� n � 
 1, laser-detunedby 
 � z) of the S1� 2 � D5� 2
transition.In bothcases,theintensityof thelaserwasadjusted
suchthattheexcitationsof carrierandsidebandwerecompa-
rableandwerekept well below saturation.In thisexperiment
we determinethe integral excitation, i.e. the areaof the re-
spectiveexcitationspectra,asthespectrashow anasymmetric
line shape(cf. Fig. 6b,c).Thehigh-contrastorthogonalcoup-
ling of carrierandsidebandtransitions to thecavity modeis
demonstratedin Fig. 11.

This coupling facilitates applications such as cavity-
assistedcooling in a SW [12], the Cirac–Zoller quantum-
computingscheme[27] and entanglementof motional and
photonicstateswhencouplingto thecavity vacuum�eld [17,
18]. In particular, cavity-assisted cooling in a SW � eld
meansthat sidebandcooling [16] on a red-detunedvibra-
tional sidebandis facilitatedby suppression of off-resonant
carriertransitionswhichinducemotionalheating.In asimilar
fashion, unwantedoff-resonantcarrier excitations are sup-
pressedwhendriving sidebandtransitionsin theCirac–Zoller
quantum-computing scheme. Here, off-resonantcarrier ex-
citations impose a limit on the attainablegatespeed[28].
As electronicexcitation probabilitiesof the ion dependon
both the vibrationalstateandthe position within the cavity
�eld, the internalelectronicdegreesof freedomarecoupled
to both the (in general:quantized)single-modecavity �eld
andthevibrationaldegreesof freedom.This couplingallows
e.g.for generationof an entangledstateof a subsystemthat
canstorequantuminformation(vibration,electronicstates)
with asubsystemthatcanbeusedfor propagationof quantum
information(light).

3.5 Coherention-cavity coupling

Theapplicationof theion–cavity couplingfor im-
plementationof quantumnetwork schemesrequiresa con-
trolled coherent interaction.To demonstratesuch coherent
coupling to the cavity � eld we stabilize the trap cavity to
the S1� 2 � D5� 2 carriertransition frequency as describedin

FIGURE 12 Rabi oscillations driven by the light � eld in the stabilized
cavity. The parameters for the theoreticalsimulation are: Rabi frequency

 0 � 8�95MHz, � 2 	n � 0�049andlaser detuning� � 0

Sect.2.2.We excite theionwith resonantlaserpulsesof dif-
ferentpulselengthsinjectedinto thetrapcavity. Startingfrom
apulselengthof zeroup to apulseof 3-� sdurationwedeter-
minetheaverageexcitationprobabilityfrom100experiments
perpulse length.Theresulting coherentdynamics(Rabios-
cillations) are shown in Fig. 12 togetherwith a numerical
simulation(solid line). Thetheoreticalcurveiscalculatedas-
suminga thermaldistribution over harmonicoscillator states
�n� . The Rabi frequency of any particular �S� n� � �D� n�
transition dependson n� 2, where � is the Lamb–Dicke pa-
rameter. Thethermalmixtureof differentoscillation frequen-
cieswashesout theRabioscillations, which thereforeappear
damped.

4 Summary and outlook

In summary, wehavedemonstratedcoherentcoup-
ling of electronicand motionalstatesof a singletrappedion
to asingle� eldmodeof ahigh-� nessecavity. Theposition of
theionwithin thestandingwavecanbedeterminedwith apre-
cisionof upto �� 100. Astheelectronicquadrupoletransition
in Ca� is oneof thecandidatesfor implementinga quantum
bit,ourexperimentsareakey steptowardsrealizationof quan-
tum computing and communicationschemeswith trapped
ionsthat requirea controlledcoherentinteractionof ion and
cavity �eld. Futureexperimentsaim atdemonstratinganduti-
lizing cavity-modi�ed spontaneousemissionfor applications
suchastriggeredsingle-photonemissionandrealizationof
theatom–photoninterface.Anotherrouteis theextension of
thecurrentcon�gurationtowardstrappingof twoor moreions
coupledto a commoncavity mode,thusallowing for imple-
mentationof quantumlogicalgateoperations.
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